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Preface 



About the subject. Switching Theory is an applied science used in 
analysing, designing, and testing switching circuits irrespective of the tech- 
nology in which they are realised. Its origin goes back to Shannon’s [1938] 
remarkable paper in which he introduced ‘ propositional logic’ to describe 
switching circuits. This was the first time that propositional logic was ap- 
plied to an engineering problem. The method proved successful but was 
restricted to circuits that had no memorising ability, so-called combinational 
circuits. It was Huffman [1954] who, in his doctor’s thesis, showed how to 
analyse and design circuits that had a memorising ability, so-called sequential 
circuits. At the heart of his breakthrough was a simple way of specifying a 
sequential circuit by a table he called a ‘ flow table ’. It enabled a sequential 
circuit to be reduced to a number of combinational circuits, each of which 
could then be handled by Shannon’s methods. 

About this book. Just as propositional logic was superseded in math- 
ematics by predicate logic, developed by Frege [1879], this is also done here 
for Switching Theory. You will notice that with the use of predicate logic 
proofs and derivations become possible that hitherto remained out of reach. 

Huffman’s flow table is used to develop a new tree representation of a 
sequential circuit, a so-called word-recognition tree, by which a sequential 
circuit is not reduced to a number of combinational circuits but, rather, cal- 
culated directly as interconnected latches (memory circuits). This approach 
required a new look at the theory of latches. But most importantly, the 
formidable problems connected with the so-called ‘ encoding of the internal 
states ’ of an asynchronous sequential circuit are bypassed. 

Pointing out what’s new. The many new concepts, proofs, and 
methods incorporated into this book are not explicitly listed. Those chapters 
marked by an asterisk (*) present new concepts. Those sections marked by 
an asterisk (*) at least contain new concepts, proofs, or methods. 

Whom the book is for. The book is written for the theoretically 
inclined practising engineer working in the field of digital circuit design, for 
the scientist concerned with developing methods and algorithms for designing 
digital circuits, and for the student feeling the need to supplement a course in 
Switching Theory or Logic Design. While Division One is an undergraduate- 
level introduction, the remaining parts constitute a sound basis for a graduate 
course in Switching Theory or Logic Design. 
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Apart from using Chapter 1 as a general introduction to the book, these 
first chapters serve to motivate later developments. 

Logic variables, being explained as so-called propositional forms , indicate 
the need to use predicate logic (as opposed to propositional logic con- 
ventionally advocated) in describing and designing switching circuits. This 
approach is tentatively and partially introduced in Sections 1.3 and 1.4, and 
first tested in Chapter 2. 

The mathematical description of a (combinational) switching circuit is a 
function. Every theoretical aspect of a switching circuit is derived from this 
concept. Chapter 4 gives a first impression of this approach, while Chapter 
3 is only a reminder of the concept of function (in case it is needed). In 
a somewhat intuitive way, Chapters 4 and 5 combine concepts of predicate 
logic with that of a function. 

Karnaugh maps are introduced as early as possible (Chapter 6) as 
they are the most vivid descriptive and analytical tool we have in switching 
algebra. The Karnaugh map, introduced in a formal way in Section 6.2, 
unites the concepts of function, predicate logic, and set theory. The concept 
of the Karnaugh set, introduced in Section 6.4, turns out to be the intuitive 
basis of many theoretical developments in subsequent chapters of the book. 
The various basic uses to which a Karnaugh map can be put, are covered in 
Chapter 7. 




Chapter 1 



Outline and Basics 



The synthesis of a switching circuit — i.e., its design or development — is 
started by stating or specifying what the circuit is supposed to do. We first 
briefly discuss the cumbersome plain prose specification, but it quickly be- 
comes clear that more refined methods are needed. In fact one often employs 
specialised specification methods which are adapted to the type of problem 
under consideration. For instance, combinational circuits — the name 
used for circuits that are said to have no memorising capability — are advan- 
tageously specified in a table of asserted events (introduced in Section 3), 
or in so-called Karnaugh maps (discussed in Chapter 6). These two meth- 
ods have neither the means of depicting the flow of time nor a succession of 
events, either of which is needed to specify a circuit with memorising capa- 
bilities — a sequential circuit. 

The diagram of successive events developed in Section 2 is based 
on the flow of time , and is arguably the most intuitive, albeit not the most 
powerful, means of specifying sequential circuits. Far more powerful, but 
not nearly as intuitive, is the word-recognition tree, touched on in Sec- 
tion 6. This representation depicts the succession of events that specify the 
behaviour of a sequential circuit (not the flow of time, as in a diagram of 
successive events). With the advent of the word-recognition tree it became 
possible to develop a sequence of input events by which to test sequential 
circuits. 

Instrumental to the understanding of all which follows in subsequent 
chapters is the first acquaintance with propositional forms in Section 3. 
In Section 4 they are referred to as logic variables and used in developing 
logic formulas. Such logic formulas are exact descriptions of the input- 
output behaviour of combinational circuits. 



1.1 Specifying a Circuit in Plain Prose 



Let us employ a running example of a switching circuit to introduce some 
basic concepts. As formal methods for describing a circuit’s behaviour are, 
as yet, lacking, we shall do the obvious, and use plain prose: Imagine a 
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windowless room with two doors and a light switch at each door. Every time 
someone passes through a door (to become the sole occupant of the room , or 
to leave it empty) he brings the switch next to that door from its current to 
its alternative position. By doing so, the room’s lights go on if they were off, 
and vice versa, go off if they were on. Thus, the idea is: whenever someone 
enters the room he turns the electric lights on, and then turns them off when 
he leaves the room. 

There are a few things to note in the above specification. Firstly, care 
was taken to state the number of inputs and outputs to the circuit: Each of 
the light switches provides one of the two input signals, whereas the single 
output signal is the condition of lighting in the room. Secondly, each of 
the circuit’s signals occurs in either of two distinctly different states: The 
contacts of the switches are either open or closed, the room’s lights either 
on or off. Signals with this property are called binary signals. Usually 
the two alternative states of a binary signal are referred to by the integers 
0 and 1. The 0 is most frequently associated with the lower energy level of 
a binary signal, the 1 with the higher energy level. If the energy level of a 
signal’s state is irrelevant (as with the switches of our example), one is free to 
associate 0 and 1 with the signal’s states in any way convenient. Less obvious 
aspects of the above specification are: The wording of the specification is 
redundant. For instance, the last sentence of the specification can be left 
away without loosing information. For human beings redundancy is helpful 
in grasping things more quickly, and often more thoroughly. Formal systems 
(on the other hand) need no redundancy (whatsoever). Finally, the above 
specification is complete , meaning that it contains all the information needed 
to design the circuit; you will soon see how this statement can be verified. 



1.2 Diagram of Successive Events 

The next step to take, is to introduce a somewhat more formal way of de- 
scribing a switching circuit. In this book we shall make extensive use of a 
representation called a Diagram of Successive Events (DSE), which sim- 
ply shows how the value of each input and output signal changes in the course 
of time. The DSE for our running example is shown in Fig. 1-1. This being 
our first acquaintance with a DSE, we shall interpret each of the time inter- 
vals Ti to T5 of the example DSE according to the plain prose specification 
given above. 

Ti When you open a door to enter the room, both light switches will be 
in a certain (let us say original) state to which we arbitrarily assign the 
integer 0. The lights will be off, and we again choose the integer 0 to 
describe this state. 

T 2 Entering the room, you activate, say, switch 1 bringing it into its alter- 
native state which is represented by the integer 1. Activating switch 1 
lets the lights go on which is represented by 1. 
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T 3 You walk through the room leaving it via the opposite door and bringing 
switch 2 into its alternative state (a value of 1 for switch 2 ) to turn the 
lights off as you leave (letting the value for the lights drop to zero). 

T 4 To turn the lights on, a person entering the room tips the switch at hand 
(say switch 1 ). 

T 5 When leaving the room by the opposite door, switch 2 will be brought 
to its alternative state to turn the lights off. 



Switch 1 . . . x t = 0 

Switch 2 x 2 =o 

Lights . . . y= 0 

T t T 2 T 3 T 4 T 5 




Fig. 1-1 Diagram of successive events (DSE) 



The vertical lines in Fig. 1-1, which part the time intervals, still need 
some commenting on. The question is, where are vertical lines drawn? A 
vertical line is drawn when at least one input variable changes its value, and 
only then (note that no reference is made to the value or state of the output 
signal). The output of a (well behaved) switching circuit may only change if 
the value of at least one input variable changes. But not every change of an 
input value necessitates a change of the output value. As no values change 
between vertical lines (neither those of input signals nor those of the output 
signal) it becomes irrelevant how far apart the vertical lines of a DSE are 
drawn, and whether they are drawn equally far apart or not. 

The time intervals of a DSE are better described by the concept of an 
event. An input event comprises the values of all input signals ( or input 
variables ) for a time interval in which these values remain constant. When 
considering circuits with more than one output, one also uses the concept 
of an output event. When referring to only one output, we shall normally 
not use the term output event. Rather, we shall simply speak of the value of 
the output variable. The Diagram of Successive Events (DSE) can now 
be said to describe the successive occurrence of input events together with the 
output values these input events initiate. 



1.3 Table of Asserted Events * 

The simplest switching circuits, the combinational circuits , can be described 
completely by a table of asserted events (TAE). To understand such ta- 
bles, first consider how we express the value of any input Xi. The value that 
any input may have is, of course, either 0 or 1 . Assuming X{ to have the 
value 0 is written Xi = 0, assuming x i to be 1 is written Xi = 1 . Note that 
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writing Xi = 0 does not mean that Xi really is 0. It only means that we are 
considering as a possibility or supposing X{ to be 0. If we really wanted to 
know the value of Xi we would have to measure its value. We could then sub- 
stitute the measured value for Xi in X{ = 0 obtaining either 0=0 or 1=0, as 
the case may be. These expressions are propositions that are, respectively, 
true (denoted as 1) or false (0). The term Xi = 0, on the other hand, is 
called a propositional form, and acts as a logic variable. Assuming each 
input X{ to have a specified value, and stating the associated value of the 
output y, provides us with a single column of the table of asserted events. 

T 5 t 5 



Ti 


t 4 


t 2 


t 3 




Tx 


Ti 


t 2 


t 3 


2i=0 


x 1 =0 


2i=1 


2i=1 


21 = 


0 


0 


1 


1 


2 2 =0 


2 2=1 


X 2 =0 


2 2 =1 


X2 = 


0 


1 


0 


1 


y-0 


y= 1 


y=l 


y= 0 


y= 


0 


1 


1 


0 



a) Explicit form b) Brief form 

Fig. 1-2 Table of asserted events (TAE) 



Let us develop the TAE of Fig. l-2a from the DSE of Fig. 1-1. Assume that 
the bottom row of Fig. l-2a, the row containing the output values, has not 
yet been filled in, so that this row is still empty. It is our intention to fill in 
the output values for one column after the other. In the first column we claim 
that x\ = 0 and 22 = 0. This assertion occurs in the time intervals T\ and T5 
of the DSE, and the corresponding output is 0 in both cases. This asserted 
output value of 0 is entered into the first column of the TAE of Fig. 1— 2a. 
You carry on in a like manner by choosing the next input event in the TAE 
for which to search in the DSE. 

It is characteristic of a combinational circuit, that the output value 
is the same in all time intervals of a DSE that have an identical succession 
of input values. We would run into trouble when entering output values 
into a TAE if not all output values for a given input event in a DSE were 
the same (imagine that the output value in the time interval Ti of Fig. 1-1 
were 0, and that of T5 were 1). A switching circuit described by such a 
diagram of successive events is called a sequential circuit. You can describe 
a sequential circuit in a DSE but you cannot do so in a TAE. 

For clarity (i.e., to concentrate better on the information — the 0s and 
Is — of the table), as well as to reduce the amount of writing necessary, 
we usually use the TAE in its brief form , shown in Fig. l-2b, in which 
the variables have been ‘extracted’ from the columns of each row. The 0s 
and Is in such a table are the asserted values of the inputs and outputs. 
The succession of 0s and Is of a single column that correspond to the input 
variables 21,22, ...,2 n is called an asserted input event. 

To draw a table of all input events — see Fig. 1-3 — you might like 
to follow this procedure. If you draw the table horizontally it will have as 
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many rows as the circuit has input variables, say n. Assign a:i to the top 
row, X 2 to the next one, and so on. The number of columns (one for each 
input event e) is 2 n . Thus, for 2 inputs you will need 4, for 3 inputs 8, and 
for 4 inputs 16 columns. Now, do not try to fill in one column after the 
other with zeroes and ones. Filling in one row after the other is much faster, 
and leaves you with a natural order of input events if you use the following 
method. In the top row, the one for x \ , you fill the first half of the columns 
with zeroes, the second half with ones. In the second row, the one for #2, 
you fill the first quarter of columns with zeroes, the second with ones, the 
third again with zeroes, and the fourth again with ones. In the third row you 
again halve the number of columns, filling in one eighth after the other, first 
with zeroes and then with ones. In the last row you will be writing zeroes 
and ones alternatively. Finally, to get a complete TAE, add as many rows as 
you have output variables and fill in the zeroes and ones as appropriate to 
the circuit you wish to describe. If a table of all events is designed as just 
explained you can number the input events, i.e. the columns, from left to 
right, starting with 0 and ending with 2 n — 1. These numbers are the decimal 
representation of the input events. 



e. . . 


0 


1 


2 


3 


e. . . 


0 


1 


2 


3 


4 


5 


6 


7 


x 1 = 


0 


0 


1 


1 


Xi = 


0 


0 


0 


0 


1 


1 


1 


1 


%2 — 


0 


1 


0 


1 


X2~ 


0 


0 


1 




0 


0 


1 


1 


%3~ 


0 


1 


0 


1 


0 


1 


0 


1 



Fig. 1-3 Tables of asserted input events 



A great advantage of the table of asserted events is that it enables us 
to recognise when a circuit is completely specified; this is the case when 
all cells of the row in which the values of the output variable are to be 
entered actually do contain either a 1 or a 0, that is, are not left empty. If a 
circuit specification does not tell you what output value is initiated by each 
of the input events, it is said to be incomplete. Most technical problems — 
thankfully — lead to incompletely specified circuits. Those input events for 
which the problem does not clearly state an output value are called don’t 
care events. Our running example, as already mentioned, is completely 
specified. 



1.4 Logic Variables and Logic Formulas* 



The table of asserted events (TAE) is a tool of major importance as its 
analysis leads directly to the introduction of logic variables , and to the logic 
treatment of switching circuits. So, let us take a closer look at the TAE of 
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our running example, repeated below. It states when the output y is 0 and 
when it is 1. This is expressed stringently in the sentence next to the TAE. 

The output variable y is 1 
if and only if 
xi is 0 AND X 2 is 1 
OR 

x\ is 1 AND X 2 is 0 

Employing the symbols 

& for logically equivalent or if and only if (iff), 

A for AND, and 

V for OR 

the above sentence can be written as: 

(y = 1) ((xi = o) A (*2 = 1)) V ((*1 = 1) A (x 2 = 0)). (1.1) 

This rather cumbersome expression is greatly simplified by introducing 
the following logic variables Xi, Xi, Y, and Y as a shorthand notation for 
the expressions written within the inner parentheses, i.e. defining 

Xi # Xi = 1, Xi & Xi = 0 

y#y = l, Y y = 0 

Rewriting (1.1) with the help of the logic variables Xi, Xi, Y, and Y 
leads to what is called a logic formula: 

Y &(X i A X 2 ) V (X 1 A X 2 ). (1.3) 

Colloquially, the symbol <=>, called logic equivalence, refers to its left 
and right sides being equal from the point of view of logic, allowing us — 
among other things — to use the left-hand and right-hand expressions inter- 
changeably in logic formulas (substituting one by the other). For a detailed 
discussion of logic equivalence see Chapter 8. 

Alternatively, we could have used the TAE to state precisely when the 
output variable y is 0, writing this in analogy to (1.1) as 

(y - 0) <£> ((xi = 0) A (x 2 ~ 0)) V ((xi = 1) A (x 2 = 1)), (1.4) 

which, with (1.2), may be written as the logic formula 

Y {Xi A X 2 ) V (Xj A X 2 ). (1.5) 




The two formulas (1.3) and (1.5) are said to be complementary. 
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1.5 Drawing the Circuits 



A logic circuit is comprised of gates, these being graphic symbols represent- 
ing logic connectives (see Fig. 1-4). Logic formulas , as (1-8), state which 
gates to use and how to connect them. To transform a logic formula into a 
circuit consisting of gates, you draw an AND gate for each A- connective of 
the formula, and an OR- gate for each V -connective. The arguments of the A- 
and V -connectives in the logic formula are taken as inputs to the associated 
gates, this ensuring the correct connection between the gates. Some people 
like to draw a circuit starting with the innermost parentheses of a formula, 
thus drawing the circuit from the inputs to the output. Others prefer to start 
with the outermost parentheses, thus drawing the circuit from the output to 
the inputs. Use whichever method you feel more comfortable with. 

AND-ga te OR-ga te 



X 

* 



8c 


_ , Xi 






Xi A X2 v 

X.2 





-JGvX* 



Inverted 

input 




Inversion (negation) is 
symbolised by a circle, 
as shown here. 



Inverted 

output 



Fig. 1-4 Gates as graphical symbols for logical connectives 



To invert an input signal you draw a small circle where the input signal 
enters the gate. If you want to invert an output signal, you draw a small 
circle where the output signal leaves the gate. 

The logic circuits of Fig. 1-5 all represent the same formula, i.e. (1.3). 
Fig. l-5b demonstrates that you can stretch a gate to a desired size, while 
Fig. l-5c shows that gates may be densely packed. The output signal, by the 
way, need not be positioned in the middle of a gate. 




a) Standard Gates b) Expanded Gates c) Packed Gates 



Fig. 1-5 Drawing the circuit for Y <£> (X\ A X 2 ) V (X\ f\ X 2 ) 
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To get a first impression of latches, and of how they differ from combi- 
national circuits, take a look at the logic circuit of Fig. l-7a of an example 
latch. As with combinational circuits it is constructed of gates. Yet, contrary 
to combinational circuits, you will notice that the output signal Y is fed back , 
delayed, and used as an input Y* to the circuit. 

The behaviour of the latch is shown in the diagram of successive events of 
Fig. l-7c. This diagram shows very nicely that when both input variables x\ 
and x 2 are zero — i.e., during.the time intervals T 2 , T 4 , and T$ — the output 
y is either 0 or 1. But, it is nevertheless possible to say what value the output 
variable y will have when both inputs become zero. You will notice that the 
input event (0,0), the values for retains or memorises the previous 

output value. An input event having this ability is called a memorising 
input event. 

The diagram of successive events (Fig. l-7c) gives rise to a formal spec- 
ification called a word-recognition tree (Fig. l-7b). Such trees are always 
drawn with their root uppermost, letting them grow downward, i.e., in the 
same direction in which we add further lines when writing. You will notice 
that the leaves (the end-nodes) assigned to the input events 1, 2, and 3 carry 
the same output values as stated in the DSE. But, as soon as the input event 
becomes 0 (and from then on, while it is 0) the output value y must always 
take on the same value as its time delayed version y', this being assigned to 
the leaf. 




Fig. 1-8 Priority- AND: An example sequential circuit 

Fig. 1-8 shows an example of a very simple sequential circuit known 
among some as a ‘priority- AND’. As expressed in the DSE, the output y is 1 
when both inputs x\ and x 2 are 1 , but only if x\ has become 1 prior to 2 2 * 
Contrary to a pure memory circuit — the word-recogniton tree of which 
never grows beyond the first level - — the word-recognition tree of any other 
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sequential circuit grows to two or more levels. The so-called Karnaugh 
maps of Fig. l-8d are developed from the word-recognition tree of Fig. l-8c 
as will be shown in a later chapter. Such Karnaugh maps are the backbone 
of circuit design and will be discussed at length. 

It seems intuitively obvious that the height (the number of levels) of a 
word-recognition tree expresses the longest sequence of input events that a 
sequential circuit can memorise, and thus act upon. The word-recognition 
tree is the formal expression of the fact that a finite sequence of input events 
determines the behaviour of a sequential circuit. Finding such finite sequences 
lies at the heart of circuit verification. 



1.7 Verifying a Circuit * 



Verifying a circuit is a process in which you apply appropriate voltages to 
the input lines, and check whether the correct voltage appears on the output 
line. This is feasible for combinational circuits by verifying one column after 
another of a table of asserted events. Applying voltages to input lines is 
algebraically expressed as substituting the values 0 or 1 for the input variables 
X{. We use the symbol <— 5 (read as V . is substituted by. . . ? ) for substitution. 
When substituting 0 for a?*, the logic variable Xi <£> Xi = 1 turns into a false 
proposition (when substituting 1, we obtain a true proposition): 



Xi <£> Xi = 1 %=> 0 = 1 <£> 0 , Xi X{ — 1 %==£ 1 = 1 <£> 1 . 

These logic values can be used to substitute for logic variables Xi of logic 
formulas and of circuits comprised of gates. We shall see how the latter is 
done for the sequential circuit Fig. l-8a called a priority-AND. But, first a 
remark on the verification of sequential circuits. 




Fig. 1-9 Three specifications of the priority-AND of Fig. 1-8 



For any circuit you want to verify you must decide on the sequence of 
input events you want to apply to the circuit and document such a sequence 
as a diagram of successive events. But such a diagram does not lend itself to 
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a formal design method. Circuit specifications, such as the flow table or the 
word-recognition tree , see Fig. 1-9, which do lead to formal synthesis methods 
are on the other hand not easily transformed to diagrams of successive events 
as needed for testing. In fact, this has only been possible for the word- 
recognition tree. As it has also been shown that a flow table (by far the most 
common specification method) can be transformed into a word-recognition 
tree, you can also develop a table of successive events from a flow table. 




Fig. 1-10 Verifying the priority- AND of Fig. 1-8 

The DSE used to test a sequential circuit is modified to avoid that val- 
ues of two (or more) input variables change simultaneously. Verifying the 
priority-AND of Fig. 1—8 is shown in Fig. 1-10. The circuit has been re- 
produced for each time period, allowing us to apply one input event after 
another, and to see how the signals propagate. The kind of logic analy- 
sis demonstrated in Fig. 1-10 is nowadays done with the help of computer 
programs. 





Chapter 2 



Switching Devices 



Logic gates, as introduced in the previous chapter, represent the connec- 
tives used in logic formulas. Assume you have drawn a circuit diagram using 
logic gates, and you now want to build the circuit using switching devices 
of a given technology (pneumatic, electric, or electronic). To be able to do 
so you need to know how to translate each logic symbol into a symbol or a 
collection of symbols of the technology you intend to employ. This chapter 
is restricted to discussing symbols used for pneumatic valves, electric relays, 
and CMOS transistors, and to showing how they correspond to logic gates. 

In general, any quantifiable physical property (such as voltage, pressure, 
force, etc.) can be used as a signal. To be independent of the actual physical 
property of any binary signal (and its unit of measurement, such as Volt, psi, 
Newton, etc.) it is convenient and customary to map its two values to the 
integers 0 and 1. If nothing is said to the contrary, the smaller numerical 
value of a signal is mapped to 0, while the larger numerical value is mapped 
to 1, and these two integers are not assigned any unit of measurement. In this 
book the lower case letters x and y (most often with indices) shall always be 
used as variables whose range is {0, 1} (denoted as x,y £ {0,1}, and meaning 
that the value of x and that of y is — in any given moment — either 0 or 1), 
and referred to as numeric variables. These variables, x and y, are used 
to denote the input and output signals of actual switching devices and their 
symbols. 



2.1 Pneumatic Valves 



One of the most common valves is the spool- and- sleeve design, the princi- 
ple of which is shown in Fig. 2-1. A zero signal refers to atmospheric pressure, 
Si one signal to a pressure of say 90 psi (pounds per square inch). If the pilot 
pressure is 0 the valve is said to be non- actuated and a spring presses the 
spool in the rightmost position. Actuating the valve by applying a 1-signal 
to the pilot chamber causes the spool to be pressed to the left (against the 
force of the spring). In the non- actuated valve you will notice that the output 
port and the exhaust port are connected while the air supply is blocked. In 
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the actuated valve the output is connected to the air supply and the exhaust 
is blocked. Let us refer to this valve as a normally open valve (or NO- 
valve, for short), this naming convention being borrowed from the realm of 
electric relays. Normal refers to the pilot pressure x being 0 (the valve is not 
actuated), whereas open refers to the path between the air supply and the 
output being interrupted. The standard symbol for the NO-valve is that of 
Fig. 2-l(a2). The rectangle to which the spring is attached (in our case, the 
left rectangle) shows the port connections in the non-actuated (the normal) 
case, the right rectangle depicts the port connections in the actuated case. 



(al) 

spool 



y = 0 

output sleeve 



wwm 



/\/y 



v/ j /u/jm. 



r* 

jw 



ttMA 






x=0 



input 



spring exhaust 



(•) 



air supply 



( hi ) I y = 1 pressurized 

pilot chamber 






Wm 









LiiM 



X = 1 



\ 



pilot line 



<•) 



(aS) 



y=o 



m 



x=0 



&> 



(bS) 



^ZIZO 



y = l 
x = l 



Fig. 2-1 A Normally Open valve 



I took the liberty of drawing the controlled lines — exhaust, air supply, 
and output — as being detached from the symbol’s rectangles to better show 
how the symbol is to be understood in the actuated case: Think of the 
controlled lines as being stationary and the rectangles being pushed to the 
left by the pilot pressure, as indicated in Fig. 2-1 (b2). When the valve is not 
actuated, the spring pushes the rectangles back into the position shown in 
Fig. 2-l(a2). In actual use, the controlled lines are always drawn attached 
to the rectangle (the one with the spring), and the symbol is always drawn 
in the non-actuated mode. It is never drawn in the actuated mode indicated 
in Fig. 2-l(b2). 

An alternate behaviour to the NO-valve is obtained if the air supply and 
the exhaust are interchanged as shown in Fig. 2-2a. When the valve is not 
actuated the output is connected to the air supply while actuating the valve 
connects the output to the exhaust. This behaviour is described by either of 
the symbols of Fig. 2-2b,c, and the valve is called a normally closed valve 
or NC- valve. 
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Fig. 2-2 A Normally Closed valve 

To analyse the behaviour of a spool- and- sleeve valve (Fig. 2-3) it suffices 
to work with the valve symbol. The input-output behaviour of such a valve 
is best documented in a table of events as shown in Fig. 2-3(a2) and (b2). 



(al) I y NO-valve (a2) (a3) IDENTITY 




Fig. 2-3 Spool- and-sleeve valves as power amplifiers 

According to the TAE of Fig. 2-3(a2), The output y is 1 iff the input x 
is 1’, or (in falling back on Section 1.4) 

y = 1 <& x = 1, 

Y<*X, 

this function being called the IDENTITY, as the output Y is always identical 
to the input X. The symbol for the gate is shown in Fig. 2-3(a3). You 
will probably not be alone in asking what good the IDENTITY function is 
anyway, as its output is always the same as its input. Frankly, the IDENTITY 
function serves no logical purpose. But, it is of real technical importance as 
a power amplifier. In pneumatics, power is determined as the product of flow 
times pressure. A low-power pilot-signal can control a high-power air-supply 
to the output. Such a switch is called active. 

The behaviour of the NC-valve, on the other hand, is fully documented 
in the TAE of Fig. 2-3 (b2), and from this follows 

y = l<^o:=0, 
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IT 



The above function is called a NEGATION, the output always having the 
complementary value to the input. 

The air supply of a spool-and-sleeve valve can be replaced by an input 
signal , as indicated in Fig. 2-4. The difference is that the air supply is always 
1 while a signal can vary , meaning it can be either 0 or 1. 
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You will hopefully be able to recognise the valves’ behaviour as being 
documented in the two TAEs. The functions associated with these TAEs are 
called AND and INHIBITION. The latter name stems from the fact that x\ 
inhibits y, meaning that, when x\ — 1, the output y is blocked. It is probably 
routine to you by now to express the TAEs of Figs. 2-4(a2) and (b2) in the 
following formal manner: 

y = 1 x\ — 1 AND £2=1 y = 1 a?i = 0 AND x 2 = 1 
Y & X x A X 2 Y <=> ~X\ A X 2 

In the above usages the spool-and-sleeve valve cannot realise the logical 
OR function, a function no design engineer would like to do without. A cheap 
and effective realisation of the OR function is the shuttle valve of Fig. 2-5a. 
The ball in the design shown will always seal the input of lower pressure, 
connecting the output with the input of higher pressure. This valve is called 
a passive valve as the air of the output signal is derived from an input line, 
not from an air supply. This is a drawback, as is the fact that the valve does 
not have an exhaust of its own; the output must be exhausted via an input 
line. The standard symbol for this valve (Fig. 2-5b) is obviously inspired by 
the design shown in Fig. 2-5a. The TAE describing the valve’s behaviour 
marks the valve as a realisation of the OR function. 
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Fig. 2-5 A shuttle valve to realise the OR function 

To see that the TAE of Fig. 2-5c does describe the OR function, read 
the table row wise (and not column wise, as we have been doing up till now). 
First note that ‘if x\ = 1 then y = 1’ (this covering columns 2 and 3), and 
then that ‘if X 2 — 1 then y = V (which covers columns 1 and 3). Thus we 
reason that ‘y = liffxi = l OR X 2 = 1’, and write this as 

y = 1 x\ = 1 OR X 2 = 1, 

VI 2 . 



We are now in a good position to transform a given logic circuit into 
one consisting of valve symbols. Such a transition is shown in Fig. 2-6 for 
the running example of Chapter 1. Of course this example is only used to 
demonstrate a technique, and has nothing to do with the original problem 
of switching lights on or off. To replace the INHIBITIONS of Fig. 2-6a by 
NC- valves, note the correspondence laid down in Fig. 2-4. 




Fig. 2-6 A valve realisation of a logic circuit 



2.2 Electric Relays 



In its simplest form, an electric relay (see Fig. 2-7) consists of a coil, a 
plunger, and a contact that is actuated by the plunger. When currant flows 




2.2 Electric Relays 



19 



through the coil its magnetic field attracts the plunger, thereby closing a 
normally open contact (Fig. 2-7(al)) and opening a normally closed contact 
(Fig. 2-7(bl)). Interrupting the currant to the coil allows a spring to return 
the plunger, and thus the contacts, to their original positions. 
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Fig. 2-7 The electric relay: principle, 10-behaviour, symbol 



Every switching device must have one or more inputs, and one or more 
outputs. Let us consider what the input and output signals of a relay are. 
It seems clear that there is only one input signal, namely the voltage x 
applied to the coil of the relay. The output signal y is best defined directly 
as a binary numeric signal y £ {0,1} that is 0 if the contact is open , and 
is 1 if the contact is closed , it is commonly called transmission. We can 
now formulate the input-output behaviour of a NO-relay as in the TAE of 
Fig. 2-7(a2), and of a NC-relay as in the TAE of Fig. 2-7(b2). Using these 
TAEs to state unequivocally when the output y is 1 shows clearly that a relay 
with one contact is either an IDENTITY or a NEGATION 

y = 1^1 = 1, y = l <£>2 = 0, 

Y & X, Y X, 

allowing us to use the appropriate gate — Figs. 2-7(a4) or (b4) — to describe 
the relay. The standard electric symbols for relays — Figs. 2-7(a3) and 
(b3) — are rather unusual as they obscure the fact that not only a switching 
device, but also its symbol, should have a well defined input and an equally 
well defined output. In the symbol you must state the name of the input 
variable — in our case x — and whether the relay is an IDENTITY (draw a 
NO-contact) or a NEGATION (draw a NC-contact). 

More often than not, a relay has multiple contacts, all operated simul- 
taneously by the plunger (Fig. 2-8a). Each contact is assigned an individual 
standard electric symbol (Fig. 2-8b), and each such symbol may be used and 
positioned independently of the others. The gate representation of the relay 
is shown in Fig. 2-8c. 
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Fig. 2-8 A relay with multiple contacts 

It is obvious, after what has been said above, that a single relay does 
not realise AND or OR functions. The AND and OR functions are realised 
in the way relay contacts are wired together or interconnected. Contacts — 
and I am speaking exclusively of contacts, not of complete relays — may 
be interconnected in series or in parallel, as pictured in Fig. 2-9. In each 
case we conceive a surrogate contact y with the same transmission as the 
interconnected contacts. In particular, the transmission y of the surrogate 
contact is defined as follows. 





a) Contacts in series b) Contacts in parallel 

Fig. 2-9 Connecting contacts in series and parallel 
Contacts y\ and y 2 in series: 

y = 1 % yi = 1 AND y 2 = 1, 

Y # Yi A Y 2 . (2.1) 

Contacts y i and t /2 in parallel: 

y = 1 & yi = l OR y 2 = l, 

ySrivr 2 . (2.2) 

The contacts in Fig. 2-9 with the transmissions yi and y 2 can be the con- 
tacts of NO-relays or NC-relays, as required. Again, take the logic circuit 
(Fig. 2-10a) of the running example of Chapter 1. The AND gates lead to the 
upper and lower serial paths in Fig. 2-1 Ob, while the OR gate is equivalent 
to the parallel wiring of the two serial paths. 
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a) Given logic circuit b) Derived relay circuit 



Fig. 2-10 Realising a given logic circuit with electric relays 

A more complicated logic circuit is sometimes quite awkward to trans- 
form into a relay network, especially as there are a number of ways to do so. 
Let me demonstrate this with the monstrous invention of Fig. 2-11. 




Fig. 2-11 A logic circuit to be realised with electric relays 

A foolproof method for transforming a logic circuit into a relay circuit 
is to mimic the logic gates as shown in Fig. 2-12a. Each gate is realised 
by a relay, the gate output representing the coil of the relay; the contacts of 
the relay are commonly named with the same letter as the coil. This sparse 
comment should suffice to let you understand how Fig. 2-12a was obtained. 
This method uses far too many relays and should be avoided on this and 
other grounds. 

The circuit of Fig. 2-12b has a minimised number of relays — four, 
all in all. The number of relays is found by counting the number of nodes 
in the given logic circuit — (XI, X2, FI and F2). It is practical to dis- 
tinguish between two kinds of nodes that I shall call positive and negative . 
A positive node is a junction comprised of one input lead originating from 
a non-inverted input, or from a gate with a non- inverted output, and two or 
more output leads that connect to inverted or non-inverted inputs of gates. 
A negative node, on the other hand, is a junction comprised of one input 
lead originating from an inverted input, or from a gate with an inverted out- 
put, and one or more output leads that connect to inverted or non inverted 
inputs of gates. Each node is associated with the coil of a relay; each output 
lead from the node is associated with one and only one contact of the relay. 
The contact — in the case of a positive node — is normally open (NO) iff 
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a) Mimicking gates b) Minimizing the number 

Xi of relays 




Fig. 2-12 Two methods of realising a logic circuit with electric relays 

the lead’s input to the gate to which it connects is non-inverted. In the case 
of a negative node the contact is normally closed (NC) iff the lead’s input 
to the gate to which it connects is non-inverted. One thing to note about 
negative nodes with a single output lead is that you introduce the node as a 
virtual node, as was done for node Yl. 




Fig. 2-13 Analysis of the previous circuit 



To compare the relay circuits of Figs. 2-1 la, b you must either drop 
the two push buttons from Fig. 2-12b (together with the associated relay 
X\ and X 2 ) or add them to Fig. 2-1 2a. When adding push buttons to 
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Fig. 2- 12a, mimicking gates needs seven relays as compared to four relays 
when minimising the number of relays. 

You might like to know why I called the logic circuit of Fig. 2-1 la mon- 
strous. The only reason is that the circuit can be reduced to that shown in 
Fig. 2-13b, as can be deduced from its TAE of Fig. 2-13a which (as you are 
invited to verify) describes the 10-behaviour of the circuit of Fig. 2-1 la. 



2.3 CMOS Transistor Circuits 



The transistor was invented in 1948 by John Bardeen, Walter Brat- 
tain and William Shockley and soon replaced the vacuum tube as a cheap 
amplifier. We shall take a look at only one transistor device, of a large prolif- 
eration, namely the CMOS technology. The transistors used are insulated- 
gate field-effect transistors (IG-FET) — Fig. 2-14 — more commonly 
called MOS for the sequence of the layers of material used in their design 
— metal-oxide-silicon. There are two types of these transistors, according 
to the polarity (negative or positive) of the electric charges used to create 
a conducting channel between the drain and the source regions: n- channel 
MOS (NMOS) and p-channel MOS (PMOS). Digital circuits that employ 
both these transistor types are called complementary MOS (CMOS), 
and have the advantage of needing only a single level of supply voltage. 
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Fig. 2-14 Principle of the n-channel and p-channel MOS 

For current to be able to flow between the drain and the source region, 
you need to create a conducting channel in the silicon between these regions. 
This is achieved by applying the proper voltage between the gate and the sub- 
strate. In an n-channel MOS you obtain a conducting channel by applying a 
more positive potential to the gate than to the substrate (the voltage from 
gate to substrate is positive), thus attracting negative charges to the gate 
while repulsing positive charges. In a p-channel MOS the conducting chan- 
nel is obtained by making the voltage from substrate to gate positive, thus 
attracting positive charges to the gate while repulsing negative charges from 
the gate. In actual usage, the source is always connected to the substrate. To 
obtain a channel, the density of source- type charges must be enhanced giving 
these transistors the name enhancement type transistors. 
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The simplest CMOS circuit is the inverter of Fig. 2-15. Its principle of 
operation is basic to CMOS technology. If you understand how the inverter 
works, you almost automatically understand the next two gates. The idea 
behind the inverter is shown in the relay circuit of Fig. 2-15a: The two serial 
contacts are always in a state of alternate transmission — when one is closed, 
the other is open. When the top switch, the NC-contact, is closed and the 
bottom switch, the NO-contact, open, the full supply voltage is fed through 
to the output y. Vice versa , the output y is zero when the top switch is open 
and the bottom one closed. 




Fig. 2-15 The CMOS inverter 

The relay circuit translates directly to the transistor circuit of Fig. 2-15b, 
the NC-contact being replaced by a PMOS, the NO-contact by an NMOS. 
In the circuit as drawn, the gates of both transistors are at ground potential 
dew to the way the switch governing the gate potential is set. As the sub- 
strate of the PMOS is connected to high potential a conducting p-channel is 
created. The NMOS transistor, on the other hand, is non-conducting as it 
has 0 voltage between gate and substrate, both being connected to ground. 
The voltage measurable at the output y is thus high. If the switch is brought 
to the alternate position, in which the potential at the gates of both transis- 
tors is high, the PMOS becomes non-conducting while the NMOS becomes 
conducting. The output voltage y is thus brought to zero. The actual circuit, 
of course, is always drawn using MOS symbols, giving you Fig. 2-15c. As the 
input and output of this circuit are always complementary, it is an inverter 
or a negation, the symbol for which is shown in Fig. 2-15d. 

There are two successful ways, of four trivial ones, to generalise the 
principle inverter circuit of Fig. 2-15a: One of these is shown in Fig. 2-1 6a, 
the other in Fig. 2-1 7a, and both lead to circuits superbly adapted to CMOS 
technology. 

The first generalisation of the inverter of Fig. 2-1 5a is achieved by substi- 
tuting the single NC-contact by two serial NC-contacts, and substituting the 
single NO-contact by two parallel NO-contacts — this leading to Fig. 2-1 6a. 
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The equivalent CMOS circuit is obtained by substituting PMOS transistors 
for NC-contacts, and NMOS transistors for NO-contacts. As with the in- 
verter of Fig. 2-1 5c, note that in Fig. 2-1 6b the sources and substrates of 
the PMOS transistors are connected to or towards high potential, while the 
sources and substrates of the NMOS transistors are connected to low poten- 
tial. 
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Fig. 2-16 The CMOS NOR-circuit 

The simplest way to analyse the circuit of Fig. 2-16 is to develop the 
TAE shown in Fig. 2-16c. You start out with the table of input events, 
leaving the bottom row, the one for the output y, empty. Then, for each 
input event, you deduce from the behaviour of the circuit the value for the 
output y, entering the outputs into the bottom row. Considering the result, 
you will notice that inverting each output value leads to the or function. 
In other words, the TAE of Fig. 2-16c is that of a not-or function, usually 
referred to as the nor function. The logic symbol used for this function is 
shown in Fig. 2-16d; it is simply an OR gate with an inverted output. 
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Fig. 2-17 The CMOS NAND-circuit 
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The second generalisation of the inverter leads to Fig. 2-17a and that 
to Fig. 2-17b. The analysis needed to obtain the TAE of Fig. 2-17c is easy 
so that I again leave the details to you. The result, as you will have noticed, 
is the inversion of the and function, i.e. is a not-and function, and is thus 
referred to as the nand function, the logic symbol for which is shown in 
Fig. 2-17d. 

Of course the CMOS circuits discussed here are only a small excerpt of 
the circuits used. But they are basic and absolutely essential to the under- 
standing of the techniques employed. One of the most important omissions 
is a discussion of circuits with feedback, circuits that lead to the realisa- 
tion of memory devices — so-called latches and flip-flops. These circuits are 
discussed, together with their theory, in later chapters. 











Fig. 2-18 NOR and NAND versions of our running example 

The logic building blocks of CMOS technology are NAND-, NOR- and 
NEGATION-gates. These, therefore, one wishes to use when realising logic 
circuits in CMOS technology. To get an impression of pure NOR- and NAND- 
design, take a look at Fig. 2-18. These circuits are equivalent to that of 
Fig. 1-4 of our running example of Chapter 1. Transforming larger AND, OR 
and NOT based circuits into NOR or NAND circuits can be quite demanding. 




Chapter 3 



Functions 



When reading through this book, you will frequently be confronted with 
various kinds of functions and relations. Not all interested readers have grown 
up with the same concept of function, so it seems worth while to take a short 
time off to ponder the concept. According to your background take a more 
thorough, or merely a cursory look at this chapter. But do make sure you 
understand the concept of function as it is used in this book. The concept of 
function is based on that of the ordered pair this, therefore, being discussed 
first. 



3.1 Ordered Pairs 



Nowadays, mathematical concepts are explained in terms of sets. Quite 
informally, a set S is a collection of real or abstract things — we call them 
the elements s of the set, writing this as s £ S (which is read as l s is an 
element of <S’). The sets relevant to switching algebra are all finite, i.e., they 
have a finite number of elements. As a trivial example take the set of input 
events for three input variables (see Fig. 1-3) and defined by listing them 
(within curly braces): 

{( 0 , 0 , 0 ), ( 0 , 0 , 1 ), ( 0 , 1 , 0 ), ( 0 , 1 , 1 ), ( 1 , 0 , 0 ), ( 1 , 0 , 1 ), ( 1 , 1 , 0 ), ( 1 , 1 , 1 )}. 

Sometimes it is impracticable to list the elements of a finite set, as when 
trying to list i those who have read this book \ Thus, it has become customary 
to specify sets predominantly by saying what attributes the elements must 
have in common. For example, the mathematician might write 

% = { r | r has read this book}. (3.1) 

Although the above notation is the one most common it has the formal 
drawback of not being formulated in terms the ^-relationship, as is the case 
in the following way of expressing R: 



r £ 71 <£> (r has read this book) 



(3.2) 
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meaning: 1Z consists exactly of all those elements r for which the defining 
expression (written to the right of 4^) is true. 

The equality of two sets is explained by the material EQUIVALENCE 
(<-+, see Fig. 4-3): 

5 = T £ For all *: (x € S «-► * € T), (3.3) 



stating that two sets are equal iff they have the same elements. This implies 
that the sequence in which the elements are written is irrelevant ({0, 1, 2, 3} = 
{2,3, 1,0}), and that two sets are the same even if certain elements are re- 
peated ({0, 1,2, 3} = {2, 3, 2, 2, 1, 0, 1}). 

The number of elements (the cardinal number) of a finite set S is 
denoted as ffS. Stating that {0, 1,2,3} has four elements would thus be 
written as #{0,1,2, 3} = 4. The cardinal number of a finite set is the 
number you stop at when having counted all the elements of the set. 

Contrary to the just mentioned examples, it is certainly advisable to 
abide by the sequence of integers and their possible duplicity when dialling a 
telephone number. Such ordered collections of elements are written between 
parentheses (not between braces , as when specifying sets). Here, a few ex- 
amples, primarily to set forth the Latin based naming conventions leading to 
the expression ‘n-tuple’: 



(a, b) ordered 

(a, 6, c) ordered 

(a, 6, a, b) ordered 

(4, 4, 3,9, 3) ordered 

(< 2 i , a 2 , « 3 , « 4 , a 5 i «i) ordered 

(a 7 ,a 6 ,a 5 ,a 4 ,a 3 ,a 2 ,ai) ordered 

(ai,a 2 , . . . ,a„_i,a n ) ordered 



pair 2 ordered elements 

triple 3 ordered elements 

quadruple 4 ordered elements 

quintuple 5 ordered elements 

sextuple 6 ordered elements 

septuple 7 ordered elements 

n-tuple n ordered elements 



Of course, a mathematician would define an ordered pair (ai,a 2 ) on 

the basis of sets, for instance as (ai,a 2 ) — {{ai}, {«i , a 2 }}. And from this 
he would prove that for two ordered pairs (ai,a 2 ) and (a[ ,a ( 2 ) to be equal, 
equally positioned elements must be equal, and would write this formally as 



(a 1; a 2 ) = (a'i,c4) ( a i = «'i) A (a 2 = a' 2 ). (3.4) 



Generalising, the ordered n-tuple lends itself comfortably to the recur- 
sive definition («i,a 2 , . . . ,a n ) = ((ai,a 2 , . . . ,a n _i),a n ), again, the question 
of when two n-tuples are equal, being the actual matter of interest: 

(ai , a 2 , . . . , a n ) = (aj , a 2 , . . . , a n ) 4^ , v 

(. 3 . 5 ) 

(ai = a x ) A (a 2 = a 2 ) A ... A (a n = a n ). 

One obvious interpretation of the ordered pair is to view its elements as 
the Cartesian co-ordinates of a point in a plane. All the points of a given 
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rectangular area L • W, of length L and width W , would represent all the 
ordered pairs (/,u>), with l < L and w < W. Extrapolating, all the points of 
the volume L-W • H of a rectangular parallelepiped of height H represent all 
ordered triples (/,tt;,/i), with h < H. Taking these examples as a lead, and 
calling the set of all n-tuples a Cartesian product 

Ai x *< 4.2 x ... x *4-71 ^ 0 ^ 

{(ai,a 2 , . . . ,a n ) | aiG4i A a 2 eA 2 A ... A a n eA n }, 

the number of elements of the Cartesian product can be shown to be 



X A 2 X ... X A n ) <£> (#Ai).{#A 2 ). • • • -(#Ai)- (3.7) 

We shall mainly use the ordered n-tuple when working with input events 
(ei , e 2 , . . . , e n ). Of course, each input value is either 0 or 1 

ei,e 2 ,...,e n £ {0,1}, (3-8) 

allowing us to rewrite (3.6) as 

{0, l} n <*» {(Cl , e 2 , . . . , e„) I ei € {0, 1} A e 2 G {0, 1} A . . . A e n € {0, 1}} (3.9) 
in which {0, l} n is defined as 

{0, 1}" d l {0, 1} x {0, 1} x ... x {0, 1} . (3.10) 

v ' 

n times 

The right side of (3.9), and thus the n-fold Cartesian product {0, l} n itself, 
is the set of all input events. Noting that the set {0,1} has 2 elements 
(#{0, 1} = 2), we can rewrite (3.7) to state the number of input events: 

#({0,1}") - 2.2. — • .2 = 2 n . (3.11) 

n times 



(ei, e 2 , • • • , e n ) is also the notation of an n-dimensional vector e: 

6 (^1 ? ^2 ? • • • ? )? (3.12) 

while in the form (ei , e 2 , . . . , e n ) 2 the n-tuple is also used as the binary (base 
2) number representation of the decimal number (e)i 0 . Given the binary 
number (ei, e 2 , . . . , e n ) 2 — for which (3.8) holds — you calculate its decimal 
value (e)io by employing the formula 

n 

(e)io = ^>.2^ = e 1 .2 n ~ 1 + e 2 .2 n ~ 2 + . . . + e^.2 1 + e n .2°. (3.13) 
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Fig. 3-1 Assigning a decimal equivalent e to each input event (ei, . . . , e n ) 

By this formula the given binary number (1010)2 is transformed into its 
decimal equivalent (10)io: 

1.2 3 + 0.2 2 + 1.2 1 + 0.2° = 84-0 + 2 + 0 = (10)i 0 . 

When referring to decimal numbers we usually omit the number base (the 
index 10), writing e instead of (e)io- To better understand (3.13), take a look 
at Fig. 3-1 in which each column contains a binary number (ei , e 2 , . . . , e n ) 2 . 
The weights 2 n “* of each variable e* are written to the right of the table, 
while the decimal equivalent e is written atop each column. 

If, on the other hand, you want to find the binary equivalent (ej , . . . , e n )2 
of a given decimal number e you can use the algorithm demonstrated in the 
example of Fig. 3-2. Say, the given decimal number is 10. To find the binary 
equivalent, you start by drawing a table as that of Fig. 3-2a. The calculations 
to be done are shown in Fig. 3-2b: You divide 10 by 2, obtaining the quotient 
5 and a remainder of 0. Now, halve 5, obtaining a new quotient of 2, and 
a remainder of 1. You continue halving each quotient, obtaining a new one 
together with a remainder 0 or 1. The process terminates when you obtain 
a quotient of zero (in which case the remainder will always be 1). 




Fig. 3-2 Finding the binary equivalent (ei, e 2 , . . . , e n )2 of a given 
decimal number e 



The remainders (e n _ 3 , e n _ 2 , e n _i, e n ) in the example of Fig. 3-2c are 
the rightmost digits of a binary number (ei, e 2 , . . ., e n _ 3 , e n _ 2 , e n _i, e n )2 
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that has 4 or more binary digits, with all binary digits to the left of e n _ 3 , if 
there are any, being zero. Thus, a binary equivalent of (10)io is, e.g., (1010)2 
or (00001010) 2 . 

3.2 Speaking of Functions... 



It is not uncommon for the notion of function to be grasped only intu- 
itively and thus to be obscure. A function is nothing as fuzzy as a dependence 
of one value, say ?/, upon another, say x , nor is it a rule by which values are 
assigned one to another. Likewise, it is neither a formula , nor a table , nor is 
it a graph. 

The just mentioned concepts represent only certain aspects of a function 
but none of these concepts are comprehensive. Let us develop a comprehen- 
sive notion of function, doing so in small steps. Remember that mathematical 
concepts are, nowadays, explained in terms of sets. So, the first thing to note 
is: A function is a set. Of course, a function cannot be just any set, its 
elements must be quite special so as to represent the notions of dependence, 
rule, formula or the like, thus: A function is a set of ordered pairs. Clearly, 
the intention is that the ordered pair, say (:r,y), represents the values ob- 
tained, e.g., by a formula, table, or graph; but this intention must be stated 
expressly. We first of all say what values can be used in our ordered pair 
(#, y) by specifying two sets, say X and and requiring the elements x and 
y to be taken from these sets: A function is a set of ordered pairs (x,y) in 
which xeX and yEy. 



a) Formula 
y=Z.x 3 



b) Table c) Graph 
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Fig. 3-3 Neither a formula , nor a table nor a graph is a function 



This is still far too vague to avoid misinterpretation. Compare, for instance, 
the table and the graph of Fig. 3-3: they cannot represent the same function 
as the table contains far less values than the graph does. Any two represen- 
tations must contain all arguments x of a given set X leading to: A function 
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is a set of ordered •pairs ( x,y ) in which each element x£X is a first element 
of (x,y) while y £ y. There is one more restriction to consider. We want 
functions, as contrasted to relations , to provide us with one and only one 
value for any given argument. An example to the contrary, that is, an exam- 
ple for a relation is provided by y = yfx where each argument x gives us two 
values for y, e.g., y/i = +2 and y/i = —2. This leads to: A function is a set 
of ordered pairs (x,y) in which each element xGX occurs exactly once as a 
first element of (x,y) while y£y. 

For better or for worse, there is a long-standing tradition among math- 
ematicians to formulate definitions as concisely as possible. Thus, you will 
usually find the above definition formulated something like this: A function 
is a set of ordered pairs ( x , y) such that for each x € X there exists exactly 
one such ordered pair with y £ y. A common and helpful way to visualise a 
function is a mapping as in the example of Fig. 3-4a. In general, X is called 
the domain and y the co-domain of the function /. Each element (#, y) of 
the function / is represented by an arrow that points from x to y, i.e., maps 
x to y. This mapping of the elements of the domain X into the elements of 
the co-domain y is usually symbolically denoted as xJ->y or as / : X •— > 3 ^, 
the symbol i— ► intentionally being reminiscent of the arrows in Fig. 3-4. It 
is a long established tradition to denote the value y of a function / as /(#), 

i.e., f(x) = y, or y = f(x) (x,y) £ /. Do note that the definition of a 
function does not require all elements y of the co-domain y to be second 
elements of the ordered pairs (x,y) £ f. Those y £ y for which (z,y) £ f is 
true comprise the range of the function /. 




a) Picturing a function 



range 

y=f(x) 




b) Picturing a relation 



Fig. 3-4 Picturing functions and relations as mappings 



Without any further proof, let me state the formula by which to calculate 
the number <p of functions that can exist from a domain X into a co-domain 
y. For mnemonic reasons let 6 be the number of elements of the domain, 
and k the number of elements of the co-domain, allowing us to write 

s£#X, k — # 3 >. 
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ip = k*. ( 3 . 14 ) 

To define a certain function, you need to specify three sets: the domain 
X , the co- domain and the set / of all ordered pairs (sc, y) with x E X and 
y G y. Usually / will be specified in the form of a formula, a table, or a 
graph as in Fig. 3-3, but any specification that is complete and unambiguous 
is valid. Likewise, two functions / : X i— > y and g : 1Z »-+ S are equal iff their 
domains are equal, X = 7£, and their co-domains, y — S, and both sets / 
and g consist of the same ordered pairs (#,y) G / and (r, s ) G y, i.e., / = g. 

The mapping of Fig. 3-4b is not that of a function as not all elements 
of the domain X are starting points of arrows, and there is one x G X from 
which more than one arrow emerges. 

3.3 Switching Functions 

As mentioned, switching circuits (meaning the technical realisation con- 
sisting of, say, transistors, relays, or pneumatic valves) are usually divided 
into two categories: combinational circuits (having no memorising ability), 
and sequential circuits (that are able to memorise certain sequences of in- 
put events). Mathematically, combinational circuits are functions and we 
call them switching functions. They lend themselves very comfortably to 
logical manipulations or calculations. The mathematical description of a se- 
quential circuit, on the other hand, is a relation , and not a function. I.e., 
there exists at least one input event that can invoke an output value of 0 and 
of 1 (of course not at the same time). Evaluating relations is quite a prob- 
lem. Since Huffman, it is usually done by breaking a sequential circuit down 
into a number of combinational circuits. So, in this section we shall take a 
first look at switching functions, these being the mathematical description of 
combinational circuits and, indirectly, of sequential circuits. 
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Fig. 3-5 Two visualisations of an elementary switching function 

Most frequently, switching circuits have two or more input variables. 
On the other hand, the picture of a function given in Fig. 3-4a tends to 
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evoke the impression that the definition of a function is restricted to a single 
‘argument’, i.e., input variable. This is wrong for the simple fact that the 
domain in the definition of a function can be any set, for instance, the set 

{0, l} n of all input events x = (a?i, £ 2 , • • • , x n ). With this in mind, we define 
a switching function / as a function from the set {0,l} n of input events 
into the set {0, 1} of output values. A switching function is thus any function 
from {0, l} n into {0, 1}: 



/: {0,1}"^ {0,1}. (3.15) 

For this general switching function (albeit restricted to a single output), 
the number ip of functions can be calculated by (3.14) and (3.11): 

<p = K s = {k = 2, S = 2”} = 2^ n) . (3.16) 



(oxi) (w) 




(0,0,0) (1,0,0) 



a) Three-dimensional 
cube 




b) Four-dimensional cube 



Fig. 3-6 Three- and four- dimensional n-cubes 

Those switching functions with two input variables are called elemen- 
tary switching functions, defined as 

/ : {0? I} 2 *“"* {0> 1}? (3.17) 

and of which there are, according to (3.16), 2^ = 2 4 = 16. Fig. 3-5 shows 
two different representations — the table of asserted events and the mapping 
— of one and the same elementary switching function. You will usually work 
with the table of asserted events. But at this stage it is good practice to note 
carefully the correspondence between the two representations. Each possible 
combination of 0s and Is in the bottom row of the TAE corresponds to one 
of the 16 elementary switching functions, just as each arrangement of the 
arrows in the mapping corresponds to a function. 

The n-cube is an altogether different representation of switching func- 
tions. The elements of the Cartesian product {0, l} n can be visualised as the 
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nodes of a n-cube. The three-dimensional case shown in Fig. 3-6a is a cube, 
and it is this cube that lends its name to all other cases. 

The (planar) organisation of a 4-cube, as shown in Fig. 3-6b, centres 
around the concepts of Hamming weight h w and Hamming distance h The 
Hamming weight h w of an input event refers to the number of its Is. 
The Hamming distance hd of two input events is the difference of their 
Hamming weights. The 4-cube is organised into levels. The input events of 
each level have the same Hamming weight, this being the number given the 
level. The edges connect input events whose Hamming distance is 1. 




Chapter 4 



Logic Functions and Gates 



As we have just seen in the last chapter, there are 16 elementary switching 
functions — functions with two inputs and one output. Each of the ele- 
mentary switching functions corresponds to an (elementary) logic function. 
The logic functions are traditionally given names such as AND, OR, IM- 
PLICATION, etc. that, in this book, are written in capital letters. The 
switching functions themselves are given the same names as the logic func- 
tions — e.g., and, or, implication etc. — only that they are written in 
lowercase boldface. In this chapter we discuss all the elementary switching 
and logic functions, and how they correspond to one another. But, apart 
from the elementary logic functions (that have two inputs), we shall discuss 
the functions AND, OR, XOR, and EQUIVALENCE for which gates with 
two and more inputs exist, thus laying the basis for drawing logic circuits. 



4.1 Elementary Switching Functions 



The 16 elementary switching functions are summarised in the table of Fig. 4-1 
where they are defined in the first column. Each of the 16 output rows y r 
contains a possible combination of output values 0 and 1. They are ordered 
in such a way that their decimal equivalencies increase from top to bottom 
row. This is achieved by filling in the columns (not the rows) in analogy to 
Section 1.3. 

A horizontal line in the middle of the table divides the outputs into two 
groups. You will notice that two functions, y r and yi 5 _ r , mirrored across this 
line, have complementary output values. In logic terms, one such function is 
the negation of the other. 

The connectives or function symbols shown in the central column of 
Fig. 4-1 were introduced by Iverson [1962] and are used in the computer 
language APL, a language well adapted, among other things, to logical prob- 
lems. In the context of this book, I took the liberty of restricting the range 
of the variables of the connectives to the set {0, 1} of truth values, allowing 
us to write the formulas as logic formulas. 
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Fig. 4-1 The 16 elementary switching functions 

When used in an informal manner, Iverson’s notation is mnemonically 
convenient for the connectives <,<,=,>,>, ^ that compare two values with 
each other. Informal , in this context, means that we shan’t distinguish be- 
tween the truth value 1 and the number 1, and between 0 and 0 . Comparing 
values, as in X\ > X2, means asking whether the value of X\ is larger than 
that of X2 ; the answer to the question is assigned to the appropriate output 
variable. Let us demonstrate this, using the table for Y2 44 X\ > X2. Sub- 
stituting the input events ( 0 , 0 ) for (Xi, X2) lets us write Y2 44 Xi > X2 as 

0 44 0 > 0, or as 0 44 0 > 0, if you prefer. Similarly we obtain 0 44 0 > 1 , 

1 <££> 1 > 0 and 0 <=> 1 > 1 for the remaining input events of the inhibition. 



4.2 Positive versus Negative Logic * 

One of the basic concepts of this presentation is the strict distinction between 
logic variables Xj,X,-, and their numeric counterparts Xi and m as 
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expressed in 



Xi & Xi = 0, ) 

Y$?y = 0. j 

The symbol is used to state that the variable to its left is an abbreviation 
for the expression written to its right. But, you should note that there are two 
ways to define — either as Xi = 1 or as ajj =0. These two possibilities let 
us define a positive logic variable P together with an associated negative 
logic variable Q , 

pM>p= 1, Q#P = 0, (4.1a, 6) 

in which p £ {0, 1} is a binary numeric variable. Note that both logic vari- 
ables, P and Q, refer to the same numeric variable p. For this reason the 
positive logic variable P and its associated negative logic variable Q are com- 
plementary or negated variables: 

Q, Q&P. (4.2) 

Using what we call positive logic implies the exclusive use of positive 
logic variables, while negative logic refers to the exclusive use of negative 
logic variables. It is common practice to use positive logic, not negative logic; 
however , the two are never mixed. Whenever negative logic is used, the fact 
is stated explicitly. 

Although there is no pertinent reason to use positive logic, it is right that 
it ensures that equally named switching and logic functions have similarly 
looking mappings — which is obviously intended. On the other hand, it is 
advisable to use negative logic when employing switching devices the outputs 
of which react to a drop or decrease in the energy (i.e., voltage, pressure and 
the like) of an input signal. 



( 1 . 2 ) 



Xi # xi = 1 , 

Y&y = 1 , 



4.3 Elementary Logic Functions * 

While a switching function f : {0, l} n i-> {0, 1} maps n-tuples of the numeric 
values 0 and 1 into the set {0, 1}, a logic function F maps n-tuples of the 
truth values FALSITY (for which we write 0) and TRUTH (denoted as 1) 
into the set {0, 1} of truth values. Thus, every function F of the form 



(4.3) 



F : {0, 1}" •-> {0, 1} 

is a logic function, whereas functions of the form 

F : {0, l} 2 {0, 1} 



(4.4) 
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(a) 



0 >) 



(c) 

Fig. 4-2 From numeric input variables (a) to logic input variables (c) 

are called elementary logic function, i.e., functions that, at most, have 
two input variables. 

The association between switching functions / and logic functions F is, 
you might think, given by virtue of positive logic variables Xi Xi = 1 and 

X{ Xi =0. But with these formulas alone, you would only be able to 
transform the table of input events of Fig. 4-2a into the table of Fig. 4-2b. 
To complete the analogy between switching and logic functions, we need the 
following logic formulas which are stated without proof. 

(4.5) 

A*->Q<&A. (4.6) 

They lead directly from Fig. 4-2b to Fig. 4-2c. Now, comparing the tables 
of Figs. 4-2a and 4-2c, you will easily notice the important correspondence 
between the equally positioned symbols of the quadruples (#,•,=, 0,1) and 

(X;,~, 0,1). 

Of course the same sort of reasoning as above leads to the correspondence 
between (y*-, =, 0, 1) and (Y;, *-*, 0, 1) allowing us to write the first column of 
Fig. 4-1 in the logic form shown in the first column of Fig. 4-3. 

The middle column of this table presents connectives commonly used in 
switching algebra. The exceptions are the INHIBITIONS, NOR and NAND 
for which Iverson’s notations have been chosen. This was done for the 
INHIBITIONS because there is no generally accepted notation for these 
functions. In the case of NOR and NAND Iverson’s notation was chosen 
because it is mnemonically superior to the respective notations of Sheffer 

(X x i X 2 # X x V X 2 ) and Nicod (X Y \X 2 # A X 2 ) sometimes used. In 
switching algebra the negation of a variable X is commonly denoted as X 
whereas in logic the negation would preferably be written as ->X, the two 
notations thus being equivalent: 




^x&x. 



(4.7) 
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Definition 
Xi <-> 0 0 1 1 

X 2 *-> 0 1 0 1 


Logic 

notation 


Name of the 

logic 

function 


Y 0 0 0 0 0 


Y 0 & 0 


CONTRADICTION, FALSITY 


Yi <-> 0 0 0 1 


Yi&Xi AX 2 


CONJUNCTION, AND 


r 2 « o o i o 


Y 2 ^X x > x 2 


INHIBITION 


y 3 <-»• 0 0 1 1 


y 3 ^x 3 


IDENTITY 


F 4 <-> 0 1 0 0 


Y a ^X x < X 2 


(transposed) INHIBITION 


Y 5 «-► 0 1 0 1 


Yi&Xt 


IDENTITY 


Y 6 <-+ 0 1 1 0 


Yg Xi 0 X 2 


ANTIVALENCE, XOR 


Y 7 0 1 1 1 


Y 7 &X ! V x 2 


DISJUNCTION, OR 


Yg <-> 1 0 0 0 


Ys&X iV A 2 


NOR, Sheffer function 


Yg <-4 1 0 0 1 


Yg&X ,« X 2 


(material) EQUIVALENCE 


Yio <-+1010 


Yio ^ X 2 


NEGATION, NOT 


Y n «-► 1 0 1 1 


Yu <&X!<-X 2 


(transposed) IMPLICATION 


Yi2 <-> 1 1 0 0 


Y 12 o Xj. 


NEGATION, NOT 


YlS « 1 1 0 1 


Y 13 ^ Xi -> v 2 


(material) IMPLICATION 


r 14 <-* 1 1 1 0 


Yu ttliAlj 


NAND, Nicod function 


Yl5 > 1111 


Yl5 1 


TAUTOLOGY, TRUTH 



Fig. 4-3 Table of the elementary logic functions 



4.4 The Basic Gates * 

Gates, unique graphic symbols for logic functions, were introduced in Section 
1.5. Not every logic function has a gate assigned to it. Those gates that do 
exist are called basic, hereby emphasising that all other logic functions are 
represented by graphic symbols comprised of basic gates. If a gate has one 
input it is called monadic, if it is has two inputs it is called dyadic. 

There are two monadic gates, IDENTITY and NEGATION. The symbol 
for the IDENTITY gate is a rectangle with a 1 inscribed (Fig. 4-4a). The 
symbol for the NEGATION is a circle drawn over a lead carrying the signal 
to be negated. The circle marking negation is never drawn anywhere along 
a lead, it is always drawn where a lead enters or leaves a rectangular gate 
symbol (e.g., Fig. 4-4b,c). The inverter of Fig. 4-4b,c is often itself called 
NEGATION. 
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As the output of IDENTITY is always logically identical with its in- 
put, there is clearly no logical necessity for employing a switching device 
that realises this function. The only validation for such a device is that all 
technical realisations of an IDENTITY are amplifiers, these being needed to 
boost weakened signals. Examples are the spool- and- sleeve valve of Fig. 2-3a 
and the normally open (NO) relay of Fig. 2-7a. You can find some exam- 
ples of inverters in previous chapters. A valve realisation is discussed in 
Fig. 2-3b, a relay realisation is shown in Fig. 2-7b, while a CMOS NEGA- 
TION is explained in Fig. 2-14. Of necessity, the NEGATION or inverter is 
an amplifier. 



NEGATION symbol 



m 




1 


[/ - \ j 


1 


□ 


X X 




3 X X 6 





a) Identity b) Inverter c) Inverter 

Fig. 4-4 The monadic gates 



Only four dyadic gates exist , called AND, OR, XOR, and EQUIVA- 
LENCE (Fig. 4-5), each representing the equally named logic functions. But, 
why are gates only defined for these four functions? For a gate to be of practi- 
cal use, it must represent a function that is associative and commutative, 
and only the above mentioned functions have both these properties. We shall 
look into this later. As for the rather curious choice of inscriptions (&, >1, 
=1, =) distinguishing the gates, I’m afraid you’ll just have to accept them — 
they are international standard as declared by the International Electrotech- 
nical Commission (IEC 117-15). 



Xi 

Xe 



& 


Yand Xi — 




Y m X, 


=i 


Y m X , 






* — 




x 2 — 




X, 





AND OR 



XOR EQUIVALENCE 



Fig. 4-5 The dyadic gates 



Commutativity allows you to interchange the input signals to a gate 
as you like without being able to notice a change in the behaviour of the 
output value. For instance, assigning (Xi,^) to (Xa,Xb) in Fig. 4-6a will 
give the same result as assigning (X 2 ,Xi) to (Xa,Xb)- 

Associativity permits you to cascade identical gate tj'pes thus creating 
a multiple inputs gate of that type. For instance, cascading two dual input 
AND gates, as shown in Fig. 4-6b, leads to a triple input AND gate. Its 
inputs are again commutative and associative. 
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X„ X* 

X* X V 



i X, 



I X B 



* 



! X, h 

4 x,aX 2 x s h 

} X3 f>- 






& 



— ^ Xi A X2 A X3 



a) Commutativity b) Associativity 

Fig. 4-6 On commutativity and associativity 

Due to the properties of commutativity and associativity, the above four 
functions, with the outputs 



Yand X\ A X 2 A • • 


A X n , 


(4.8) 


Yor <=> X\ V X 2 V • • 


• vx n , 


(4.9) 


Yxor <=> X\ 0 X 2 © • • 


•®x n , 


(4.10) 


Yequ X\ «-> X 2 


•••<"► Xn, 


(4.11) 



can be assigned gates with multiple inputs (see Fig. 4-7). An overview of 
when these functions are 1 is given in the following statements. 



XX x n XX X x x 2 X n xx x n 




Fig. 4-7 Gates with multiple inputs 



AND: Yand is 1 iff all inputs are 1. 

OR: Yor is 1 iff at least one input is 1. 

XOR: Yxor is 1 iff an odd number of the inputs are 1. 

EQU: For an even number of inputs (taking 0 as even): 

Yequ is 1 iff an even number of the inputs are 1. 

For an odd number of inputs: 

Yequ is 1 iff an odd number of the inputs are 1. 

These statements are illustrated in the tables of Fig. 4-8 for 3 and for 4 input 
variables. You will possibly want to compare the rows for Yxor and Yequ 
more carefully. From the above statements, saying when XOR and EQUIV- 
ALENCE are 1, we deduce that their outputs are inverted for functions with 
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an even number of input variables, and are logically equivalent for functions 
with an odd number of input variables: 

For an even number of inputs: Yxor Y equ (14.12a) 

For an odd number of inputs: Yxor & Yequ (14.126) 

This rather inconsistent behaviour of Yequ usually lets us work with the 
XOR function instead of the EQUIVALENCE function. 



Vi *->00001111 

X 2 <->0 0 1 1 0 0 1 1 
Xs^O 10 10 10 1 

Yand*~*Q 0 0 0 0 0 0 1 

Y O R<r*0 1111111 
Y X or<-> 0 110 10 0 1 
Y E qu<-> 0 110 10 0 1 



Xi <->0 000000011111111 

X 2 <->0 000111100001111 
X 3 *->0 011001100110011 
X 4 <-> 0101010101010101 
Yand<t* 0 000000000000001 
Yor<-> 0111111111111111 
Yxor<t* 0110100110010110 
Yequ <-> 1001011001101001 



Fig. 4-8 AND, OR, XOR and EQUIVALENCE for 3 and 4 inputs 



4.5 Derived Gates 

The fact that the elementary logic functions INHIBITION, IMPLICATION, 
NOR, and NAND don’t have their own characteristic gates makes it neces- 
sary to express these functions as combinations of other gates, e.g., of AND, 
OR , and NOT (although other combinations of gates are possible, and not 
uncommon). To facilitate this we need (4.13) which we now develop. Sub- 
stituting A for A in A «-> 1 A (4.5) we obtain A <-> 1 A allowing us to 
replace A of A 0 <£> A (4.6) by A 1 (and also to write the formula for 

1, A <->• 1 A 0. (4-13) 

We start by expressing the INHIBITION as an AND function — with 
the use of (4.13) — as shown in Fig. 4-9. 



X 1 h 0011 X\ 0 0 11 

X 2 0 10 1 • • • (4.13) • • • X 2 10 10 

Yinh 0 0 10 Yjpjh 0010 

a) b) 

Fig. 4-9 Interpreting the INHIBITION via AND 
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The INHIBITION of Fig. 4-9a is taken from the table of Fig. 4-3. To 
be able to express the single output value of 1 via AND, both input variables 
of the third column would have to be 1. This is easy to achieve by applying 
(4.13) to X 2 , the result being shown in Fig. 4-9b. As the output of an AND 
function is 1 iff all inputs are true, we can now write: 

Yinh Ah > X 2 <=> X 1 A X 2 . (4.14) 



Xi 00 11 • * • (4.13) • • • X\ 1100 

X 2 <— ■> 0 10 1 X 2 0 10 1 

Yjmp <-> 110 1 Yjmp <-> 110 1 

a) b) 



Fig. 4-10 Interpreting the IMPLICATION via OR 



The three 1-values of the output variable of Fig. 4-10a of the IMPLI- 
CATION cannot be described by an OR function because the OR function 
requires all output Is (and only these) to be caused by at least one input 
1. This is achieved by applying (4.13) to Xi, thus obtaining the table of 
Fig. 4-10b. For this table we can write the output as an OR function: 

Yimp & X\ — ► X 2 & X\ V X 2 . (4.15) 

If you wish to employ the same method to the NOR and NAND functions 
follow the reasoning laid down in the table of Fig. 4-1 lb allowing us to express 
these two functions as 



Ynor^X 1 V J 2 , Ynand X\ A X 2 . (4.16) 



Ii H 0 0 11 Xi H 0 0 1 1 

X 2 ^ 0 10 1 X 2 0 10 1 

Ynor 1 0 0 0 • • • (4.13) • • • ~Y nor <->0111 

Ynand <-> 1110 • • • (4.13) • • • Y nand <-> 0 00 1 

a) b) 

Fig. 4-11 Interpreting NOR and NAND as NOT-OR and NOT- AND 



The functions INHIBITION, IMPLICATION, NOR, and NAND can be rep- 
resented by AND, OR and NOT according to the equations (4.14), (4.15), 
and (4.16). These formulas, on their part, lead to the gate representation of 
Fig. 4-12. 
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Fig. 4-12 INHIBITION, IMPLICATION, NOR, and NAND 




Chapter 5 



Synthesis and Duality 



As shown in Section 1.4, a logic formula can be developed from a table of as- 
serted events (TAE) that states exactly when the value of the output variable 
y of a circuit is 1, and when it is 0. In general, the logic formulas thus devel- 
oped consist of constituent terms called minterms and maxterms. These 
are basic to switching algebra because they are used in the synthesis of all 
kinds of circuits, combinational and sequential. In accordance with their 
importance they are introduced in a general and quite formal manner con- 
trasting with the usual perfunctory way of defining them which is inadequate 
for use in formal proofs (such as in Chapter 11). 

Here, minterms and maxterms are used in an intuitive method to ob- 
tain logic formulas characteristic of a specified circuit. A formalisation of 
this intuitive approach will have to wait till we have accumulated greater 
knowledge of formal logic (Chapter 14). The intuitive method of designing 
circuits is used to develop two alternative formulas satisfying one and the 
same specification. A certain symmetry between these formulas refers to a 
property we call duality, this being discussed in the last section. 



5.1 Minterm Functions & Minterms* 



When originally introduced, minterms and maxterms were the names given 
the conjunctions Ji A X 2 , X\ A X 2 , X\ A X 2 , X\ A J 2 , and disjunctions 
X\ V X 2 , X\ V X 2 , X 1 V X 2 , X\ V X 2 , respectively. Their importance stemmed 
from the observation that it was always possible to write the logical formula 
of a combinational switching circuit by either exclusively using minterms, or 
exclusively using maxterms. 

To introduce minterms quite generally, we need the concept of a minterm 
function. A minterm function, denoted as c e , is a switching function. It is 
characteristic for the TAE defining the minterm function that the output 
value of only a single column is 1; the decimal equivalent of the input event 
of this column is the index of c e . Fig. 5-1 gives an example of a minterm 
function. 
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More formally, and going directly to n inputs, for which we use vector 
notation as in 

(3.12) x = (a?i,a? 2 , . . . ,®n), e — (ci, e 2 , . . . ,e n ), 

we define a minterm function c e : {0, 1} U {0, 1} as a switching function 

whose output c e (x) is 1 iff the measurable input event x equals the asserted 
input event e this being the binary equivalent of the index e, i.e. 

n 

c e (x) = 1 X = e with e = and e* € {0, 1}. (5.1) 

i=i 




a) Table of events 




b) Mapping 



Fig. 5-1 Defining the minterm function Co 



The minterm C e (x) is simply an abbreviation for the assertion that the 
output variable c c (x) is 1 



C c (x) 4£ c e (x) = 1. (5.2) 

Inserting this abbreviation C e (x) into the definition (5.1) of the minterm 
function c e 



n 

C e (x) <£> x = e with e = ^Pei.2 n “* and e; G {0, 1} (5.3) 

i=i 

allows us to interpret a minterm as the assertion that the input event x 
measured is (or equals) the binary equivalent e of the index e. Whenever this 
is true, we can substitute e for x in the above formula, showing that for this 
case (and only this case) the minterm is true 



C e (e) e = e <£> 1. 
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Remembering that, according to (3.5), two ordered n-tuples are equal 
iff equally positioned elements are equal 



x = e (zi = ei) A (x 2 = e 2 ) A . . . A (x n = e n ) /\( x i = c i) 

2=1 

enables us to write (5.3) as 

n n 

C'c(x) <£> /\( x i — e i ) with e = 2 n ~ l and e* G {0,1}. (5.4) 

2=1 2=1 

This general minterm formula is the principle result on minterms. A 
simple example of its use is shown in Fig. 5-2 where all minterms C e (x i , X 2 ) of 
two inputs are calculated. Note the convention of dropping the A-connective 
(writing AB instead of A A B) when desired. 

e 0 1 2 3 

a ?!=0 0 1 1 
x 2 =0 1 0 1 

co(xi)X 2 )=l 0 0 0 . . . Cq(xi^x 2 ) <=> (x\ = 0) A (x 2 = 0) & X\X 2 

ci{xi,x 2 )=0 10 0... Ci(xi,x 2 ) & (xi = 0) A (x 2 — 1) <=$ X\X 2 

c 2 (aji, x 2 )=0 0 10... C 2 (#i,# 2 ) (an = 1) A (# 2 = 0) 4^ XiAT 2 

C3(^l,^2)=0 0 0 1... C 3 (xi,X 2 ) 44- (x\ = 1) A (x 2 = 1) <=> X\X 2 

Fig. 5-2 Reading minterms from the table of events 

To calculate, say, C 2 q(x 1 , . . . ,x$) you first employ the algorithm given 
at the end of Section 3.1 to obtain (26)io = ( 011010 ) 2 - These binary digits 
are the values of (ei, . . . , e§) allowing us to write 

C 2 6 (x u .. . ,ar 6 ) 4^ 

(xi = 0) A (x 2 = 1) A (x 3 = 1) A (X 4 — 0) A (#5 = 1) A (xq — 0) 4=> 
XiX 2 X 3 X 4 X 5 X 6 . 



The mnemonic result is: For a given column e of the table of asserted 
input events the minterm C e (x) is the conjunction of all logic variables, in- 
verted or not-inverted; they a, re inverted (i.e., Xi) when their input variables 
( Xi ) are asserted to be zero ( Xi = 0), and not-inverted (X) when their input 
variables are asserted to be one ( X{ — 1). This mnemonic result provides the 
standard procedure for writing minterms. 
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5.2 Maxterm Functions & Maxterms* 

The maxterm function do of Fig. 5-3 is clearly the complementary function 
to c 0 , shown in Fig. 5-1, as their output values c?o(^i,^ 2 ) and co(x\,X 2 ) are 
complementary for every given input event (xi,^). 




a) Table of events b) Mapping 



Fig. 5-3 Defining the maxterm function do 

Taking Figs. 5-3 as a lead, a maxterm function d e : {0, l} n i— ► {0, 1} 
is defined as a switching function whose output d e (x) is 0 iff the measurable 
input event x equals the asserted input event e this being the binary equivalent 
of the index e, i.e . 

n 

d e (x) = 0 x = e with e — 2 n ~\ (5.5) 

2=1 

In contrast to the way the maxterm function is defined, i.e., by stating when 
its output d e (x) is zero , the maxterm D e (x) is an abbreviation for the 
output d e (x) being one (due to the use of positive logic); the output d e (x) 
being zero is the complement D e (x) of the maxterm 

De(x) d e (x) = 1, Z>e(x) <£> d e (x) - 0. (5.6) 

With the latter of these two formulas, (5.5) can be written as 

D e (x) <=> x = e 

which, when inverting each side individually, becomes 

D e (x) <£> x ^ e. (5.7) 

As ordered pairs are equal when all equally positioned elements are equal, 
they — i.e., the ordered pairs — are unequal when at least one pair of equally 
positioned elements is unequal: 

n 

x ^ e <£> (tj ^ ei) V (x 2 ^ e 2 ) V . . . V (x n ^ e n ) & ( x t ± e;). (5.8) 

2=1 
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Taking into account that all variables stand for either zero or one — i.e., 
X { , e{ € {0, 1} — it is easy to verify that 

Xi ^ ei <£> Xi = (1 — ei). (5.9) 



Using the two previous formulas, allows us to rewrite (5.7) as 

n n 

D e (x) \J (xi — 1 — ei) with e = ^Pei.2 n_ \ (5.10) 

1=1 i=l 

This general maxterm formula is the principle result on maxterms. A 
simple example of its use is shown in Fig. 5-4 where all maxterms D e (x \ , x 2 ) 
of two inputs are calculated. 



e 0 1 2 3 



a?i=0 0 1 1 
X2=0 1 0 1 

do(xj , X2)—0 111... Dq(xi , X 2 ) ( Xi = 1) V (#2 = 1) 4=>- X\ V X 2 

di(xi,X2)—l 0 1 1 . . . Di(xi)X2) ( 0:1 = 1) V ( X 2 = 0) <=> X\ V X 2 

d2(xiyX2)=l 10 1... D 2 (x i,x 2 ) (®i = 0) V (a?2 = 1) Xi Vl 2 

^3(^i ? ^2)=l 110... D 3 (x i,x 2 ) O (xi = 0) V (x 2 = 0) Xi V X 2 

Fig. 5-4 Reading maxterms from the table of events 



The mnemonic result is: For a given column e of the table of asserted 
input events the maxterm D e (x.) is the disjunction of all logic variables, in- 
verted or not-inverted; they are inverted (i.e., Xi) when their input variables 
( Xi ) are asserted to be one (xi = 1), and not-inverted (X*) when their input 
variables are asserted to be zero ( Xi = 0). This mnemonic result provides the 
standard procedure for writing maxterms. 



5.3 Synthesis via Partial Outputs * 



This section presents an intuitive approach to developing logic formulas of 
switching functions. It could be called the method of partial outputs, as 
the output variables c e (x i,£ 2 ) or d e (x i,£ 2 ) of either minterm or maxterm 
functions play the role of partial or interim outputs that can be ‘combined’ 
(here, intentionally being vague, for the moment) to create the actual output. 

Using minterms as partial outputs 

In the first example, we develop a logic formula for the xor. This function is 
extracted from the table of Fig. 4-1 and repeated in the top four rows (for 
e, xi, X 2 and y 6 ) of Fig. 5-5. 
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For each column e in which the output variable y 6 is 1 , we introduce 
an output variable c e (x i,x 2 ) of a minterm function c e , each variable being 
called a partial output, as it coincides with only part of the desired result 
for y 6 . Next, to obtain y 6 from the partial outputs c e (x i,2 2 ) — to ‘combine’ 
these partial outputs — we argue that 

(j/ 6 = 1) (ci(xi, *2) = 1) OR (c 2 (x 1 ,x 2 ) = 1), 

from which we obtain the logical formula for the xor: 

Ye 61(21, #2) V 62(21, £2) & X1X2 V X\X 2 - ( 5 . 11 ) 

e 0 1 2 3 



a?i=0 0 1 1 

x 2 =0 1 0 1 

i/ 6 =0 1 1 0 

Cl(2i,22)=0 10 0.. . 61(21 ,22) <S>XiX 2 

<^2(21 , 2 2 )— 0 0 1 0 ... 62(21 , 2 2 ) &X1X2 

y 6=0 1 10 ... 15(21,22) <$Ci V C2 X1X2 V XiX 2 
Fig. 5-5 Evaluating the xor by minterms 

Formulas of this kind are called disjunctions of minterms — (DMin) 
formulas — or disjunctive normal forms (DNFs). The expression disjunc- 
tive is used to point out that the output Y is the result of a disjunction (in this 
case, the disjunction of minterms). A normal form refers to a standardised 
method that always provides the same unique result for a given application. 

The procedure to obtain a DNF might, informally, be summarised as 
follows: The logical output variable Y of a DNF is written as the disjunction 
of those minterms C e for which the switching function is 1 . 

A second example, for the equivalence yg, is given in Fig. 5 - 6 . 

e 0 1 2 3 

2i=0 Oil 
X2—O 10 1 
1 / 9=1 0 0 1 

C 0 (2i, 22) = 1 0 0 0.. .Co(2i,£2) <£>XiX 2 

£3(21 , 22 )— 0 0 0 1... 63(21,^2) <=$XiX 2 

yg = l 0 0 1 . . . Yg(2i , 22) <&Cq V 63 <^XiX 2 V X1X2 

Fig. 5-6 Evaluating the equivalence by minterms 



The logical formula obtained for the equivalence, Fig. 5 - 6 , is 

Fg ^ C 0 (x 1 , x 2 ) v 63(21 ,x 2 )& X x x 2 V XxX 2 . ( 5 . 12 ) 
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The logic circuits for (5.11) and (5.12) are shown in Fig. 5-7, the inten- 
tion being to point out the partial outputs. 



partial output C J (x lt x 2 ) partial output C Q (x } , x 2 ) 




partial output C 2 (x lf x 2 ) partial output C 3 (x lt Xe) 



a) XOR b) EQUIVALENCE 

Fig. 5-7 Disjunctive logic circuits for XOR and EQUIVALENCE 

Note that circuits are frequently named according to their output gate. 
The output gates in Fig. 5-7 being disjunctions, the circuits are referred to 
as disjunctive circuits. 

Using maxterms as partial outputs 

Using the same two functions as above, the xor and equivalence, and start- 
ing with the former, we now develop logic formulas based on maxterms. For 
each column e in Fig. 5-8 in which the output variable y 6 is zero (0), we in- 
troduce an output variable d e (x i , X 2 ) of a maxterm function d e , each variable 
again being called a partial output. 

e 0123 

#1=0 0 1 1 
x 2 =0 1 0 1 
1/6=0 1 1 0 

do(xi,x 2 )— 0 1 1 1 . . . Do (#i, x 2 ) <£> (Xi VI 2 ) 

d 3 (x lf x 2 )=l 1 1 0 , . .D 3 (xi,x 2 ) & (XiVX 2 ) 

ye ~ 0 110... Y$(x\ ,x 2 )<=^ Do A D% <=> (Xi V X 2 ) (X\ V X 2 ) 
Fig. 5-8 Evaluating the xor by maxterms 

Next, to obtain ye from the partial outputs d e (x i,x 2 ) f we argue that 

(t/6 = 1) & (do(xi,x 2 ) = 1) AND (d 3 (x-i,x 2 ) = l), 

from which we obtain the logical formula for the xor: 



Yq Dq(xi , x 2 ) A D^(xi , x 2 ) & (Xi V X 2 ) {X 1 VI 2 )* 



(5.13) 
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Proceeding similarly for the equivalence leads to Fig. 5-9. 
e 0 1 2 3 

zi=0 0 1 1 
x 2 =0 1 0 1 
2/9 = 1 0 0 1 

d\ (xi , a?2 )— 1 0 1 1 . . .Di(xi,x 2 ) <=> (Xi VI 2 ) 
d 2 {x \ 5 x 2 )—l 1 0 1 • • • D 2 \xi ,^ 2 ) 4 ^ (Xi V X 2 ) 

1/9=1 0 0 1 ...y 9 (si,32) 4^ D\ A D 2 ^ (Xi VI 2 ) (Xi V X 2 ) 
Fig. 5-9 Evaluating the equivalence by maxterms 

The logical formula obtained for the equivalence (as shown in Fig. 5-9) is 

¥ 9 ( 21 , x 2 ) <=> Dj(x 1j x 2 ) A D 2 (x 1i x 2 ) (Xi V X 2 ) (Xi V X 2 ) (5.14) 

whereas the logic circuits for (5*13) and (5.14) are shown in Fig. 5-10. 



partial output D 0 (x u x s ) partial output D : (x lt x 2 ) 




partial output D 3 (x 1> x s ) partial output D s (x lf x 2 ) 



a) XOR b) EQUIVALENCE 

Fig. 5-10 Conjunctive logic circuits for XOR and EQUIVALENCE 

The output gates in Fig. 5-10 being conjunctions, the circuits are re- 
ferred to as conjunctive circuits. The procedure to obtain a CNF — 
conjunctive normal form — might, informally, be summarised thus: The 
logical output variable Y of a CNF is written as the conjunction of those 
maxterms D e for which the switching function is 0. 

5.4 Duality * 

In Chapter 4 we used ^positive logic for the input and output variables, 
specifically, X l Xi = 1 , X{ <£> £,•_= 0, Yi <£> xp = 1 , F t - xp = 0, together 

with the formulas X{ <£> X{ 1, X* <£> Xi 0 and Yi Yi *-> 1, Y % 

Yi <-► 0, (4.5) and (4.6), to transform the elementary switching functions of 
Fig. 4-1 into the elementary logic functions of Fig. 4-3. These logic functions 
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are repeated in Fig. 5-11 in the column marked ‘Positive logic’. On the other 
hand, if you use negative logic — Xi = 0, X{ X{ = 1, Y{ & yi = 

0, Yi yi = 1 — to transform the switching functions of Fig. 4-1 into 
logic functions, you obtain the functions in the right-hand column, marked 
‘Negative logic’, Fig. 5-11. Note that the logic formulas Xi <& Xi «-> 1, 
X{ Xi 0 and Yi Y{ 1, Yi Yi 0 , to be used with negative 
logic remain valid, as it is irrelevant what interpretation the logic variables 
are given. 

You will notice that all Os and Is in the right-hand column are the 
negation of equally positioned Os and Is in the left-hand column. The input 
events (Xi,X 2 ) in the negative-logic column, read from right to left, are 
identical with the input events (X^X^) in the positive-logic column, read 
from left to right. Therefore, to find the name of a given function in the 
negative- logic column, you read the sequence of Os and Is of the output 
variable, and search for the same sequence in reverse order in a row of the 
positive-logic column — the function thus found is identical with the given 
negative-logic function, giving this function its name, and index number, and 
allowing you to use the symbolic notation (i.e., logic formula). For instance, 
in the third row of the negative-logic column, the output sequence is 1 1 0 1. 
The reverse sequence, 1 0 1 1, is found in the fifth row from the bottom in the 
positive-logic column, where the function name is transposed IMPLICATION 
and its index number is 11. Thus this is also the name and the index number 
of the function in the third row of the negative- logic column. 

The elementary logic-functions written in one and the same row of 
Fig. 5-11 are said to be dual Following this lead, we can define duality 
generally, i.e., for logic functions of n input variables 

(5.15) Duality of logic functions. Two logic functions F : 

{0, l} n i— ► {0, 1} and F : {0, l} n {0, 1} are called dual functions 
if both are logic descriptions of the same switching function / : 

{0, l} n {0, 1}, one describing the switching function / in positive 
logic, the other in negative logic. 

As AND and OR are dual logic functions, the above definition allows you 
to logically describe two relays in series by using the OR function instead 
of the AND function. The more conventional way to explain duality is to 
incorporate the concept of negative logic into the explanation, thus avoiding 
the reference to a common switching function. 

(5.16) Duality of logic functions. Two logic functions F : 

{0, l} n {0, 1} and F : {0, l} n i— > {0, 1} are dual if each output 
F(X i, . . . , X n ) of F y initiated by (Xi, . . . ,X n ), is the complement 
of the output F(X i,...,X n ) of F y initiated by the input event 
(Xi, . . . ,X n ) of negated or inverted inputs: 

F(X 1 ,...,X n )^/(X 1 ,...,X„). 
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Positive logic 

Logic Xi<->0 Oil 

formula X 2 <r+0 10 1 


Negative logic 
Xi*-*1 10 0 Logic 

X 2 <r->1 0 10 formula 


FALSITY 

F 0 <^0 | F 0 <->00 0 0 


TRUTH 

Fis^l 1 1 1 | Fib^I 


AND 

| Fi«0001 


OR 

T7<->1 1 1 0 1 Y 7 < r$'Xi\/X 2 


INHIBITION 

Y 2 4*Xi>X 2 | Y 2 <->0 0 10 


transposed IMPLICATION 
Fu<-+1 1 0 1 1 Fh<S>Xi*-X 2 


IDENTITY 

Ys&Xi | F 3 «00 11 


IDENTITY 

F 3 ^110 0| F 3 <^X x 


transposed INHIBITION 
F 4 ^Y 1 <Y 2 I 7^0 100 


IMPLICATION 
yi3*-*r 0 1 1 1 yi3 < ^jLi — >x 2 


IDENTITY 

Y 5 &X 2 | F s ^0 1 0 1 


IDENTITY 

f 5 <->i 0 1 0 1 F 5 oX 2 


XOR 

Yq<&x 10 X 2 | y6«->o 110 


EQUIVALENCE 
Yq*-* 1 0 0 1 | Y§<r$X \*-*X 2 


OR 

y 7 ^x 1 \zx 2 j 17^0 111 


AND 

Ti *->T 0 0 0 | Y\^X\KX 2 


NOR 

Y%- , i&X\\/X 2 j Fg^l 0 0 0 


NAND 

Fj4<-»0 1 1 1 1 Fi4<^XiAY 2 


EQUIVALENCE 

y 9 &x 1 <->x 2 1 f 9 <->i 001 


XOR 

p6e->0 1 1 0 | Y§<i&X\®X 2 


NEGATION 

Y 10 & X 2 J Fio*~*T 0 10 


NEGATION 

Fio^O 1 0 1 | Yio^ X 2 


transposed IMPLICATION 
Yn'ttXi* — X 2 j Fn<->1 Oil 


INHIBITION 

Y 2 <r-y 0 1 0 0 | Y 2 ^X i>X 2 


NEGATION 

Yi2<^Xi 1 yi2 f_> l 1 0 0 


NEGATION 

F 12 <-»0 0 1 1 | Fi 2 <^Xi 


IMPLICATION 
1^3-O’ATi — >X 2 | I 13 *- >T 10 1 


transposed INHIBITION 
F 4 <-+0 0 1 0 I Y i -^X 1 <X 2 


NAND 

Yn^Xi AX 2 1 Y 14 +-+I 110 


NOR 

F 8 <->0 0 0 1 J Y^X x WX 2 


TRUTH 

Fis^l | F 15 ^l 111 


FALSITY 

Fq +->0 0 0 0 | F 0 <^0 



Fig. 5—11 Mutually dual elementary logic-functions 
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The duality of functions is also expressed by the duality of their respective 
logic formulas Y and Y. The duality of two logic formulas Y and Y follows 
directly from the duality of the elementary logic functions of Fig. 5-11. 

(5.17) Duality of logic formulas. Two logic formulas Y and 
Y are dual if, by replacing all Os by Is, and Is by Os, and all 
dyadic connectives by their duals according to Fig. 5-11 in one of 
the formulas, it becomes identical with the other. 

Note that all variables and negations remain unchanged as IDENTITY and 
NEGATION are the only self-dual functions. Also, the sequence in which the 
connectives are acted upon (as defined by parentheses) remains unaltered. 
For all practical purposes, duality is interesting due to what is called the 

(5.18) Duality theorem. If two logic formulas P(x) and Q(x) 
can be proven to be equivalent then the respective dual formulas, 

P(x) and Q(x), are also equivalent: 

if P(x) Q(x) then P(x) Q(x). 

To see the theorem’s validity, interpret it this way: If the logic formulas P(x) 
and Q(x) are equivalent, they can both be taken as logic descriptions of some 
switching function / : {0, l} n {0,1}. Then the dual formulas P(x) and 
<2(x) both describe the same switching function / — one in positive logic, 
the other in negative logic — and are thus equivalent. 

The practical importance of the duality theorem lies in the fact that 
it halves the burden of proof. For example, if you are able to prove the 
equivalence 

X 1 VX 1 X 2 ^IiVl 2 , 

then by the duality theorem it is proven that 

Xi(Xi VI 2 ) <£> XiX 2 . 

Let me add one example for writing the dual of a given formula according 
to (5.17). Looking back at the logic circuit of Fig. 2-1 la, you can interpret 
it’s gates as in Chapter 4, obtaining the formula 

Y ((Ah Vi X 2 ) <3 (X 2 >2 -Xi)) V 6 A5 (X 2 V4 (X 2 >2 -Xi))^. 

The indices assigned to the logical connectives are the numbers of the gates 
in Fig. 2-1 la and are intended to help you see the correspondence between 
the circuit and the formula. The dual formula according to (5.17) is: 



Y ((X a A X 2 ) -» (X 2 «- Xi)) A (X x V (X 2 A (X 2 <- X x ))) . 




Chapter 6 



Karnaugh Maps 



Writing the logical formula of a given table of asserted events as a canonical 
normal form, as discussed in the previous chapter, is more or less a standard 
procedure. The formulas obtained are often excessively long, so that a lot 
of energy was invested in finding methods to minimise these long formulas. 
Contrary to most minimisation methods, the map method, first presented 
by Veitch [1952], but put into a more practical form by Karnaugh [1953], 
bypassed writing a canonical normal form, enabling us instead to directly 
write a minimised or, at least, nearly minimised logic formula. 

When working manually, i.e., without a computer, the Karnaugh maps 
(K-maps), as they have come to be known, belong to the most versatile tools 
we have. Karnaugh maps are Venn diagrams that depict very special sets, 
sets that in this text are called maximum Karnaugh sets. Let us start 
this chapter by briefly reviewing what little we need to know of sets. 



6.1 Speaking of Sets... 

Cantor (1845 - 1918), a brilliant and unorthodox mathematical thinker, 
conceived the idea of sets and their cardinal numbers to cope with the con- 
cept of infinity. A set, according to Cantor, could be a collection of any 
identifiable real or abstract objects — the so-called elements of the set. But, 
tragically, this approach, that imposes no limit to what and how much we 
collect, allows contradictions (or paradoxes, as they have come to be called) 
to be formulated. 

Mainly to avoid paradoxes, set theory is nowadays introduced axiomat- 
ically, not saying what a set is but, rather, saying how to operate with sets. 
We shall introduce set theory in its so-called naive form, not axiomatizing 
it, because switching algebra employs only finite sets so there is no danger of 
running into a paradox. Undefined concepts of a theory are called its prim- 
itives. Set theory has two primitives — set and membership. With Cantor, 
yet quite informally, take a set S to be a collection of specified elements. If 
x is one such element we say ‘ x is a member of or L x is an element of 
and write this as x £ S. 
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A set S is always a collection of elements x that belong to some prede- 
fined universal set U and usually share a certain property P ( P(x ) being 
read as c x has the property P’): 

x £ S <=> x £ U A P(x). (6*1) 

This states that x, to be an element of <S, must be an element of U and 
must have the property P. The above formula does not directly specify (or 
‘define’) the set <S, but it does allow us to decide for each element of the 
universe U whether it belongs to (is an element of) S or not, thus defining 5 
implicitly . In the desire to specify the set S explicitly , the vague formulation 

S = {x\x £ U A P(x)} (6.2) 

is common. It is read as ‘<S is the set consisting of all x for which x £U A P(x) 
is true’, the vagueness lying in the expression ‘consisting of’. The only way 
to understand (6.2) is to take it as an alternative way of writing (6.1). 

There are two relations between sets, called subset S C T (S is said 
to be the subset of T whereas I refer to T as a relative universe of <S), and 
identity S = T: 



S C T For all x : (x € <5 -> x € T), (6.3) 

S — T & For all x : (x E S «-► x € T), (6-4) 

By (6.1), each set considered is a priori a subset of a previously agreed 
upon universe U. For instance, the complement S of S consists of all 
elements not in S but still in U. Apart from the just mentioned complement 
S , the algebra of sets uses two further operations, the intersection and union. 
The intersection S flT is the set of all elements in S AND (A) in T, while 
the union <SUT is the set of all elements in S OR (V) in T. For all elements 
in U we can define these operations as 

x £ S (x $ S) A (x £ U) (6.5) 

x e (S n T) (x e S) a (xeT) (6.6) 

xe(5uT)#(ie5) v (xeT) (6.7) 

The right side of (6.5) uses the definition x ^ S ->(x € S). The 
above operations are often pictured in Venn diagrams , as in Fig. 6-1. 

Each set is represented by the points of a certain area in the Venn 
diagram. As each area has an infinite number of points the Venn diagram 
can represent infinite sets. To work with finite sets, you actually draw, or 
at least think of, distinct points in the plain. As a matter of principle, you 
always start by drawing the area of the universe U. The complement S of 
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U S 




a) Complement 





S uT 
c) Union 



Fig. 6-1 The Venn diagram 



some set S is then the area of U that is outside S. The intersection S D T of 
two sets S and T is the area where S and T overlap; the union S U T is the 
area covered by S or by T. 

An important concept is that of the null set 0, a virtual set containing 
no elements, and thus said to be empty. The null set is explained as a 
set the defining property of which is always false (0), e.g., {x\ ( x is odd) 
A ((x — 2)(x — 4) = 0)}, or {x|x ^ x}. By the definition of the equality of 
sets there is only one null set. Two sets, say S and T, that have no elements 
in common, this being described by S 0 T = 0, are said to be disjoint. 
Furthermore, the null set is a subset of every set. 

A concept important for sequential circuits is the power set denoted 
here as p(<S), or sometimes as pS, and explained as the set of all subsets of 
a given set 5, e.g., p{0, 1} = {0, {0}, {1}, {0, 1}}. The number of subsets of 
a given set S is 

#(pS)=2# s . (6.8) 



6.2 Introducing the Karnaugh Map * 

Despite the fact that the Karnaugh map is the most widely used graphical 
tool in switching algebra, it has, to date, successfully defied being explained 
in any formal way. So, hopefully, you can accept the following 

(6.9) Definition. A Karnaugh map for n input variables 
xi , • • • , x n is a Venn diagram whose universe consists of all 2 n input 
events (xi, • • • ,x n ). The sets defined and pictured on the universe 
are n non-disjoint sets, here named A'i, • • • , X n and referred to as 
maximum Karnaugh sets. Any such set X{ contains those input 
events ( x \ , • • • , • • • , x n ) whose 2 -th input variable Xi is 1: 

(^T ,* , ’,*^'*,*‘*,^n) £ X i x i — 1 or x £ X i X{ 

when using x = (xi,x 2 , - ,x n ) and Xi Xj = 1. 



(6.9a) 
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To illustrate, let us, in this section, consider the practically simplest case of 
a Karnaugh map, one for 2 input variables x\,x 2 G {0, 1}, its universe thus 
being the set {0, l} 2 = {(0, 0), (0, 1), (1, 0), (1, 1)} of all input events (aq , x 2 ). 
The two sets to be depicted in such a Karnaugh map are the maximum 
Karnaugh sets X\ and X 2 defined by 

(x ly X 2 ) G Xi xi = 1 and (#i , x 2 ) G X 2 x 2 = 1. 

Let us first make sure we understand how these formulas determine the ele- 
ments of X\ and X 2 . For these logical formulas to define the sets X\ and X 2 , 
the propositional forms aq = 1 and x 2 = 1 must be made into propositions 
that are true. This obviously means substituting 1 for x\ in the left formula 
and for x 2 in the right formula, giving us 



( 1 ,^ 2 ) G X\ 4=^ 1, (#1 , 1) G X 2 1. 

(1, x 2 ) G X\ being true, it must be true for every instance, 0 and 1, of x 2 , i.e., 
for all ordered pairs (1,0), (1, 1), while (xi, 1) G X 2 is required to be true for 
all values of aq, i.e., for (0, 1), (1, 1). Thus, we can write the sets X\ and X 2 
as 

*1 ={(1,0), (1,1)}, *2 = {(0,1), (1,1)}. 

The above results can also be read from the table of input events of 
Fig. 6-2a. The Venn diagram of these maximum Karnaugh sets is depicted 
in Fig. 6-2b. The Karnaugh map itself, Fig. 6-2c , is drawn in terms of the 
logic variables X\ and X 2 that are used to define the maximum Karnaugh 
sets X\ and X 2 . The bar defining the extent of X\ is to be understood to 
replace the loop named X\. Likewise, the bar for X 2 describes all cells to 
the right of that bar. The (optional) small number in the top left corner 
of each cell is the decimal equivalents e of the (binary) input event (ei,e 2 ). 
The space in each cell of the Karnaugh map is intended for the output values 
caused by the input event of that cell and usually written into the output 
row of the table of asserted events. 
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Fig. 6-2 Table of asserted events, Venn Diagram and Karnaugh Map 
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The advantage of using maximum Karnaugh sets Xi lies in the fact 
that their defining properties are the logic variables Xi. Using these instead 
of the sets Xi, allows us to employ the conjunction (the AND) X\ A X 2 in 
place of the intersection X\ fl X 2 , and the disjunction (the OR) Xi V X 2 
instead of the union X\ U X 2 , as inferred from the following formulas. 

x € (*1 n X 2 ) £$(x€ Xi) A (x £ X 2 ) $=% X t A X 2 (6.10) 
x€(^,U X 2 ) (x € X 2 ) V (x € X 2 ) ^ Xi V Z 2 (6.11) 

As shown in Fig. 6-3 for two inputs, you intersect and unite the loops X\ and 
X 2 of the Karnaugh map — creating the expressions X\ A X 2 and X\ V X 2 
— in the same way you intersect and unite the sets X\ and X 2 to obtain the 
sets X\ fl X 2 and X\ U X 2 in the Venn diagram. It is also worth mentioning 
that the full area of the Karnaugh map represents 1, i.e. TRUTH, as it is 
true that all the input events e are contained in the full area of the Venn 
diagram. 
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Fig. 6-3 Basic Operations in a Karnaugh Map 



Let us take a more detailed look at the Karnaugh maps of Fig. 6-3. 
Whenever you explicitly need a NEGATION, say Xi, you must refer to the 
area of the Karnaugh map that does not belong to X\ . This example is shown 
as a loop in Fig. 6-3d. In Section 5.1 we discussed minterms C € (x i ,x 2 ), and 
maxterms D e (x 1 , 0 : 2 ). A cell e of a Karnaugh map represents the minterm 
C e {x 1 ,^ 2 ). The area outside the cell e represents the maxterm D e (x i,a? 2 ). 
For instance, the cell number 3, marked by a loop in Fig. 6-3e, depicts 
£ 3 ( 2 : 1 , x 2 ) Xi A X 2 . The area marked by a loop in Fig. 6— 3f represents 
the maxterm D 0 (x 1 , x 2 ) & X x V X 2 . If you are new to this field, you should 
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take your time to get acquainted with the representation of minterms and 
maxterms in Karnaugh maps. 

6.3 Karnaugh Maps for multiple Inputs 

The look of a Karnaugh map, see Fig. 6-4, depends primarily on the number 
of input variables to be represented and secondarily on the arrangement of 
the input variables around the perimeter of the map. The number of input 
variables is referred to as the dimension of the K-map. In this text, the 
following arrangement of the variables has been chosen: The first half of the 
input variables (or one more than the first half in the case of n being odd) 
mark the columns , the rest mark the rows. 
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Fig. 6-4 Karnaugh maps for 1, 2, 3, 4 and 5 variables 

As long as n < 4, you will notice that the circumference of each maximum 
Karnaugh set X\ is a (single) closed loop, as demonstrated in Fig. 6-4c for 
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n = 3. It is this property that makes working with Karnaugh maps up to 
four input variables so comfortable. This advantage is lost for five (or more) 
input variables, as shown in Fig. 6-4e for the area defined by the property 
X3, and for the complementary area, defined by X$. The area defined by X$ 
consists of two separate areas. The area defined by X% also consists of two 
separate areas, the ‘open loop’ being thought of as a single closed line. You 
can quite easily imagine the open loop as a single closed line if you think of 
the Karnaugh map for n = 5 as being wrapped around a standing cylinder. 
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Fig. 6-5 Using numeric variables Xi with a Karnaugh map 



Karnaugh’s achievement was the practical way in which the logic vari- 
ables were arranged around the perimeter of the map. We first switch from 
using logical variables to using numerical variables, obtaining a Karnaugh 
map as shown in Fig. 6-5c. The numerical values of the variables assigned 
to the columns, as well as those assigned to the rows, are ordered according 
to a Gray code. The Gray codes for one, two and three variables are shown 
in Fig. 6-6, this figure also explaining how the Gray code is developed. The 
characterising property of this code is that, as you progress from one column 
(i.e., code value) to the next, the new code differs from the old one in only 
a single position. Looping back from the last column to the first, you will 
notice that, here too, the codes differ in only one position. We shall follow 
the implications of this characterising property in the next section. 



a) Gray code b) Gray code c) Gray code 

for 1 variable for 2 variables for 3 variables 




mirror Gray code mirror Gray code 
for 1 variable for 2 variables 



Fig. 6-6 Gray codes 
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To see how the Gray code is used to organise the input variables, compare 
Figs. 6 - 4 e and 6-6. Interpret the rows of the Gray code in Fig. 6-6c, from 
top to bottom, as values of x\, X2 and £3 respectively, and you will notice that 
this coincides with the ordering of , x 2 and £3 in Fig. 6 - 4 e. Analogously, 
the rows in Fig. 6-6b, when interpreted as X4 and £5, explain the rows of 
Fig. 6 - 4 e. 

6.4 Karnaugh Sets * 

All the work you do with Karnaugh maps centres around what I choose to 
call Karnaugh sets. A maximum Karnaugh set X{ consists of those input 
events which share the property that their z-th input variable Xi is 1 . A 
general Karnaugh set JC is characterised by the fact that specified variables 
(say, Xi,Xj,...,Xk) are assigned certain values, either 0 or 1 . We can state 
this more formally as 

,x n ) € fC X{ = ei A xj = ej A ... A Xk = ek (6.12) 

in which e*, e^, . . . , e* £ { 0 , 1 } . By this definition, you can see that the 
following sets are Karnaugh sets and that, using (6.6), every Karnaugh set 
can be represented by the intersection of maximum Karnaugh sets or their 
complements. 

/ ___ 

1 C a = {(®i > #2? X3, £4)1 X\ A X2} = X \ C\ X 2 

JCb — {(#1 , X2 , £3 , £4)1 X\ A A3} — X\ 0X3 

fcc = {(®i,®2,®3,®4)| X\ a X 3 a X 4 ) = Xi n x 3 n x 4 

Kd = {(xi,x 2 ,x 3 ,X4)\X 1 } = Xi 

Their representation in the Karnaugh map of Fig. 6 - 7 a is due simply to 
the graphical interpretation of the intersection. Of all Karnaugh sets the 
maximum Karnaugh sets have the largest number of elements — thus the 
name maximum. 




a) Examples of Karnaugh sets b) These are NOT Karnaugh sets 



Fig. 6-7 Karnaugh and other sets 
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Informally, a Karnaugh set can be characterised by the following two 
properties. For up to 4 input variables , the cells of a Karnaugh set can be 
enclosed by a single closed loop that has four corners. The number of cells 
in a Karnaugh set is always a power of 2 (i.e., 1 , 2, 4 > 16,. . . ). By these 

criteria, all sets in Fig. 6-7a qualify as Karnaugh sets, while none of those in 
Fig. 6-7b do. 




Fig. 6-8 ‘Tiling’ Karnaugh maps 

The Karnaugh maps of Figs. 6-8a and 6-8b contain standard examples 
of Karnaugh sets — Ke and JCf — whose loops seem not to be closed. But, 
imagine extending the original Karnaugh map as if laying tiles of identical 
maps in rows and columns (‘tiling’), as indicated in Fig. 6-8c. By drawing 
Ke and Kf in this extended environment, so that they exceed the boundaries 
of the original Karnaugh maps, one can (for up to four input variables) always 
obtain contiguous areas and closed loops. 




Chapter 7 



Utilising Karnaugh Maps 



There are two different ways in which Karnaugh maps (K-maps) are usually 
used. In the first three sections we discuss the K-map’s conventional use, i.e., 
how to specify and evaluate (combinational) circuits. The next two sections 
are devoted to the question of developing and proving logical equations, a 
topic oddly lacking in the literature. 

7.1 Specifying Switching Circuits in K-maps* 

The cells of a Karnaugh map are intended to hold the output values y(e ) 
caused by the input events e. Writing the output values into appropriate 
cells is called specifying or defining a switching circuit in a K-map. It is 
simply done by entering the assertion y = y(e) into the cell of the input 
event e in the same way as you fill in the output row of the explicit form of 
a table of asserted events. 




Xi = 



c) 0 1 d) X t 




Fig. 7-1 Specifying a switching circuit in a K-map 

Defining the running example of Chapter 1 (Fig. l-2a) in a K-map leads 
to that of Fig. 7-la. Extracting input and output variables leads to the 
frequently used numeric specification shown in Fig. 7-lc. On the other 



7.2 Obtaining Disjunctive Formulas 



67 



hand, the logical specification of Fig. 7-ld is obtained from Fig. 7-la 
by employing the correspondence between (y 2 -,=,0,l) and (YJ, <-*, 0, 1), de- 
veloped in Section 4-3, leading to Fig. 7-lb and then extracting the logic 
output variable Y. 



7.2 Obtaining Disjunctive Formulas 



The most common usage of a Karnaugh map is to employ it in designing 
logic switching circuits. There are three steps we have to take. You first 
specify the circuit which, in the context of this chapter, means filling-in a 
K-map with 0 and 1. The second step is to read the logical formula from 
the K-map , and then, this being the third and last step, to draw the circuit 
by connecting the appropriate logic gates. The most obvious way to read a 
K-map leads to disjunctive formulas, and this is what we shall be covering 
here. 

The basic idea is to assemble all the 1^ into as few and as large K-sets 
as possible , describe these by conjunctions and, finally, write the output as 
the disjunction of the conjunctions obtaining, what is called, a disjunctive 
form. Take, as a first example of a K-map for which we wish to design a 
circuit, that of Fig. 7-2a . 
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Fig. 7-2 Developing a disjunctive form 

In a first attempt at assembling Is into K-sets, you might put the top 
row of Is into one K-set, while putting the bottoih two Is into a second K-set. 
The first K-set is described by X3, the second by X 1 X 3 . The disjunction of 
these conjunctions leads to the disjunctive form Y X 3 V X1X3 for the 
output of the circuit. The logic circuit is shown in Fig. 7-2a. As Fig. 7-2b 
demonstrates, we can design larger K-sets if we allow them to overlap. The 
reason for K-sets being allowed to overlap is that when uniting them, each 
element is counted only once. In our example, the bottom two Is can be 
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taken as part of Xj which leads to 7 ft X 3 V X 3 and the circuit shown in 
Fig. 7-2b. 

Choosing the largest possible K-sets and letting them overlap are impor- 
tant design principles. As we already know, the logical description of a K-set 
becomes simpler, the larger it is. As important as this aspect is, circuits de- 
signed via large and overlapping K-sets are far less prone to producing faulty 
output values, as is discussed in some detail in a later chapter. In fact, one 
will often incorporate large but redundant K-sets, the only reason being to 
avoid faulty outputs as much as possible. Such a redundant K-set is ICe in 
Fig. 7-3, the logical formula for the circuit being 

Y ftft X{X Z X A V XjXjXs V X 1 X 3 X 4 V X x X 2 X 3 V X 2 X 4 
Y a Yg Yc Yg Yg 
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Fig. 7-3 Using redundant K-sets 

This configuration of Is, often called a windmill, is completely covered 
by the two-element K-sets /Ca, £#, ICc, & D , these being the fewest possible 
K-sets in which to assemble all Is, as is apparent. The four-element K-set 
JCe is redundant, meaning, it contributes nothing not already contributed 
by the two-element K-sets, and could therefore be omitted. Yet, it is often 
incorporated in a hardware design to reduce the risk of faulty output values. 



7.3 Obtaining Conjunctive Formulas * 



Reading a conjunctive formula from a K-map is a bit arduous as compared 
to reading a disjunctive formula from the K-map. The procedure itself is a 
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straight forward generalisation of that shown in the subsection ‘using max- 
terms as partial outputs’ of Section 5.2. 



a) X, d) 




Fig. 7-4 Developing a conjunctive formula 

Let us follow the example in Fig. 7-4 which illustrates the steps to take. 
Step 1 requires us to assemble all Os (not the Is) in as few and as large 
K-sets as possible (Fig.7-4a). Step 2: For each K-set of assembled Os draw 
a new K-map in which the K-set of Os is repeated, filling the remaining cells 
of the K-map with Is (Figs. 7-4b and 7-4c). Step 3: Each of the newly 
drawn K-maps allow us to read their Is as disjunctive forms , e.g., X\ for 
Fig. 7-4b and X 2 V X 3 for Fig. 7-4c. Step 4: The output is written as 
the conjunction of the disjunctive forms, Y X\(X 2 V X 3 ), and is called a 
conjunctive formula. The last step is to draw the circuit according to the 
formula. 

In step 2 you are requested to draw a new K-map for each K-set chosen in 
step 1. As this sometimes requires quite an amount of drawing, it is common 
to do step 2 as a mental exercise, putting none of it to paper. With a bit 
of practice, this is not difficult to do. An example of medium complexity is 
shown in Fig. 7-5. 




Fig. 7-5 Omitting step 2 to developing a conjunctive formula 
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Assume you have assembled all the Os into the K-sets K>a to tCp of 
Fig. 7-5a. Now let us attempt to do step 2 as a gedanken experiment. We 
first concentrate on the Os of )Ca, imagining that the rest of the cells contain 
Is. In this case the two centre columns and the two bottom rows would 
contain Is, and these columns and rows could be described by the disjunction 
X 2 V X 3 . Reasoning in a like manner for the other K-sets allows us to write 
the output Y as the conjunctive formula 

Y&(X 2 V Xz)(X! V x 4 ) (x 2 V X 3 ) (Xi V x 3 ) 

Ya Y b Yc Yd 



A final aspect to note when choosing the K-sets for this example is 
that not all K-sets are of equal importance. Whereas &B and ICc are 
necessary, Ku may be dropped in favour of a K-set )Ce = {0, 1,3,2}, as a 
brief examination of the K-map of Fig. 7-5a should reveal. 



7.4 Logically Equivalent Expressions * 



The Karnaugh map is an excellent tool for developing logically equivalent 
expressions. The basic idea to the method is this: All logical descriptions of 
a certain loop or area of a Karnaugh map are logically equivalent. We accept 
formulas , thus obtained, as proven. Let us work through a few examples. 

We start by choosing some area in a K-map, for instance, the area of 
loop X\ in Fig. 7-6a. Trivially, one logical description of this area is X\ 
itself. A second way to describe this area, also shown in Fig. 7-6a, is to 
argue that the area X\ can also be obtained by uniting (which means using 
the V-operation) the loops X 1 X 2 and X\X 2 . So, we can also describe the 
area of X\ as X 1 X 2 V X 1 X 2 . These being descriptions of one and the same 
area, they are logically equivalent: 



X x <^X 1 X 2 S/XxX 2 . 



(7.1) 
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Fig. 7-6 Developing dual minimisation formulas 
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The logical formula dual to (7.1) is obtained, you will remember from 
Section 5.3, by interchanging the truth values 0 and 1, and substituting 
the dual connective (Fig. 5-11) for every given connective. Following this 
procedure, (7.1) is transformed into 

Xi ^(*! vl 2 )(li VX 2 ). (7.2) 

Due to the duality theorem (5.18), the above formula (7.2) — being 
dual to a proven formula — need not itself be proven. Yet, to do so is quite 
informative, and is demonstrated in Fig. 7-6b. The right side disjunctions 
(Xi V X 2 ) and (Xi Vl 2 ) of (7.2) are shown as loops in Fig. 7-6b. The 
intersection of these loops is X\, thus proving (7.2). 




Fig. 7-7 Circuits verifying logical equivalence 

What is the difference between logical equivalence and material 
equivalence? Material equivalence (for two input variables) is just one of 
the logic functions defined in the table of Fig. 4-3. Its output value is true, 
i.e. 1, when both input variables have identical truth values, if their truth 
values differ, the output value is 0. Logical equivalence, on the other 
hand, refers to a material equivalence that is always true, i.e., it is 1 for 
every input event. You can test this, and I strongly invite you to do so, on 
the two circuits of Fig. 7-7 that depict (7.1) and (7.2), respectively. Logical 
equivalence is so important because it allows us to replace an expression by 
one that is logically equivalent. 

The method used in this section to develop and/or prove logical formulas 
can of course be used on formulas of more than two variables. Let us show 
this for, e.g., one of the laws of distributivity: 

X x {X 2 V X 3 ) & M 2 V XiX 3 . (7.3) 

The intersection of the loops X\ and X 2 V X 3 , see Fig. 7-8a, is the loop 
described as X\{X 2 V AY). The same area is obtained, see Fig. 7-8b, when 
uniting the loops X\X 2 and X\X 3 , thus proving (7.3). As before, you can 
verify (7.3) by showing that the material equivalence of Fig. 7-8c is 1 for all 
input events (xi, x 2 , x 3 ). 
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Fig. 7-8 Proving one of the laws of distributivity 

7.5 Logical Implications * 



Just as a logical equivalence is a material equivalence that is true for every 
input event, so is a logical implication a material implication that is true 
for all input events. As we will see in the next chapter when discussing 
modus ponens , the logical implication lays the foundation for developing new 
logical formulas. Thus, its status is of the same importance as that of logical 
equivalence. 
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The input variables of an implication are given names, as shown in 
Fig. 7-9, and the implication X an te — > X cons , if true, is read as 4 if X an u then 
X C ons • This expresses the fact that the consequent can be deduced from the 
antecedent if the implication is true for all input events, i.e., if it is a logical 
implication. The question now is, how can we find logical implications? The 
answer is astonishingly simple: 

If the set defined by the antecedent is a subset of the set defined by 
the consequent then the implication is a logical implication. 
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Fig. 7-10 Developing a logical implication 



Let us work through a few examples, the first one being visualised in 
Fig. 7-10. <S = {1} of Fig. 7-10a is obviously a subset of T = {1,3} of 
Fig. 7-10b. A possible logic description of S (but by no means the only one) 
is (Xi VX 2 ) A X\ , while T is best described by X 2 . As the sets S and 
T stand in the relationship S C T, the description (Xi VX 2 ) A X\ of S is 
the antecedent, and the description X 2 of T is the consequent of a logical 
implication: 

(I 1 VI 2 )aIi =>I 2 . (7.4) 

You can test this, as shown in Fig. 7-11, by verifying that the output of the 
logical circuit is 1 for every input event. 




Fig. 7-11 Verifying (7.4) 



In the example of Fig. 7-12a again S = {0, 1,3,7} is a subset of T = 
{0, 1, 2, 3, 5, 7}. The description (Ai — >■ X 2 ) A (AT 2 — ► X 3 ) of S is thus the 
antecedent, while the description (X\ — ► JA 3 ) of T is the consequent: 

(Vi —»X 2 ) A (X 2 -X s ) ^ (Xx^X 3 ). 



(7.5) 
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G€T <=> Xi — * X 3 
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Fig. 7-12 Developing a logical implication 



7.6 K-maps of Dual Functions * 



Once in a while, you may find it advantageous to work not with a function 
F originally given, but rather with its dual function F. You will then want 
to develop the table of asserted events (TAE) of F from that of E, or the 
K-map of F from that of F. The definition of duality, as stated in 

(5.16) F(X ll ...,X n )^F(X 1 ,./:,X n l 

allows you to draw the TAE of E by inverting all Os and Is in the TAE of F 
— as shown in the example of Fig. 7-13. 
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(a) A given function F (b) The dual function F 
Fig. 7-13 The TAEs of dual functions 



It is more convenient (and quicker) to append the dual output F to the 
TAE of the given function F as shown in Fig. 7-14: You first write the output 
Y of the inverted function E, and then reverse the sequence of Y to obtain 
the output Y of the dual function F. Of course, you can omit writing the 
inverted output Y. 

The variable e used in the top row of Fig. 7-1 3b still needs soom expla- 
nation. It is best introduced by its binary representation. The complement 
e{ of the binary variable e* £ {0, 1} is defined as 



- 

e* = 1 






ei £ {0, 1}. 



with 



(7.7) 
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Fig. 7-14 Defining F and F of F 



Given the binary representation (ei, . . . , e n ) of a decimal number (e)io, 

n 

e= (ei,...,e n ) = ^ e< • 2 n-t with e* € {0, 1}, (7.8) 

i= 1 

we define the complement e of e as 

n 

e = (e l5 .. . ,e n ) = J^e,- • 2 n- ' with e, €{0,l}, (7.9) 

2=1 

meaning, e is the decimal number representing a complemented input event 
(ei , . . . , e n ). The relationship between e and e is simply 

e = (2 n — 1) — e (7.10) 

as is easy to see: 

e = ^e i -2"- = ^(l-e i )-2"- i = 

1 = 1 1=1 

n n n 

^(2 B_i - e,- • 2 n-< ) = ^ 2" _! - a • 2 B_< . 

2=1 2=1 i=l 

2 n — 1 e 



Using e and e to introduce the abbreviations 

F(e)lF(X lr ..,I„) and 7(e) & F(Z l5 . . . ,X n ), (7.11) 



we can express F(X i, . . . ,X n ) O F(X\, . . . ,X„), (5.16), as 



Y(e)&Y(( 2»-l)-c) 



or 



F((2 n - 1) - c) ^ Y(e). (7.12) 
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The latter formula, Y ((2 n — 1) — e) <=$ F(e), can be used in the following way 
to develop the K-map of the dual F from the K-map of a given function F. 
As an example, consider a function F specified by the K-map of Fig. 7-15a. 
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a) A given function F b) The function F dual to F 

Fig. 7-15 K-maps of dual functions 

The output value F(( 2 n — 1) — e) is the negation of the output value 
F(e), and is written into the cell of F whose cell number e = (2 n — 1) — e is the 
complement of e. It is appropriate to first transform those cells of F which 
contain the truth value that occurs least frequently (in our case 0 in the cells 
0, 2, 5 of F): Write the negated truth value (1) into the complemented cells 
of F (i.e., into 7, 5, 2). The remaining cells of the K-map of the dual function 
F (the cells (0, 1, 3, 4, 6) then take the negated truth value of the cells first 
filled. 
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It was the flair of Shannon’s [1938] paper that triggered the use of 
propositional logic in designing switching circuits, and thus initiating what 
is now known as switching algebra. Although it has since become in vogue 
to develop switching theory by using propositional logic — mostly presented 
as a Boolean algebra — the meagre theoretical results have let the original 
drive slacken. In this second Division, I adapt predicate logic to switching 
algebra. Predicate logic, being a more powerful tool than propositional logic, 
opens new possibilities, as the study of combinational circuits in the third 
Division of this book shows. 

Chapter 8 introduces the basic tools needed in working with logic, and 
the all-important concept of tautology. We start our discussion of logic with 
propositional logic (Chapter 9), as everything valid in this realm remains so 
in predicate logic (Chapter 13). The axiom system presented was chosen 
because it defines each of the main connectives (-», A, V, — ►, <-*). It was 
introduced by Hilbert, Bernays [1968], and minimally modified by Asser 
[1982], In the context of this book, the axiom system employed is of less 
importance than it is to demonstrate how to work with a given system. The 
axiom system could be replaced by any of a multitude of other well established 
systems. 

Let me stress the importance of the summary of theorems in Chapter 
10 by pointing out that all commutative, associative, and distributive laws 
are listed in the tables of the chapter — no further laws of the kind mentioned 
exist. 

The examples of Chapter 11 are intended to motivate the introduction 
of predicate logic, especially the example considered in Section 11.2. The 
basic concepts of predicate logic are then introduced informally in Chapter 
12, the more formal approach being left for Chapter 13. The two main points 
of this final chapter are the summary of the theorems on quantification (not 
readily available for non-specialists) and the important theorem on identical 
functions (hardly known in applied mathematics). 




Chapter 8 



Tautologies 



A tautology is a logical expression, such as X] X1X2 V X1X2 or (X\ V 
X2) AX\ => X 2 , that is true for all input events. This likens the tautology to 
what is sometimes called an identity in conventional algebra, e.g. (a + b ) 2 = 
a 2 + 2 ab + b 2 . In the last two sections of the previous chapter, we already 
saw how to use K-maps to obtain tautologies. In this chapter we introduce 
truth tables to prove tautologies. 

Most importantly, we discuss in-depth how tautologies are used, that is, 
we discuss replacement, substitution and modus ponens. 



8.1 Logic Expressions 



Not every sequence of variables, connectives, and parentheses is what we are 
willing to accept as a well formed logic expression , as you might guess when 
looking at the following examples. 



-(*iA)X 2 

XiV X 2 -X 3 ) 

To be able to refer more generally to single variables and logic expres- 
sions, we use the variables A, B, C, and D (with or without indices) to 
represent any logical input or output variable X, X\, X2, . . . , Y , Y \ , F 2 , . . . , 
and the symbols P , Q, R , S , T (also with or without indices) to represent 
logic expressions. 

To prohibit getting meaningless expressions, like the ones above, it is 
common to use so-called formation rules. Their application ensures that 
only well formed logic expressions can be constructed. But, instead of always 
referring to well formed logic expressions, we shall be content to simply call 
them logic expressions, arguing that only well formed logic expressions are 
logic expressions. 

The first formation rule states that writing a constant, 0 or 1 , or a 
single logical variable, say A, provides us with a logic expression. The second 
formation rule states how to write the monadic function of NEGATION: 
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If a string of characters, say P, is a logic expression then you obtain a new 
logic expression by writing (~P). Do note that the parentheses are an intrin- 
sic part of the result. The third formation rule tells us how to correctly 
insert dyadic connectives: If the character strings P and Q are logic expres- 
sions then so are (P A Q), (P V Q), (P — > Q), and (P <-> Q ). Here too, the 
parentheses are an intrinsic part of the result. The fourth formation rule is 
optional but nevertheless quite practical in indicating that the building pro- 
cess has terminated: The outermost parentheses of the final logic expressions 
are dropped. 

The resulting string, when using the fourth formation rule, has one of the 
forms -iP, P A Q, P V <2, P — > Q, or P Q and is referred to as a complete 
logic expression. The monadic or dyadic connective of a complete logic 
expression is called the main connective of the logic expression, this con- 
nective giving the logic expression its name. It is always the last connective 
to be acted upon when evaluating the truth value of the logic expression. 

A direct consequence of the formation rules is that there is no priority 
between the connectives, the sequence in which they are acted upon is de- 
termined solely by parentheses. Furthermore, the formation rules cause the 
number of parentheses to grow quite rapidly. To counteract this, one uses a 
convention of adhesion that introduces an artificial priority between logical 
connectives. 

Convention of adhesion: A given connective of the quintuple 

(~i, A, V, — >, <->) has a stronger adhesion to its arguments than any 
connective listed to its right has. 

This convention allows us to rewrite the following top formula in the indicated 
ways. 

(( A A B) V ((-A) A B)) 

(A A B) V (“i A A5 )h5^ 

A A B V —*A A B B 

When A- and V-connectives occur alternatively, one is prone to confuse them. 
It is thus common to adhere to the 

Convention of omitting the A-connective: One may write PQ 
instead of P A Q when it seems appropriate. 

The last formula may then be written AB V ~^AB <-> B which is quite easy 
to read, as you will hopefully agree with. In contrast to the above procedure, 
it is sometimes advantageous not to bind arguments to (dyadic) connectives 
but to separate the arguments from the connectives. This is done in the 
Convention of separation: Dots attached to dyadic connectives 
(as in .A., separate these from their arguments. The 

more dots, the stronger the separation. But, for two different kinds 
of connectives, both with the same number of dots, the above con- 
vention of adhesion prevails. 

The following example of the application of the convention of separation 
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demonstrates that the dots need not occur symmetrically. 

(A -4 (B C)) -> (A A B -» C) <=> 

A.— >. B ->C :->.A/\B-+C 

We now turn to the question of how to methodically evaluate logic ex- 
pressions. 



8.2 Truth Tables 



A truth table*) for a given logic expression is a table that — for each input 
event — allows us to methodically calculate and write every interim result 
leading to the truth value of the main connective. The process as such is often 
called perfect induction (not to be confused with mathematical induction). 
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A/\B 
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A\JB 


A-^B 


A<-*B 
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1 1 
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1 
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1 



Fig. 8-1 Defining the connectives A, V, — in truth tables 



The simplest truth tables are those that define the elementary connec- 
tives (Fig. 8-1) used in logic expressions. Fig. 8-1 actually contains five truth 
tables, one for each of the logic expressions stated in the headers of the five 
rightmost columns. To economise, the input events are written only once in a 
column to the left. You may have already noticed that Fig. 8-1 is an excerpt 
of Fig. 4-3. 

Let us employ an example to see how to use a truth table. Say we want 
to determine the truth value of the main connective for each input event of 
the logic expression (A V P) A ((A V (-dB)) A ((->A) V B)). The truth table 
consists of two columns, the left one containing as header the input variables 
A and P, and then — row for row — all the input events. 

The header of the right column is the logic expression to be evaluated. Its 
notation should comply with the second formation rule (that is, you should 
write -\P, and not P, ensuring that there is a negation symbol under which its 
truth values may be written), and — for a similar reason — no A-connective 
should be omitted. As there is often no unique sequence by which the logic 



*) Truth tables were introduced by Ludwig Wittgenstein ( 1889 - 1951 ) 
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Fig. 8-2 Successive evaluation of logic connectives 



connectives must be evaluated, it is good practice to number the logic connec- 
tives according to the sequence used. The logic connective with the highest 
number is the main connective. 

The sequence of evaluation was chosen in the following way. The logic 
expression is read from left to right, evaluating any connective possible, a 

l 

process we call a pass of the logic expression. This lets us evaluate V, but 

7 6 

not A, as its right argument (the truth value to be found under A) is not yet 

evaluated. Likewise, V can not yet be evaluated, its right argument (found 

2 2 
under -») still being unknown. Although we can calculate i, we do not go 

5 

back to determine V. Rather, we continue reading the logic expression from 

6 

left to right, next encountering A. This connective can not be evaluated as its 

5 

left argument (the value under V) is still unknown. But, the next connective, 

3 . 4 

-i, having a given value as its argument, can be evaluated, and with it V. 
This pass of the logic expression enables us to calculate the truth value 

1 2 3 4 .5 

under the connectives V,-i, -i,V. A second pass allows us to determine V 
6 

and A as the next connectives to be evaluated, while a final pass (a mere 

7 

formality) lets us determine A as the main connective. 

Having found a sequence in which the connectives are or may be evalu- 
ated, one column of truth values after another is calculated. This proves to 
be faster than calculating row after row. 



8.3 Speaking of Tautologies ... 



A tautology is a logical expression, say J?(x), that is true for every event 
x of its variables . Saying that i2(x) is true for every event x is symbolically 
expressed as: 



JR(x) 1. 



( 8 . 1 ) 
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Although a tautology is assigned a truth value it is not itself a proposition. 
Rather, containing variables, it stands for a whole set of propositions, each a 
substitution instance of the tautology and each true. 

Logical equivalence Sz logical implication 

There are two kinds of tautologies, called logical equivalencies and logical 
implications. All other forms of a tautology can be expressed by the just 
mentioned two. 

A logical equivalence is a material EQUIVALENCE, i.e., a com- 
plete logical expression of the form P(x) Q(x) that is true for all 
events x of the expression’s variables, this being written as P(x) Q(x) 
^ 1, or as P(x) Q(x), for short: 

P(x) ^ Q(x) M. P(x) ^ Q(x) & 1 . (8.2) 

A logical implication is a material IMPLICATION, i.e., a com- 
plete logical expression of the form P(x) — * Q(x) that is true for all 
events x of the expression’s variables, this being written as P(x) — > Q(x) 
1, or as P(x) => Q(x), for short: 

P(x) => Q(x) M. P(x) -> Q(x) 4* 1. (8.3) 

There is one prototype of a tautology that is often expressed using an 
V-connective 

(P V -P) ^ 1. (8.4) 

But, as the truth tables of Fig. 8-3 illustrate, you can always express (PVtP) 
as either (P P) or as (P — > P), allowing us to write 

(PhP)^(P^P)<^(PV -iP) <=> 1. (8.5) 



p 


p^p 


P-+P 


PV(--P) 
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1 1 
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1 0 



Fig. 8-3 Proving (P P) (P P) (P V -<P) 1 



Proving tautologies by truth table 

Tautologies can be proved efficiently and quickly by using truth tables to test 
if the main connectives — a material equivalence, or a material implication — 
are true for all events (a method prematurely used in Fig. 8-3). To illustrate, 
let us check whether the logic expressions 



(PA(-Q))v<3 <->pvq, 
(PVQ)A(-hP) -q. 



( 8 . 6 ) 

(8.7) 
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are tautologies. This is accomplished in Fig. 8-4. Note that the main con- 
nectives are 1 for all input events as is required by definitions (8.2) and (8.3). 
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logical equivalence logical implication 



Fig. 8-4 Proving tautologies 

Having proved that the logic expressions are true for all events, you can 
replace their material main connectives — » and by their corresponding log- 
ical connectives => and <£>, thereby demonstrating that the logic expressions 
are proved to be tautologies: 

(P A (-’Q)) V Q <$>P\JQ, (8.8) 

(PVQ)A(-P) =><2. (8.9) 

Tautologies &; K-maps * 

In Sections 7.4 and 7.5 we saw how to develop logical equivalencies and logical 
implications in K-maps. But, lacking the definitions (8.2) and (8.3) we could 
not then prove the procedure. In this subsection we shall show why subsets 
correspond to logical implications (leaving the proof for the procedure of 
Section 7.4 to you). 

Consider a logical implication 

P(x) =► Q(x) (8.10) 

the antecedent P(x) of which defines a set <S, while the consequent Q(x ) 
defines a set T 

x E S <=> P(x), x € T <£> Q(x). (8.11) 

Inserting the left sides of (8.11) into (8.10) gives us 

x £ S => x E T (8.12) 

which is true for all events x, and thus allows us to state the concept of subset 
(6.3) as 

S CT .O.xES =>xET. (8.13) 

Returning to the logic expressions P(x) and Q(x ), according to (8.11), leads 
to 

S C T P(x) => Q(x). (8.14) 

By this formula a subset relationship defines a logical implication, and, 
vice versa , a logical implication defines a subset relationship. Thus, we can 
use the K-map to develop and to prove logical implications. The same rea- 
soning holds for the logical equivalence. 




8.4 Replacement versus Substitution 

8.4 Replacement versus Substitution 
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The importance of the logical equivalence lies in its use in replacement and 
substitution , two concepts we take a brief look at in this section. 

Assume a complete logic expression, say P, to contain a sub-expres- 
sion, say 5, one or more times. Further, assume that we know S to be 
logically equivalent to an expression we refer to as R . Then the rule of 
replacement states: Replacing some or all of the sub- expressions S of P 
with the replacement expression R } logically equivalent to S, transforms P 
into a new , yet logically equivalent expression , say Q. 

This rule is employed in the following example, using (8.8). 

P Qi 



s 




P Q 2 

* — ' , A s 

ABy P VC V D ( AB V B) 4* <AVi?VC V D (A V B) . 
s ' s * R " r * 

As you can see, you are not obliged to replace all occurrences of a sub- 
expression by some other logically equivalent expression. In fact, you don’t 
have to use the same logical expression for each replacement, you only need 
to use logically equivalent expressions. Do also note that there is nothing 
special about the expression P, notably, it need not be a tautology. 
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Fig. 8-5 A substitution instance of A V (-iA) 



On the other hand, the more basic rule of substitution is applicable 
only to a tautology. It states: substituting an arbitrary logic expression for a 
variable in a tautology provides us with a new logical expression that is itself 
a tautology . 

Three points should be stressed. Firstly, substitution refers to replacing 
variables , and not whole expressions , as would be the case with replacement. 
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Secondly, note that each occurrence of the variable of your choice is replaced. 
Thirdly, in each substitution instance (i.e., for each variable being replaced) 
you write identical (albeit arbitrary) logic expressions. 

To illustrate, let us look at the following example. Given the tautology 
A V (~" 1 A), let us substitute the arbitrarily chosen expression (X\ A X 2 ) for 
A, obtaining (X\ A X 2 ) V A X 2 )). By the rule of substitution, this 

expression should be a tautology, as verified in Fig. 8-5. 



8.5 Logical Reasoning 



Logic started in ancient Greece as the art of drawing a conclusion from 
given premises. A premise is a declarative sentence, a proposition, as is the 
conclusion. The premises together with their conclusion pose an argument. 
The conclusion is drawn from all premises together, i.e., from the conjunction 
of premises. An argument may have only a single premise; the ‘ conjunction 
of premises’ then refers to that premise. When a conclusion can validly 
be drawn from its premises, the argument is said to be a good or valid 
argument. The premises of a valid argument are sufficient for drawing 
or implying the conclusion. The conclusion of a valid argument follows of 
necessity from the premises. 

Logical reasoning tells you how to formulate a valid argument, and 
lets you decide whether a given argument is valid. But what, precisely, is a 
valid argument? Let us postulate 

(8.15) A valid argument is a substitution instance of a logic 
implication P => Q in which the antecedent P stands for the 
conjunction of the premises, and consequent Q stands for the con- 
clusion. 

When formulating an argument, the antecedent of a logic implication is 
substituted by the conjunction of premises (each premise can be, and usually 
is, a compound proposition), while the consequent (now called the conclusion 
of the argument) is determined by the logic implication itself as a (compound) 
statement of one or more of the premises. Note that (8.15) allows you to use 
any logic implication as the basis for a valid argument. Let us look at the 
following examples, each being a substitution instance of 

(8.9) (RV S) A (->R) 

v k ' ^ 

V v ' 

p 

Argument 1: Given the declarative sentences ‘A swan is a bird 7 and A cat 
is a mammal’, we refer to these propositions by the abbreviations A\ and 

Bn 

Ai ( A swan is a bird’, Bi ‘A cat is a mammal’. 




8.5 Logical Reasoning 87 

Substituting these for R and S (R Ai, S Pi) in (8.9) we write the 
valid argument as 

{Ai V5i)A (-» Ax ) => Bi , 

Pi P 2 

or colloquially (which you will find much easier to read) as: 

‘A swan is a bird OR a cat is a mammal’ ... Pi 
AND 

( A swan is NOT a bird ’ . . . P 2 

Therefore: ‘A cat is a mammal ’ . . . Q 

Let me point out that both premises are compound propositions, Pi 
A\ V Pi and P 2 ^ Ai, and that the conjunction of premises is false, (Ai V 
Pi) Ai (1 V 1) 0 <£> 0 , whereas the drawn conclusion is true (A cat is a 
mammal’ 1). 

Argument 2: Given A 2 1 Earth is a disk \ and P 2 ‘Earth is a sun\ 

(8.9) allows us to argue validly: 

( Earth is a disk OR it is a sun ’ 

AND 

‘ Earth is NOT a disk ’ 

Therefore: ‘ Earth is a sun ’ 

In this example, the conjunction of premises is again false, (A 2 VP 2 )A 2 <=> 
(0 V 0) 1 ^ 0, whereas this time the drawn conclusion is false (‘Earth is a 
sun ’ 0). 

Argument 3: Substituting the propositions A 3 ‘Humans grow feathers ’ 
for P, and P 3 ‘ Humans grow hair’ for S in (8.9), we obtain the valid 
argument: 



‘ Humans grow feathers OR they grow hair’ 

AND 

‘Humans do NOT grow feathers’ 

Therefore: ‘Humans grow hair’ 

For the above argument we note that both the conjunction of the premises 
( (As V P 3 ) A 3 (0 V 1) 1 l) and the drawn conclusion are true ( ‘Humans 

grow hair’ <=$ 1). 

The arguments 1 and 2 are examples of arguments called unsound. The 
conjunction of premises of an unsound argument is false allowing you 
to validly 1 ) draw a conclusion that can be either true or false. This is of- 
ten formulated as: ‘ You can draw any conclusion (true or false) from false 
premises’. 

x ) The phrase ’to validly draw a conclusion ’ should remind you that an argu- 
ment. is always a substitution instance of a logic implication. 
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A sound argument, on the other hand, is a valid argument all premises 
of which are true — the conclusion of a sound argument is always true . If an 
argument whose premises are all true provides you with a false conclusion , 
it is said to be an invalid argument, the (material) implication on which 
it was based being non-tautological. 

No law of astronomy, physics, or any natural science in general is re- 
sponsible for the truth or falsity of an argument’s conclusion as a novice is 
sometimes apt to believe, possibly due to the word ' therefore ’ for the logic 
implication (=^). Whether a conclusion is true or false is decided solely on 
the formal basis of validity. For instance, consider argument 3: The conclu- 
sion that ‘ humans grow hair ’ is a formal deduction — it is not a necessary 
biological antethesis to humans growing feathers. 

Now, let us consider how to employ the concept of logical reasoning to 
formal logic. We shall develop two forms of formal logic, first, propositional 
logic in Chapter 9, and then predicate logic in Chapter 13. In both cases 
we start with a set of axioms from which we develop theorems. Axioms 
are logic expressions we take to be tautological per se. Theorems are logic 
expressions developed from the axioms in such a way that they themselves 
(the theorems, that is) are tautological. So, generally speaking, theorems are 
developed from theorems — if we extend the meaning of theorem to include 
that of axiom. 

The question of course is, what rule lets us decide unequivocally when 
a logic expression developed from theorems is itself a theorem? Such a rule 
is sometimes called a metatheorem as it itself is not part of the logic system. 
Rather, it says something about the system, in our case, how to use it. The 
answer to the above question is to use logical reasoning which we adapt in 
the following way. As axioms are per se true, and theorems are provably 
so, we can use both as true premises P in a valid argument of the form 
P => Q, where Q is then the new theorem. This rule is usually formulated 
more formally, and called 

(8.16) modus ponens (meaning, method of affirming): If P and 

P => Q are axioms or theorems of the logic system, then Q is a 

theorem of the logic system. Or, briefly 

If P 1 and P ^ Q, then Q & 1. 

You will find many examples of the employment of modus ponens in the next 
chapter in which propositional logic is introduced axiomatically. 
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Propositional Logic 



This chapter introduces you to a systematic way of developing and proving 
logical formulas and lays down the law on what you may and may not do 
in manipulating them. It thus lays the basis for all algebraic manipulation, 
especially for the predicate logic approach introduced in Chapters 12 and 13. 
It is assumed you have worked through Chapter 8. If the subject matter of 
this chapter is not to your liking, you might want to restrict your reading to 
the first two sections. 



9.1 Axiomatic Approach to Propositional Logic 

The title of this section possibly sounds impressive, if not formidable. But the 
basic ideas, as so often, are quite simple, and I shall restrict myself to these. 
Nevertheless, if you want a really masterly and entertaining introduction to 
formal systems (of which propositional logic is but one), try Hofstadter 
[1979]. 

In principle, formal systems work like this: You are given (a) a set of 
symbols (for constants, variables, operators, etc.), (b) a set of rules stating 
how to create well formed strings using the given symbols, strings that 
are in our case called logic expressions, (c) an initial collection of logic 
expressions or formulas usually called axioms, and (d) a number of rules 
by which to develop new formulas from the axioms. And this is precisely the 
object — namely, to develop new formulas — so-called theorems — from 
given ones by applying the stated rules. 

a) We start with an enumeration of the symbols used, 0 for falsity and 
1 for truth, the logical operators, and the left and right parentheses ‘(’ and 
c )’ as technical symbols used to express priority: { 0 , 1, (,),“>, A, V, 
Furthermore, we shall use the variables X and Y (usually with indices) to 
represent the constants 0 and 1, the variables A, B, C, D (with or without 
indices) to stand for any variable X,-, Yi, or constants, and finally the variables 
P, Q , it, S, T (also with or without indices) to represent logic expressions. 

b) The rules for creating logic expressions, the so-called formation 
rules, were already formulated in Section 8.1, and here, we accept everything 
written in that section. 
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c) We can now state the initial laws, the axioms (9.1) to (9.17), of 
propositional logic. 



A => B —y A (9.1) 

(A -+ B) -> A => A (9.2) 

A -+ B =» (B -> C) -> (A -> C) (9.3) 

AAB=>A (9.4) 

AAB=>B (9.5) 

A -y B ^ (A -> C) {A -y B AC) (9.6) 

A=>AVB (9.7) 

B=>A\JB (9.8) 

A C => (B -y C) -y (AV B C) (9.9) 

A 5 =£* A — y B (9.10) 

A B => B —> A (9.11) 

A B => (B A) (A B) (9.12) 

A — ► B => —iB —y (9.13) 

A=>-^A (9.14) 

—A => A (9.15) 

0 => -il (9.16) 

1 =» -0 (9.17) 



d) Finally, we have to state the rules of deduction which enable us to 
develop new tautologies — the theorems — from the axioms. There are two 
such rules, and we encountered both in Sections 8.4 and 8.5. 

Rule of substitution: Substituting an arbitrary logic expression 
for a variable in a tautology provides us with a new logical expression 
that is itself a tautology. 

Modus ponens: If you can postulate, or by some form of reasoning 
prove that a certain IMPLICATION P — > Q and its antecedent P 
are tautologies then the consequent Q is also a tautology. Or, briefly 

(8.16) if P =± Q and P <£> 1 then Q <=> 1. 

We take the liberty of adding the rule of replacement of Section 8.4 to this 
list although, in actual fact, it can be deduced: 
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rule of replacement: Replacing some or all of the subexpressions 
S of P by the replacement expression R, logically equivalent to 5, 
transforms P into a new, yet logically equivalent expression, say Q. 

Let us now take a closer look at the axioms. First, note that the axioms 
(9.1) to (9.15) contain no constants (0 and 1) and are grouped into three 
axioms each which, from top to bottom, refer to — ►, A, V, <-*, More 
importantly, all axioms contain a symbol, the logical implication =>, that is 
not a symbol of our formal system. It is called a metasymbol , and is used 
to express something about the system, namely, that a certain implication 
is taken to be true for all input events. It is explained, together with the 
logical equivalence <£>, in Section 8.3. The important thing to note is that by 
using the logical implication =$> in formulating the axioms, we are postulating 
that each axiom is a tautology. You will have noticed that the axioms, being 
of the form P =$> Q, idealy fit our rule for logical reasoning or deduction, 
namely modus ponens. 

A general remark seems appropriate. When axiomatising, we don’t say 
what we are talking about, rather, we state how to talk about it. For instance, 
in the formal system stated, we do not say what Truth’ or ‘falsity’ is. They 
are simply elements of the domains and co-domain of functions we refer to as 
-i, A, V, «->. Contrary to our previous approach, the functions -i, A, V, 
are not defined by truth tables, as in Fig. 8-1. Rather, they are explained 
by the axioms (9.1) to (9.17). If we want to possess the truth tables of these 
functions we shall have to develop them from the axioms. But it is safe to 
say that we have chosen the function symbols -i, A, V, —>,«-* to coincide with 
their previous interpretation shown in Fig. 8-1. 

The axiom system of (9.1) to (9.17) is very weak, meaning, it contains a 
minimum of information on each of the functions A, V, <->. Therefore 
proofs of theorems tend to be quite long. Nevertheless, each proof is stated 
so comprehensively that you should be able to follow the reasoning without 
the parallel use of paper and pencil, thus being able to save a considerable 
amount of time. 



9.2 Complementation 



We start our excursion into complementation by developing two logical impli- 
cations that are very similar to the axioms (9.16) 0 =4* ->1 and (9.17) 1 ->0. 

We first prove 

-’0 =*■ 1. (9.18) 

To prove this formula, we use (9.1) A =*• B -* A in which A is sub- 
stituted by 1 (for which we introduce the shorthand A <-> 1), and B is 
substituted by -i0 ( B <-> — >0), allowing us to write (9.1) as 1 => ->0 -+ 1. 
As we shall encounter this three-step process — using a stated axiom (or 
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theorem), substituting for its variables, writing the result of the substitution 
— again and again, we shall reduce verbosity and simply write the following 
three successive lines, shown for the example of the previous sentence. 

(9.1) A =*> P — > A 

{A 1, B -0} 

1 =* -0 -4 1 

As the formula 1 =* -0 — > 1 is of the form P => Q with a true an- 
tecedent P, we may apply modus ponens allowing us to deduce the truth of 
the consequent <9, writing this as -»Q — » 1 4* 1, and thus proving (9.18). 

The second of the logical implications we wish to prove is 

-1 =» 0. (9.19) 

Looking ahead to the next section, we make use of theorem 
(9.24) -A -> B =» -P -» A 
{A < — 3 0, B < — 3 1} 

— 0 — ► 1 =* -•1 — > 0 (due to (9.18) the antecedent is true) 

( 9 . 18 ) 

1 =* — 1 — > 0 (apply modus ponens ) 

-1 ->0 4* 1 (9.19) 

We can now show that the function - (NEGATION) always* maps 0 to 
1 and 1 to 0 which we express as inversion or complementation : 

-0 4* 1 (9.20) 

-14*0 (9.21) 

Here is the proof of (9.20), but I leave the proof of (9.21) to you: 

(9.12) A -> B =* (P -> A) — (A *-> B) 

{A Hn0,5f- 1} 

— 0 — » 1 =* (1 — > —0) — > (-<0 1) (apply modus ponens ) 

( 9 . 18 ) q 

Q: 1 — » -iQ =* -i0 1 (apply modus ponens ) 

( 9 . 17 ) 

-0h1<41 (9.20) 

The concept of negation, underlying (9.20) and (9.21), cannot be ex- 
pressed by a logical formula using a variable. The closest we can get is to 
establish the principle that double negation leaves an expression unchanged : 

A 4* —A. (9.22) 

But to speak of double negation is only possible after the concept of 
negation has been formulated as (9.20) and (9.21). Let us now take (9.22) 
as an example by which to take a closer look at the proof process. The logic 
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expression we want to prove must be part of the consequent Q of a tautology 
P => Q. In our case we want to prove A <-> -’-■A (note that we can only write 
A <=> — >— > A after A <-> — «— » A has been shown to be true). You will notice that 
the only axiom containing an equivalence in its consequent Q is (9.12). 
We therefore start with this axiom. 

A -> B =» (B -+ A) -> (A <-> B) 

{5 3 “«“>A} 

A A. => (-'“•A —» A) — > (A -i-iA). (9.22a) 

( 9 . 14 ) 

According to the rule of substitution , the above logic expression (9.22a) 
is a tautology as it is derived from a tautology — namely the axiom (9.12) 
— by substitution. In order to apply modus ponens to the logical implication 
(9.22a), we first note that its antecedent A — > -»~iA is true, as it is axiom 
(9.14) written as A — * — >— » A <=> 1. We can now apply modus ponens to (9.22a) 
allowing us to deduce that its consequent is a tautology: 

-n-iA A =$* A <-> -v-i A. 

( 9 . 15 ) 

By (9.15) the antecedent of this logical implication is also true allowing 
us, again, to employ modus ponens to state the truth of the consequente — 
A <-» t-»A <=> 1 — thus proving (9.22). 

9.3 IMPLICATION and NEGATION 



IMPLICATION together with NEGATION is governed by axiom (9.13) A — > 
B => ~^B — ► ->A. We first show that its more stringent form (9.23) also holds 

A -> B & ~iB -+ -iA. (9.23) 



(9.12) 



Qi: 



A-*B=>(B-*A)->(A<->B) 

{A A — > B , B ^ —>B — » -iA} 

A B > ~iA 

^ 



( 9 . 13 ) 

-» „ 

The antecedent is a 
(”<B — >■ ->A) (A - 



(A — > J5) . — k (A — * J5) <— > (- ijE? — > 

Qi 

tautology, thus by modus ponens : 
-^5)4(A-4 5)h (~iJ 9 — > -iA) 
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We now show that P 2 is a logical implication: 

(9.13) A — * B =$> ->P — *• ->A 

{A <— 3 B ’ ->4} 

-iA =» ^r-1 A -> 

{replacement : -»-iA ^1=^ A, -<-iP P} 

— <-B — ► “i-A =$> A —* B 

allowing us to apply modus ponens to (J 2 : 

Q 2 • (A — > P) (- 1 P — > ->4.) 1 . . . proving (9.23). 

The next two formulas follow effortlessly from (9.23). But if this subject 
is new to you, try to write the (extremely simple) proofs in the spirit of the 
ones shown above. 



-i A — > B <=> ->P — ► A , (9.24) 

A-> -iB B -+ -.4. (9.25) 



9.4 DeMorgan’s Theorems 

The two DeMorgan theorems 

-i(4 A B) O -*4 V ->P, (9.26) 

->(4 VB)^ -»4 A -iB (9.27) 

allow us, with the help of NEGATION, to switch from AND to OR and vice 
versa. Let us work through the lengthy but quite straight forward proof of 
(9.26). 

(9.12) A -+ P =» (P -> A) -► (A B) 

{A <— 3 -»(4 A P), B <— 3 -»A V -■P} 

->(4 A B) — > (-i4 V _i J5) =4> 

Pi 

(9.26) to be proved 

(-.4 V ->P) — ► -i(4 A B) — >. ->(4 A P) (-<4 V ->P) 

S ' ‘ V” ' M l, ✓ 

Qi 

We prove the antecedent Pi in the equivalent form P*: 

-*A —> B < ~iP — > A 
{4 <— 3 4 A P, B <— > -»A V ~ >P} 

-, (A A P) — > (->4 V ~iB) -»(->A V ->P) — ► (4 A P) 

V v ' ^ v ' 

Pi P* 



(9.24) 
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and now start the proof of P * : 

(9.6) A -> B => (A -> C) -* (A -> B A C) 
{A < — 3 V — >B), B <— 3 A, (7 « — 3 B} 

-i(-.A V “>B) — ► A 



— »( — * A V “ >B) — > 5 ) — > ~i(~»A V ~>jB) — > A V 5 ) . 

^ ^ ^ 
q 2 

The antecedent P2 is proved in its equivalent form P 2 : 
( 9 . 24 ) iA -4 B ^ -^5 -4 A 

{A <— 3 -A V _, P, B <— 3 A} 

~i(~iA V -iB) — 4 A yA —4 -1 A V ~iJ 3 

V v ^ ' " 1 ' ' ^ 

P 2 P 2 

the proof of P 2 * following directly from axiom 

( 9 . 7 ) A=>AVB 

{A <— 3 -’A, B -*B} 

-A => iAV ->B ... This proves P 2 and thus P2 
allowing us to deduce Q2 from P2 Q2 by modus ponens: 
Q2 • ~~ i (~A V -iB) B => -*(~A V ->B) — 4 A A B 

1 v 1 ^ v ^ • / 

p 3 Pf 

Here too, P3 is proved in its equivalent form P 3 * : 

( 9 . 24 ) -A -> B o ~^B — > A 

{A 4— 3 -1 A V ^P} 

—’( — • A V -iB) — > B ~ , P — 4 (-A V -<B) 

V ' S V ' 

p 3 p 3 * 

The proof of P 3 * following directly from axiom: 

( 9 . 8 ) B=>AVB 

{A <— 3 -A, B < — 3 ->B} 

-«P -A V -«B ... This proves P 3 and thus P3 
allowing us to deduce Pi from P3 => P* by modus ponens : 
Pi: -(A A P) =* (-A V -B) 

and this allows us to deduce Q\ from Pi => Qi : 

Qi : (“A V -iP) —4 -i(A AP) -»(A A P) 4-4 (-A V -<B) 

V ' " ' 

P4 ( 9 . 26 ) 

To prove P4 we use axiom ( 9 . 9 ) as follows: 

A -> C =* (P -4 ( 7 ) —4 (A V P -4 C) 

{A <-* -A, P ^ -P, Ch ^(A A P)} 

-A -4 -i(A A P) =» 

S ' 

p 5 



(9.9) 
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Pt 

-*B — > ~^(A A B ) (->A V -<B) — > -i(A A 5) 

Q5 

To prove P 5 we express it as the consequent of axiom 

(9.13) A -+ B => ->B — ► -A 
{A ’ A A B, B f-j A} 

A A B -4 A) ^ - 1 A — ► “'(A A B) 

' V ' ' V ' 

(9.4) P 5 

As the antecedent A A B — * A is true we may deduce P 5 : 

P 5 : “>A =£> -i(A A B) 

this allowing us to deduce Q 5 from P 5 =£■ Q 5 : 

Q 5 : -B -> -(A A B) => (iA V -B) -4 -*(A A P) 

v ' ' V ' 

Pe Pa 

We must next prove P 6 : 

(9.13) A -4 B ==> ~iP *-> -1 A 
{Af-AAP} 

A A P -4 B =£> nP — > -.(A A P) 

(9.5) S p* " 

As the antecedent A A P — > P is true we may deduce P 6 : 

P&\ “»P => -’(A A P) 

and from Qs • Pq P 4 we deduce P 4 : 

P 4 : -»A V -iB =>■ -»(A A P). 

Finally, from (Qi: P 4 => (9.26) we deduce (9.26): 

(9.26) ~>(A AP)h (-iA V np) 1 . 

9.5 Commutativity of AND and OR 

Even such seemingly obvious formulas as commutativity of AND and OR 

A A B & BAA (9.28) 

A V B <£> BV A (9.29) 

need to be proved. Here, we shall only prove the commutativity of the AND 
function. 

(9.12) A -> B => (B -» A) -*■ (A <-» B) 

{A <— 1 1 A A R, R «-> R A A} 

(A A B) -> (R A A) = 4 > 

^ ^ 



Pi 
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(9.28) to be proved 

(B A A) -> (A A 5) (A AB)Z(BA A) 

< v / 

Q i 

To prove the antecedent Pi we start with axiom 
(9.6) A B => (A C) (A B A C) 

{A A A £, C A} 

Pi 

(AaB)-± B ^(AAB)-> A (A A B) Z (B A A) 

(9.5) Q 2 

The antecedent being true we may deduce 
Q 2 : (A A 5) -> A =* (A A B) -+ (5 A A) . 

V v ✓ N ' 

(9.4) P l 

Again, the antecedent being true we may now deduce 
Pi: A A B B A A 

allowing us to deduce Q\ from P\ => Q i : 

Q\: (B A A) -> (A A B) => (A A B) «-> (B A A ) . 

s ' ' V ' 

Pi (9.28) 

To prove P 2 we apply the just proved: 

P\ : A A B => B A A 

{A<->B,B <->A} 

B A A => A A B 

this allowing us to deduce (9.28) from P 2 => (9.28): 

(A A B) h (5 A A) 1. 

9.6 Logical Implications of IMPLICATIONS 



For use in further proofs it is useful to have a number of logical implications 
at hand, e.g. 



T 

T 


B)=> 


A->5, 




( 9 . 30 ) 






A=> 


A, 






( 9 . 31 ) 


A —* (B 


C)=> 


B -> (A -* C), 


( 9 . 32 ) 


A - 


( B -4 


C)=> 


(A- 


4 5) 


-4 (A -4 C), 


( 9 . 33 ) 


(4- 


-B)- 


>c=> 


(A- 


4 C) 


-4 C. 


( 9 . 34 ) 



For our purposes, let it suffice to prove the first two. We start by adapt- 
ing axiom 

(9.3) A-*B=>(B-*C)-*(A-*C) 
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{A <-> A — » (A — > B ), B «-> (A — > B) — ► B A -» P, 
C^A-yB} 

A — > (A — > B) . — y. (A — > P) — > B . — >. A — > B ^ 

^ - ■■■ ■ - ^ v 

Pi 

((A -y B) ~y B .-y. A -y B A ~y B) -y 

V ' 

p 2 

(A — > (A — > B) A -y B) 

v V * 

(9.30) to be proved 

The antecedent P\ is a substitution instant of axiom 

(9.3) A -y B (B -y C) -y (A -y C) 

{B «-* A-y B,C B} 

A — > (A ~y j B) (A — ► 5) — > B . — A — ► B 

V „ ' 

Pi 

Having thus proved Pi we deduce P 2 =>> (9.30) from above 
(A -y B) -y B A -y B :-y. A -y B => 

V ^ 

Pi 

A —> (A —> B) A —y B 

v- ^ ■ ^ 

(9.30) to be proved 

P 2 is a substitution instant of axiom (9.2) and thus true: 

(9.2) (4 -» B) -> i => A 

{A*->A^B} 

(A -y B) —y B A -y B => A —y B 
' ' 

Pi 

allowing us to deduce (9.30) from P-> => (9.30) above: 

(9.30) A -4 (A -> B) .-4. A -4 B & 1. 

The proof of the next formula 

(9.31) A =► A 
follows from 

(9.30) A —»■ (A —> 2?) =$■ A —y B 
{B A) 

A -4 (A -4 A) =*■ A-4_A 
P, (9.31) 

Pi is a substitution instant of axiom (9.1) and thus true: 

(9.1) A=>B ~*A 
{B 4-4 A} 

A => A -4 A 

allowing us to deduce (9.31) from P% =>■ (9.31): 
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(9.31) A -> A 1. 

9.7 Formulas with a single Variable 



The only formula we have developed so far which uses a single variable is 
A => A, i.e., (9.31). Let us here take a look at two more: 

-■AVA^I. 

The proof of (9.35) is simple: 

(9.12) A B => (B A) -> (A B) 

{B *-> AV A) 

(A A V A) ^ (A V A A) -4 (A A V A) 

V ' ' V ' 

(9.7) Qi 

The antecedent A — ► A V A being true we may deduce: 

Q\i AVA->A=^AhAVA 

To prove the antecedent A V A — > A we use: 

(9.9) A -* C =* (B -> C) -> (A V 5 -► C) 

{B <-* A, C <-> A} 

A^*A. ^(A->A)-^(AVA^A) 

(9-31) Q 2 

The antecedent A — ► A (9.31) being true we deduce: 

Q 2 ' A — > .A =4" A V A — > A^ 

(9.31) Qs 

Again, the antecedent A — > A (9.31) being true we deduce: 

Qs : A V A ^ A, 

allowing us to deduce A <£> A V A (9.35) from Qi. 

To prove -«A V A <=> 1 (9.36) we need 

A-> B & ^A\J B. ( 9 . 37 ) 

Here, this formula will remain unproved so as not to bore you with a proof 
all too long. The proof of (9.36) can now be written as: 

(9.37) -A V B & A - B 
{B <-> A} 

->A V A & A — > A 1. 



( 9 . 35 ) 

( 9 . 36 ) 
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One thing the formulas of this section can be used for is to develop 
formulas equivalent to the truth table for OR: 



A V A A 
~>A V A ^ 1 
~i A V A 1 
AVA<& A 



with A 0: 

with A 1 

with A h 0 
with A t- 3 1: 



and -»1 0 : 

and -i0 <=> 1 : 



OVO^O, 

0VU1, 

lVO^l, 

lVl^l. 




Chapter 10 



Summary of Theorems 



All the theorems presented in this chapter are logical equivalencies allowing 
you to use them together with the rule of replacement (Section 8.4). To 
maintain an overall view of the theorems their proofs have been omitted. 
These proofs are easy to come by when using the truth table method of 
Section 8.3 (or when using Karnaugh maps as described in Section 7.4). 
All the logic symbols used in the theorems were introduced in the table of 
Fig. 4-3. 

To be able to discuss general aspects of the theorems, aspects that could 
apply to any connective, we introduce two symbols, circle o and diamond o, 
that stand for any of the dyadic logic connectives A, >, <, ©, V, V, «->, , 

A. 

The theorems of this chapter are not intended to be learnt by heart, 
they are meant as a source of reference and comparison. 



10.1 Commutative and Associative Laws* 



Commutativity refers to a formula of the following kind 

AoB&BoA, (10.1) 

meaning that a dyadic logic connective o is called commutative if you get the 
same result when interchanging the arguments. Associativity is described 
by the formula 

Ao(BoC)&(AoB)oC (10.2) 

meaning that, in whichever sequence the arguments of an associative dyadic 
connective are acted upon, you always get the same result. For an associative 
dyadic connective it is common to omit the parenthesis, writing A o B o C 
instead of A o (B o C) or ( A o B) o C. 

Commutativity and associativity (taken together) are of practical im- 
portance. They influence the way we employ gates and switching devices, as 
touched upon in Section 4.4. Commutativity allows you to interchange the 
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input signals to a gate as you like without being able to notice a change in the 
behaviour of the output value. Not all logical connectives are commutative, 
as shown in the table of Fig. 10-1. In particular, the functions that are not 
commutative are the INHIBITIONS and IMPLICATIONS. 



Commutativity 


AABttBAA 


A\/ B BM A 


A@B 44-5© A 


A B B *-y A 


A V B & By A 


AAB-&BAA 



Fig. 10—1 All the commutative laws 



Associativity permits you to cascade identical gate types thus creating a 
multiple inputs gate of that type. Associativity only holds for a subset of the 
commutative logic functions, i.e., for the connectives AND, OR, XOR and 
EQUIVALENCE, as Fig. 10-2 demonstrates. 



Associativity 



A A (B A C) & (A A B) A C 
A 0 (B 0 C) (A 0 B) 9 C 



AV(BVC)&(AVB)VC 
A (B <-> C) <& (A B) C 



Fig. 10—2 All the associative laws 



Notice in Figs. 10-3a,b the correspondence between the parentheses and 
the way two-input gates are interconnected. Whenever associativity holds, 
you can leave away the parentheses, as symbolised in Fig. 10-3c. 




X t - 
X*- 

X 3 - 

X 4 - 



—1 



_Y 

c) 



Y <=> ((Xi © X%) © Xq) © X 4 Y <=> (Xi<& X2) © ( X3 © X 4 ) Y <=> Xi © X2 © X3 © X 4 

Fig. 10-3 Analogy of formula and circuit 



There is a difference in the real world behaviour of the circuits of Figs. 10-3a 
and 10-3b. Each physical realisation of a gate always causes a time lag 
between the input and output signals. The propagation time a signal takes 
from an input to the output of a circuit depends on the number of gates the 
signal has to pass. The propagation time can vary markedly from input to 
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input of an asymmetric circuit, whereas it will hardly vary for the various 
inputs of a symmetric circuit. Symmetrical designs are obviously preferred. 

10.2 Single- Variable Formulas 

The theoretical importance of single- variable formulas was pointed out in Sec- 
tion 9.7 where we used them to develop formulas equivalent to truth tables. 
Here we summarise all the single- variable formulas except those for INHIBI- 
TION (which you can develop as dual to IMPLICATION). The commutative 
connectives are considered in dual pairs. 



AND 


OR 


4A0»0 


A V 1 1 


A A 1 <£> A 


A V 0 <54- A 


A 


A V A o A 


A A A & 0 


AVAol 

1 



Fig. 10-4 The Single- Variable Formulas for AND and OR 

The AND and OR functions both have what is called a neutral el- 
ement. To demonstrate what a neutral element is, take the operations of 
addition and multiplication. Writing x + 0 = x shows that adding zero to any 
number x leaves the number unchanged — one calls zero the neutral element 
of addition. Similarly, 1 is the neutral element of multiplication, because 
multiplying any number a; by 1 leaves the number unchanged: x x 1 = x. 

Now returning to logic functions, let o be some dyadic logic connective. 
Then, v is said to be a neutral element if A o v — A. As you can see from the 
table of Fig. 10-4, the neutral element for the AND function is 1 as follows 
from A A 1 <£> A; due to duality, the neutral element of the OR function is 0. 

The second property to point out is idempotence of a function. Again, 
let o be some dyadic logic connective. Then the connective o is said to be 
idempotent if A o A A. Both AND and OR are idempotent, meaning 
A A A <£> A and A V A A. 



EQU 


XOR 


4hO<^I 


A® 1 4* A 


A <-)■ 1 <£> A 


A® 0 -£> A 




A ® A <£> 0 


AwA^O 


A ® A & 1 



Fig. 10-5 The Single- Variable Formulas for EQU and XOR 
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As you can see from Fig. 10-5, EQUIVALENCE and XOR have, respec- 
tively, the neutral elements 1 and 0, i.e., A <-* 1 A and A © 0 A. But, 
note that neither EQUIVALENCE nor XOR are idempotent. 



NAND 


NOR 


A A 0 1 


AVI-SO 


AAI-&A 


ivo^I 


A A A A 


ivi^I 




AVlftO 



Fig. 10—6 The Single- Variable Formulas for NAND and NOR 



The last pair of commutative logic functions consists of NAND and NOR, 
their single- variable formulas being found in Fig. 10-6. Neither of these func- 
tions has a neutral element, nor are they idempotent. The IMPLICATION 
(Fig. 10-7), finally, is neither commutative nor idempotent, and has only a 
left neutral element, this being 1 (i.e., 1 — » A <£> A). 



IMPLICATION 


A -> 0 A 


0-* A & 1 


A -> 1 <£> 1 


1 -> A A 


A -> A 1 


A -> A 1 




A — > A 4^ A 



Fig. 10—7 The Single- Variable Formulas for IMPLICATION 



10.3 Distributive Laws * 



Distributivity refers to a formula that is of one of the following types 

A o (B o C) (A o B) o (A o C\ (10.3) 

(BoC)oA&(BoA)o(Co A). (10.4) 

The terminology when speaking of the first formula (10.3) is L ( the oper- 
ator) o distributes over (the operator) o from the left or ’o is left distributive 
over o’. If (10.4) holds, one says ‘o is right- distributive over o’. One refers 
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to the operator o as being (completely) distributive over the operator o iff o 
distributes over o from the left and from the right. You should also note that 
the two operators, circle o and diamond o, may stand for one and the same 
logic connective. 



Complete d 
Left distributivity 


istributivity 

Right distributivity 


A A (BAC) <S> (AAB) A (AAC) 
A A(B>C) & (AAB) > (AAC) 
AA(B<C)&(AAB) <(AAC) 
A A (B@C) (AAB) © (AAC) 
A A (B VC) (AAB) V (A AC) 


(BAC) A A<3> (BAA) A (CAA) 
(B>C) AA<& (BA A) > (CAA) 
(B<C)AA&(BAA) < (CAA) 
(B®C) AA& (BAA) © (CAA) 
(ByC) AA<S> (BA A) V (CAA) 


AV (BVC) (AV B) V (AVC) 

AV (B t—C) (AVB) <-(AVC) 

A V (B-»C) <3> (Ay B) -> (AVC) 
A V (J9 C) (A V B) *->(AvC) 

A V (BAC) & (Ay B) A (AVC) 


(BVC) VA^> (By A) V (CVA) 
(B <- C) VA<s> (By A) «- (Cy A) 
(B-*C) VA4* (By A) -► (CVA) 
(B<-C)VA^(BVA) «-> (CVA) 
(BAC) VA« (By A) A (CVA) 



Fig. 10—8 Left and right distributivity 



The term distributivity is thus ambiguous. You have to state which two 
connectives are concerned, which connective distributes over the other, and 
whether the connective that distributes does so from the left or from the 
right. As shown in the table of Fig. 10-8, only the AND (A) and OR (V) 
functions distribute completely over other, but not all other, connectives. 

AND, apart from being self-distributive, distributes only over the IN- 
HIBITIONS, XOR, and OR. It does not distribute over EQUIVALENCE 
and over the IMPLICATIONS. The OR function, on the other hand, does 
distribute over the IMPLICATIONS and EQUIVALENCE, but not over the 
INHIBITIONS and XOR. Do notice that NAND and NOR play no role what- 
soever in connection with distributivity, whether complete or one-sided dis- 
tributivity. 

The AND and OR functions are the only ones that distribute completely, 
but of all the other logic functions only the INHIBITION and IMPLICATION 
distribute at least one-sidedly. The INHIBITIONS distribute over the same 
functions as the AND function, while the IMPLICATIONS distribute over 
the same functions as the OR function. 

Although it is probably obvious, let us take a look at w r hat the empty 
fields in the table of Fig. 10-9 mean. Consider the first formula, A < (B A 
C) (A < B) A (A < C), in which < is left-distributive over A. If < 
were right-distributive over A, which it is not, we would be able to write the 
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One sided di 
Left distributivity 


stributivity 

Right distributivity 


A<(B AC) <£• (A<B) A(A<Q 
A<(B>C)&(A<B)>(A<C) 
A < (B < C) <S> (A < B) < (A < Q 
A<(B®C) (A < I?) ® (A < C) 
A<{BVC) & {A<B)M {A<C) 






(B A O) > A <s> (B > A) A (C > A) 
(B>C)>A&(B>A)>{C>A) 
(B<C)>A& (B>A)<(C>A) 
(B®C)>A&(B>A)®(C>A) 
(B\JC)>A<# (B>A)W(C>A) 


A-*(B \JC)& (A->B) V ( A-»C) 
A— C) (A-^B) «- (A— >C) 
A-*(B-C)&(A-+B) -» (A-vQ 
A— (A-»B) «-*• (A— >C) 
A-+(B A (?)■&■ (A-+B) A (A— 






(. B V C)f-A & (2?<— A) V (C<— A) 
(Bi-A) <- (C<-A) 
(B->C)<-A (0<-A) -» (C*— A) 

(B*-*C)<-A (B<-A) (C<-A) 

(B A C)*-A & (. B*-A ) A (C<— A) 



Fig. 10—9 One-sided Distributivity 



formula (B A C) < A <=> (B < A) A (C < A) next to the previous one. But, 
please do note that the formula just written is wrong, does not exist. The 
empty fields, therefore, remind us that the alternatively distributive formulas 
do not exist. 



10.4 Generalised DeMorgan Theorems 



The original theorems of DeMorgan — (9.26) and (9.27), the top formulas of 
Fig. 10-10 — refer to the negation of AND and OR. Similar formulas, shown 
in Fig. 10-10, state how to negate each dyadic logic function: You negate 
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DeMorgan’s Theorems 


AAB & AV B 


AV B O- A A B 


A> B <£> A *- B 


A <— B o A > B 


A < B <£> A -> B 


A^t B A < B 


A® B A B 


A <r* B A(B B 


AV B &AAB 


4A5»IvI 



Fig. 10-10 The set of DeMorgan’s Theorems 



each variable and replace the dyadic operator by its dual operator. The dual 
operators are listed in Fig. 5-11. 

For the four associative operators, DeMorgan’s theorems can be extended 
to multiple variables as shown in Fig. 10-11. To complement or negate any 
given Boolean expression you can quite conveniently employ the following 
method, called the rule of negation: Replace every variable and constant 
by its complement and each connective by its dual connective , but take care 
to maintain all parentheses. For some logic function F this is often written 
symbolically in the following way: 

-F(X l5 X 2 , • • • , X n ; 0, 1; (, ); A, >, <, ©, V, V, <->, A) 

F ( Ti , X 2 , • • • ,X n ; 1, 0; (, ); V, <-►, A, A, ®, >, <, V) (10.5) 



Generalised DeMorgan Theorems 


X\ A X 2 A • 




• vx n 


X\ V X 2 V • 


• * V X n X\ A X 2 A • • 


A X n 


X\ 0 X 2 0 • 


• 0 X n <=> X\ <r-> X 2 


•••<-> X n 


Xi > X 2 • * 


■ <-> X n & Xi ® X 2 ® • ' 


* 0 X n 



Fig. 10—11 DeMorgan’s theorems for n variables 



The following example demonstrates how to use (10.5) to negate a given 
logic expression and how important it is to maintain the correct sequence of 
operation. Given 



({AVCD)AB\JC)D<& 
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Chapter 10 Summary of Theorems 



Basic theorems on negation 

o^i _ | T<s>0 

A & A 

DeMorgan’s theorems 

I AVB &AAB 



Basic theorems on a single variable 



A A0«0 


Ay l-si 




Ay 0 A 


A A A A 


A V A <=> A 


AAA-&0 


AVA-& 1 



Commutativity 

AAB&BAA 1 AV B BV A 

Associativity 

A A (B A C) (A A B) A C | A V (B V C) (A V B) V C 



Distributivity 

A A (BWC) <£> (AAB) V (AAC) | A V (B AC) <£> (Ay B) A (AVC) 



Some theorems on minimisation 



{AV B) A (A\JB)& A 
AA(AVB)<$A 
A A (Ay B) ^ AAB 



(A A B) V (A A B) A 
A V (A A B) <£> A 
AV (A A B)<&AVB 



Fig. 10—12 Basic Theorems on AND, OR and NOT 

we first reinstate the A-operators, thus making sure we shan’t miss any op- 
erators when switching to the dual forms: 

((A vcad)aaabvc)ad<=> 

In the next step we explicitly state the sequence of operation by inserting 
braces, thereby going back on the convention of adhesion (Section 8.1). 

({(A V {CAD}) A AAB} V C) AD 

To this logic expression we can now apply the rule of negation (10.5): 

({(A A {(7 V D}) VAvI} AC) Vfl<^ 

Finally, we simplify the notation of this logic expression by reintroducing the 
conventions of adhesion and of omitting the A -connective: 
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With a bit of practice, you can deduce the negated formula directly, i.e., 
without writingany of the intermediate steps. 



10.5 Basic Theorems on AND, OR and NOT 



When developing circuits, you will most frequently be using AND, OR, and 
NOT connectives in various combinations. It is therefore convenient to 
possess a summery of the basic theorems for these connectives as given in 
Fig. 10-12. All these theorems have been discussed and/or proved except 
the last two. I strongly recommend that you prove them with the help of 
truth tables and K-maps. 




Chapter 11 



Algebraic Proofs 



Are the algebraic methods developed in Chapters 9 and 10 a necessity, or 
are they merely a matter of mathematical aesthetics? Is it possible to do 
without these methods, and to rely instead and exclusively on truth tables 
and K-maps? These questions seem fair considering that all the theorems 
in previous chapters can be proved by employing either a truth table or a 
K-map. But wait, there is a group of formulas that does not fit this pic- 
ture: Formulas on an undefined number of variables such as the generalised 
DeMorgan theorems of Fig. 10-11. The only way to prove such formulas is 
algebraically. 

The examples I wish to cover in this chapter are centred around minterms 
and maxterms, these being expressions with an arbitrary number of input 
variables. For space reasons, the headers of the sections on minterms and 
maxterms usually only refer to one of two possible formulas, the second for- 
mula then being the complement of the one mentioned in the header. To 
demonstrate the technique of mathematical induction we shall also prove one 
of the generalised DeMorgan theorems. 



11.1 Min- and Maxterms are Complementary* 



The reason for this section is to stress the necessity to prove even a seemingly 
obvious relationship, such as 



D e (xi,X 2 ,--- ,X n ) <$C e (x ,Xn)- (H-l) 

Although you can find the above formula in almost any book on switching 
algebra, I dare say you won’t find it proved. The reason for this omission 
is that, conventionally, neither minterms nor maxterms are defined formally, 
thus making it impossible to prove any relationship between them. 

On the other hand, in this presentation, we need only refer to the two 
general formulas on minterms and maxterms in the form 

(5.3) C e (x i,x 2 , ■ ■ ■ ,x n ) <£> (xi,x 2 ,- ■ ■ ,x„) = (ei,e 2 ,- • • ,e„), 

(5.7) D e (x 1 ,x 2 ,-' ' ,x n ) & (xi,x 2 ,- ■ ■ ,x n ) ^ (ei,e 2 , • • • ,e„), 





11.2 Disjunction of all Minterms* 
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to see that C e (x) and D e (x) are complementary for any number n of input 
variables. 



11.2 Disjunction of all Minterms * 



The prime formulas on min- and maxterms are 



2 n — 1 

Y C e (xi,X 2 , ■ ■ 

e=0 


n 

• ,x n ) f\ (Xi V Xi) 1 , 
2— 1 


( 11 . 2 ) 


2 n —1 

/\ D e (x i,x 2 ,-- 

e=0 


n 

* , x n ) 44' \J X iX{ 44 0. 

i=l 


( 11 . 3 ) 



Before proving these formulas, let us try to develop a feeling for how such 
formulas could have originated. In Section 6.2 — in the paragraph following 
equation (6.11) — you may remember having read the obscure remark that 
‘the full area of the Karnaugh map represents 1’. The intuitive consequence 
of this is the assumption that the disjunction of all minterms is 1 as the 
disjunction of all minterms covers the whole area of the K-map. For one and 
for two variables this is pictured in Fig. 11-1 for which we shall verify this 
assumption algebraically. 






a; 



C/x) 



G(x) 



b) 

C/xtXz) 



C,(x l X s ) 




Fig. 11-1 The disjunction of all minterms is 1 



For one input variable x the disjunction of all minterms is: 

Co(x) V C\(x) X V X 1. (11.4) 

For two input variables x x ,x 2 you can either read the minterms from the 
K-map of Fig. 11-lb or refer to Fig. 5-2. Their disjunction is calculated as 
follows: 



Co(xi,x 2 ) V Ci(x x ,x 2 ) V C 2 (x i,x 2 ) V C 3 (x i,x 2 ) 4$ (11.5a) 

X x X 2 V X\X 2 V X\X 2 V XiX 2 (11.56) 

' -V' V V " 
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Applying distributivity to the underbraced expressions allows us to write 

Xi(X 2 V X 2 ) V X 1 (X 2 V X 2 ) & (11.5 c) 

(Xi V Xi) A (X 2 V X 2 ) & 1. (11.5J) 

l l 

These two examples pose a strong case for the conjecture that for any number 
of input variables the disjunction of all minterms is 1. Let us try to prove 
this assumption. To carry out the calculation 

2” —1 

Y C e (xi,x 2 , ■ ■ ■ ,x n ) (11.6a) 

e=0 

we employ the general minterm formula 

n n 

(5.4) C e (xi,x 2j • • • ,x n ) /\(%i = e*-) with e = y^e,-.2 n ~~* 

i=l i=l 

to substitute C e {x i, • • • ,x n ) of (11.6a) by ( x\ — ei)A- • *A(x n = e rt ), obtaining 
\J(x i = ei) A (x 2 — e 2 ) A • • • A (x n = e n ) (11.66) 

e 

The multiple disjunction over all integers e £ {0, 1, . . . , 2 n — 1} must be 
adapted to the notation (x\ = ei) A • • • A ( x n = e n ) in which the integer e 
is expressed in binary form. Each combination of Os and Is in the n-tuple 
(ei, . . . , e n ) represents one of the integers e £ {0, 1, . . . , 2 n — 1}, allowing us 
to replace e in (11.6b) by (ei, . . . , e n ): 

V (xi = ci) A (x 2 = e 2 ) A • • • A (x n = e n ) (11.6c) 

(e 1 ,e 2 ,...,e n ) 

It should be noted that the abbreviated multiple disjunction \/ ei e 2 e n 
stands for \/ Ci \/ e2 . . . \f e allowing us to rewrite the above expression as 

VV • ' • \A Xl ~ e *) A ( x 2 = e 2 ) A • • • A (x„ - e n ) <£> (11.6c?) 

ei e 2 e n 

Distributing the multiple disjunctions provides us with the interim result 

(^\f x i ~ e i) A (V X2 = e2 ) A ' • ' A (\J x n = e n ) . (11. 6e) 

ei e 2 e n 

Let us take a closer look at the meaning of the notation V e . x i = e*- in which 
ei £ {0, 1}: 

\J Xi = ei \J Xi = ei ( Xi = 0) V (rcj = 1) Xi V X* <=> 1. (11.7) 

e « c.-€{0,]} 
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Finally, combining (11.6a), (11. 6e), and (11.7) we can state how to calculate 
the disjunction of all minterms, and that the result is 1 for any number n of 
input variables 

2 n — 1 

\J C e (xi , X 2 i * • * , x n ) (Xi V Xj ) A (X 2 V X 2 ) A • * * A (X n V X n ) <$> 1 

e=0 

thus obtaining (11.2). Its negation is (11.3). 

11.3 Conjunction of two Minterms* 



The two formulas we want to prove here are 






Ce(x) A C £ (x) j 


r o 

{ C(x) . 


. . e / e 
. .e = e ’ 


(11.8) 


De(x) V D e (x) <£> < 


fl 

l Dei*) 


...e/e 
. . . e = £ 


(11.9) 



The two formulas are complementary so that it suffices to prove one of 
them, say, (11.8). As in the previous section, we start by employing the 
general minterm formula (5.4) to expand the minterms C e (x) and C £ (x ): 



((£ 1 ? ^2 5 * * ' j^n) A C £ (X\ , X 2 , * * * , X n ) 

((*1 = ei) A (x 2 = e 2 ) A ■ • • A ( x n = e„))A 
((xi = £j) A (x 2 = £2) A ■ • • A (x n = £„)) <£■ 

We now reorder the above expression to bring equal indices together 

((*i = ei) A (x x = £ t )) A {{x 2 = e 2 ) A (rr 2 = e 2 )) A • • • A 
((x n = e n ) A (a? n = £n)) 44 * 

(a) If e = e then all e,- = e* so that (xj = ei) A (a:,- = £i) (xi — e,*) for 
all i thus proving 

C e (x) A C e (x) C c (x). 

(b) If e 7^ £ then there exists at least one conjunction, say (xi = ei) A 
(£j ~ £,•), for which e,- ^ £{. Then, referring to X{ = ei as Ai, the term 
X{ = a must be the negation of Ai, i.e. A*. It therefore follows that (xi = 
ei)f\(xi = £,•) AiSAi <£> 0 . Furthermore, it suffices for a single conjunction 
(zi = ei) A (a?,- = £i) to be 0 to make the whole expression 

(fai = ei) A (xi = £1 )) A ((x 2 = e 2 ) A (x 2 = £ 2 )) A • • • A 

l ( ^ a ) A ) j A “ ■ A — ^n) A (^£71 = £77 J J 

^ v ^ 

0 

false, thus proving C e (x) A C e (x) 0. 
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11.4 Maxterm as the Disjunction of Minterms * 

The two formulas to be proved in this section are 



Z>e(x)4* \/ C e (x), 


(11.10) 


e€£\{e} 




C e (x) <£> f\ D g (x). 


(11.11) 



e€£\{e) 



To understand these formulas, we need to understand the range £ \ [e] 
over which the multiple OR and multiple AND are explained. The symbol 

£ — a calligraphic E — is defined as the set £ == {0, 1, 2, . . . , 2 n — 1} of all 
2 n decimal equivalents e of the input events (ei, e 2 , . . . , e n ), with e z - 6 {0, 1}. 
Excluding a certain subset £s — with £s C £ — from the set £ is written 
£\£s- To exclude a single element e from £ , you exclude the subset {e}, the 
only element of which is e, from £, and write this as £ \ {e}. As the above 
formulas, (11.10) and (11.11), are complementary, it suffices to prove one of 
them, say (11.10). 






'D/x lf Xe,Xz) 



Xs 



X 2 



Fig. 11-2 K-map for D 2 Co V C\ V C 3 V C 4 V C$ V C 6 V CV 



The idea that such a relationship could be valid, stems from a K-map 
such as the one shown in Fig. 11-2. It shows that D 2 (xi ) X 2 ^x^) is the 
disjunction of all minterms except <^ 2 (^ 1 , ^ 2 , ^ 3 ) 

D 2 (x i,x 2 ,x 3 ) <&C 0 (x u x 2 ,x 3 ) V C 1 (x 1 ,x 2 ,x 3 ) V C 3 (x i,x 2 ,z 3 )V 
C 4 (x ux 2 ,x 3 ) V C 5 (x u x 2 ,x 3 ) V C 6 (x i,x 2 ,x 3 )\/ 
C 7 (xi,x 2 ,x 3 ) (11.12) 

It is of course a simple matter to prove a special case, like the one above, 
algebraically: 




11.5 Minterm AND/OR Maxterm* 
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£> 2 ( 0 : 1 , £ 2 , * 3 ) V X 2 V X 3 «=> 



Xi(Xi V X 2 )(X 3 V X S )V 
(IiVIi)I 2 (I 3 VA 3 )V 
(Xi V X 1 )(X 2 V X 2 )X 3 

A1X2X3 V XiX 2 X 3 V £1X2X3 VX1X2X3 V 

C4 C5 C6 C7 

1 2 3 v x \jc 2X3 v X1X2X3 v X1X2X3 v 

Cq Ci C4 C5 

X \X 2X3 V V V .X^-X^J^3 . 



Dropping duplicates of minterms — i.e., dropping C 4 once, C 5 twice, C 7 
once, and C\ once — (according to A V A <=$ A) leads to (11.12), the special 
case we wanted to prove. 

Now to the proof of the general formula (11.10). Pondering the above 
example lets it seem likely that generalising the approach taken there, has a 
rather lean prospect of success. But, a formal proof can take on many guises, 
e.g., as shown here. 

As D c (x) <£> C'c(x) and C c (x) x = e we can write (11.10) as 



x e \J ; 

e££\{e] 



(11.13) 



While x is an arbitrary element of £ — {0, 1, 2, . . . , e, . . . , 2 n — 1}, e refers 
to a specific element of £. As x — according to the left side of (11.13) — 
is required to be unequal to e, x must equal some other element of £, say e. 
Removing e from £ gives us the set £ \ {e}, and it is over this set that we let 
e vary: e £ £ \ {e}. Now, (11.13) is merely the formal notation of the simple 
truth that if x ^ e there must exist (at least) one e G f \ {e} to which x is 
equal. Accepting this as a proof of (11.13) it only remains to be said that 
(11.13) can be rewritten as (11.10) which too is hereby proved. 



11.5 Minterm AND /OR Maxterm 



The formulas to be proved in this section are (11.14) and (11.15). As one is 
the negation of the other, it suffices to prove, say, the first one. 



Ce(x) A £> e (x) { £ 



C e (x) ...e/e 



( 11 . 14 ) 
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Ce(x) V D £ (x.) & { • • • e 7 ^ £ . (11.15) 

Before considering the general case, let us first use the minterm C 2 (x i , x 2 , x 3 ) 
and maxterm £>2(21 , ^2, £3) to illustrate (11.14) for equal indices. Referring 
to Fig. 11-2, you will notice that C 2 (x 1,22,23) and D 2 (x 1 , x 2 ,x 3 ) represent 
disjoint areas so that 

C 2 [x 1,2:2,33) A D 2 ( x 1 , x 2 , x 3 ) <£> 0, 

just as (11.14) requires. On the other hand, in those cases where the in- 
dices differ, the area representing one of the Ci(x i,x 2 ,xz), with i an element 
of {0, 1,3,4, 5,6, 7}, is always a subset of the area of D 2 (x \ , £ 2 , £3). The 
intersection of these areas is always the area of Ci(x \ , x 2 , £ 3 ), which is an 
illustration of (11.14) for unequal indices. 

Let us now turn to the general proof of (11.14). 

(a) Assume e = e. As D e (x) is defined to be the complement of C e (x) 
the proof of (11.14) is all too simple: 

C'c(x) A D e (x) C'c(x) A C e (x) 0 . 

(b) Assume e^e. A convenient way to calculate 

C e (x) A D e (x) <£> 



is to employ 

(11.10) D e (x) ^ V 

e'€£\{e} 



obtaining 

C e (x) A \J C'e-(x) <£> 
e'G£\{e} 

c e (x)(c 0 (x) V Ci(x) V • • • V C e (x) V • • • V 
C'e-i(x) V Ce+^x) V • • • V C 2 »-l(x)) <£> 






0 0 C.(x) 

C e (x)C £ _i(x) V C e (x)C £+ i(x) V • ■ • V C e (x)C' 2 »-i(x) <£> 



0 V • • ■ V 0 V C e (x) V 0 V • • • V 0 <3> C e (x). 



The result of (a) and (b), above, prove (11.14). 
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11.6 Solving a System of Logic Equations* 

Consider the definitions of minterms and maxterms for 2 variables: 

Xi A X 2 Cq(xi,x 2 ), X 1 VX 2 & D 0 (xi,x 2 ), 

Xi A X 2 C\(xi,x 2 ), X\ V X 2 D\(xi,x 2 ), 

IiAI 2 ^ c 2 (x I,x 2 ), IiVl 2 ^ D 2 (x 1 ,x 2 ), 

X\ A X 2 4=> Cz(x \ , x 2 ), X\ V X 2 44> Ds(xi, x 2 ). 

These two groups of logic formulas are sometimes referred to as systems of 
logic equations because of their superficial similarity to a system of linear 
equations in conventional algebra. We want to ‘solve’ the above equations by 
expressing each logic variable Xi as a function of some or all of the minterms 
(or maxterms). This is simple to do for the above two systems where Xi <£> 

C 2 V Cs and X 2 C\ V C 3 , or X\ Do A D\ and X 2 Do A D 2 . But 

obtaining the general results for an arbitrary number n of variables, i.e.: 



\J Ce(x)^ 


A 


(11.16) 


eGA\- 


ee~Xi 




Xi& V Ce(x)^ 


A 


(11.17) 


eSXi 


e6Af t - 





is a problem of a different magnitude. Remember 
(6.9) Xi x G Xi or Xi = {x|z; = 1} 

in which X{ is the maximum K-set. Next, consider 

U ( n - 18 ) 

e€ A^- 

Expressing this formula in plain English, you quickly realise that it is valid as 
it is per definition tautological: The set is the union (|J) of those 1 -element 
sets ({e}) the elements of which belong to Xi. Substituting Xi of (6.9) by 
UeGAf t -{ e } leads to 

Xi 4=^ x € Xi 44* x G u {e}. (11.19) 

To evaluate x G UeGAf{ e ) we g enera li se 

(6.7) xG(5UT)^(iG<S) V (xeT) 

so that it applies to an arbitrary number n of sets, 

x G (Si U c >2 U • • • U S n ) 4^ (x G Si) V (x G S 2 ) V • • • V (x £ S n ), 
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expressing this in compressed form as 

n n 

X<E (J<Si \J(x eSi). (11.20) 

1=1 i=l 

This formula allows us to rewrite (11.19) as 

Xi <=> x 6 Xi <=> X e (J {e} V <* € {•})■ 

e £ e £ Xi 

For any 1-element set {e}, stating that x is an element of {e} is the same as 
saying that x equals the element e of the 1 -element set {e}: 

x £ {e} x = e. (11.21) 



We may thus continue: 

Xi& \J (x € {e}) <s> V (x = e) \J C e (x), 

e £ Xi e £ Xi e £ X{ 

this proving the first half of (11.16). The proof of the second half of (11.16) 
and of (11.17) should now pose no problem. 

There is a hidden difficulty in applying (11.16) and (11.17). These for- 
mulas assume you know which input events e comprise the maximum K-set 
X{ for any given number n of input variables xi , . . . , x n . The input events 
e belonging to Xi are — for a given number n of input variables — usually 
calculated by a small computer program. For good reasons this book con- 
tains no computer programs. But, I strongly recommend that you write such 
a program in a computer language convenient to you. 



11.7 DeMorgan on DeMorgan 

In this section we prove the first of the generalised DeMorgan theorems 

A"i A X2 A • • • A X n 4 ^ X\ V X2 V • • • V X n , (11.22) 

X x V X 2 v . • • V X n & Xi A X 2 A • • • A X n , (11.23) 

relying on duality as proof for the second. The method of choice in proving 
(11.22) is mathematical induction , and it is possibly interesting to note that 
it was DeMorgan himself who, in 1838, formulated this principle (thus the 
title of this section). 

Let us call the logic expression 



X\ A X2 A • • • A X n X\ V X2 V • • • V X n 
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we wish to prove P n (x \,x 2 , • • • > ®n)j he., 

P„(xi, x 2 , • • • ,x n ) f AI 2 A-AI„ Hl t vl 2 v-vl„. (11.24) 

When writing an expression such as (11.24) we are claiming that it holds 
for any n, thereby inferring that there exists a sequence of expressions such 
as 



P 2 (x 1i x 2 )M>X 1 AX 2 +->X 1 VI 2 
Ps(xi, x 2 ,xs) <4- Xi A X 2 A X 3 h Ji V J 2 VX 3 

Pk{x \ , £ 2 , • • • , x k ) 4^ Xi A X 2 A • • • A Xk Ji V J 2 V ••• VXfc 

where each is called an instance of (11.24). Now, to prove (11.24), it does 
not suffice to prove that each of the above instances P 2 {xi^x 2 )^ P 3 (#i ^ ^ 2 , £ 3)5 
. . . , Pk (%\ , . . . , Xk) is a tautology. For, even if we were to prove each instance, 
we still would not have shown P k + 1 ( 2 : 1 , . • . , x k +i) to be a tautology. 

A modification of modus ponens — called mathematical induction — 
is designed to cope with this situation. Modus ponens (8.16), as you will 
remember, consists of three steps: 

(1) Prove P to be a tautology — P 1. 

(2) Prove that P — > Q is a logical implication — P => Q. 

(3) If steps (1) and (2) are successful then Q is a tautology — 

Q i. 

In formulating mathematical induction along the lines of modus po- 
nens we liken Pk(x 1 , 2 : 2 , ...,£*) to P, and Pfc+i^i, . . . , £jb+i) to Q, and note 
that Pk{x 1 , £ 2 , • • • , Xk) and P k +i(x 1 , . . . , ) are instances of the expression 

P n (x 1 , £ 2 , . . . , x n ) we wish to prove. 

(0) Prove P n (xi , £ 2 , . . . , x n ) for some conveniently small n, say, for 
n is 2, i.e., prove P 2 ( 2 : 1 , 2 : 2 ) 4^ 1. 

(1) For an arbitrary &, assume P k {x\, 2 : 2 , • • • , £fc) 4^ 1. 

(2) Prove that P k {x x , x 2 , . . . , x k ) -* Pfc+i(«i, • • • , £fc+i) ^ 1. 

(3) If steps (0) and (2) are successful then P n (x 1 , 2 : 2 , . . . ,x n ) is a 

tautology — i.e., P n (x 1 , x 2 , . . . , 2 ? n ) 1 for any value of n. 

The difference in the practical application between modus ponens and 
mathematical induction is that in modus ponens you must prove that P is 
a tautology while in mathematical induction it suffices to assume that P k is 
true. After all, the purpose of mathematical induction is to prove P n , so you 
can’t very well be expected to have to first prove P n for some arbitrary n. 

Now let us prove (11.22). (0) For n — 2 we first need to prove X\ A X 2 
X\ V X 2 - In this case, employing the truth table would be the quickest proof 
method. But, you will remember that the above formula was already proved 
in Section 9.4. 
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Next, to steps (1) and (2). We start by writing the proven form of 
DeMorgan’s theorem using the variables A and B 



A A B <=> AV B. 

In this formula we substitute A by X\ A X<i A • • • A Xfc, and B by -Xfc+i, 
obtaining 

IiAl 2 A--Alfc Al fc+ i ^ X x A X 2 A • - V ~X~^. (11.25) 

A B A B 

We now assume 

X\ A X 2 A • • • A Xk ^ X\ V X 2 V • • • V Xk, (11.26) 

allowing us to replace X\ A X 2 A • • • A Xk on the right of (11.25) by Xi V 
X 2 V • • • V Xk thus developing: 



X\ A X 2 A ■ • • A Xk A Xk+ 1 4=^ X\ V X 2 V • • • V AT& V (11.27) 

As this formula is an instance of P n (x \ , £ 2 ? • • • , x n ), and by its derivation 
Pk(x 1 , #2> • . • , Xfc) — > Pah-i(®i, . . . , Xk+i) is true, we can, by the principle of 
mathematical induction, say that P n (xi ,X 2 , . . • ,x n ) has been proved for any 
value of n. 




Chapter 12 



On Predicate Logic 



Without explicitly saying so, we have been using a characteristic element 
of predicate logic from the start — the logic variables Xi Xi — 1 and 

Yi S y t = 1. Then, in the last chapter, we made extensive use of a typical tool 
of predicate logic — the generalised OR (\J) of (11.6b), (11.6c), (11.6d) and 
(11.7). In the present chapter we are going to take a closer look at predicate 
logic, a topic we shall use to further develop the theory of combinational 
switching circuits. 

12.1 Inside a Proposition 

A proposition is a sentence expressing an assertion that is either true (1) 
or false (0) — even if we can’t always say which (as in the case of the still 
unproved Goldbach conjecture: ‘Every even number greater than 2 can be 
represented by the sum of two primes’). Propositional logic takes a propo- 
sition to be an undividable entity the structure of which is never analysed. 
Predicate logic, on the other hand, does analyse the structure of a proposi- 
tion, splitting it into constituent parts called subject , predicate , and function. 

The simplest form of a proposition asserts that a certain thing or individ- 
ual (called a subject) possesses a specific property or characteristic (called 
a (monadic) predicate), e.g. 

‘ Churchill is a Nobel laureate (12.1) 

subject (monadic) predicate 

Generalising on the above concept of proposition, we allow a proposition 
to have more than one subject, the predicate then expressing a relationship 
between the subjects, as in 

‘ Abraham is the father of Isaac (12.2) 

subject (dyadic) predicate subject 

The degree of a predicate (monadic, dyadic, etc.) states the number 
of subjects the predicate refers to. 
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A function enables us to restrict or focus our view on certain aspects 
of a subject (or subjects) thereby creating a new subject: 



* The walls of Jerico crumbled ’. 

function subject predicate 



(12.3) 



new subject 



Often, there are a number of possibilities to partition a given proposition 
into subjects, predicates and functions, the choice of the partition depending 
on the aspects one wishes to emphasise, e.g. 

1 Churchill is author of a book about world war II’. (12.4) 



subject dyadic predicate monadic function 

N- 



subject 



monadic predicate 



subject 



The above propositions (12.1) to (12.4) are called atomic proposi- 
tions because they cannot be broken down into two ‘smaller’ propositions 
connected by any phrase interpretable as one of the logic connectives A, V, 
— ►, <-*. In fact, the logic connectives are used to connect (atomic) propo- 
sitions, thus creating compound propositions. For instance, the atomic 
propositions ( The moon consists of water ’ and ‘My cat has wings’ can be 
combined to create the compound proposition If the moon consists of water 
then my cat has wings’ — which, being an IMPLICATION, is true (as you 
can check with Section 8.5). 



12.2 Symbolic Notation of Propositions 

As a first step towards a symbolic notation we introduce variables for subjects, 
predicates and functions: 

x, y , z subject variables, 

q (rho), a (sigma), r (tau) predicate variables, 

f,g,h function variables, 

and allowing for further variables, when needed, by adding indices. We take 
all the subjects we wish to work with to be explicitly listed in a set of subjects , 
a set we call the universe (of subjects) Vis- 
it is common to express the general form of an atomic proposition — 
thus writing an atomic expression — by having a predicate variable being 
followed by as many subject variables as stated by the degree of the predicate 
variable. For instance, if g, a and r are predicate variables of degree 1, 2, 
and 3, respectively, then 



gx x , 



(7X^X2, 



TX\X2X$ 
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are examples of atomic expressions. The degree of a predicate is sometimes 
added to the predicate variable as a superscript or, alternatively, parentheses 
are used: 

g 1 x 1 £>0i), ct 2 x 1 x 2 <t(x i,x 2 ), t 3 x 1X2X3 <=> r(x 1 ,x 2 ,x 3 ). 

When partitioning a proposition into subjects, predicate and functions, 
predicate logic uses the concept of function in exactly the same way as it 
is used in the rest of mathematics (and was discussed in Chapter 3 ). In 
predicate logic a function of degree n (an n-ary function) has as its domain 
the n-fold Cartesian product of the universe of subjects, U$, and, as its co- 
domain, the universe of subjects Us itself. For any such function, say /, we 
may write / :U$ i-> Us- The value of a function is written in the same way 
as an atomic expression: A function variable is followed by as many subject 
variables as the degree of the function states. Often, the degree of a function 
is added to the function symbol as a superscript, or you may alternatively 
use parentheses: 

h 1 z = h(z), f 2 x 3X1 = f{x 3 ,&i), 

g 3 xih l zf 2 x$xi = g{x 1 ,h(z),f(x 3 ,xi)). 

The thing to note in the above examples is that h x z and f 2 x 3X1 are expres- 
sions for subjects, and it is these subjects that have been used as arguments 
in g 3 . Moreover, subjects are not propositions so that they cannot be log- 
ically equivalent (<£>), but they can be identical (=). Thus, we can write 
h l z = h(z), but not h x z <=> h(z). 

A term is a subject, either directly or indirectly, meaning it is either a 
subject in its own right, or the value of any function (the function mapping 
to a subject). E.g., £1, t 2 , £3, £4 are examples for terms: 

, df , d f il ± 4 f r 2 , *f 3, , , 

£1 — X \ , 1 2 h> z , 1 3 j 2:3X1, £4 9 £1 £2^3 • 

Using terms, we obtain the general form of an atomic expression by writing 
a predicate that is followed by the appropriate number of terms , e.g. 

£>(£1), a{t i,£ 3 ), r(£ 2 ,£ 3 ,£ 4 ). 

Identity (=) is an outstanding or singular dyadic predicate. Its argu- 
ments, which are always terms , are commonly written to the left and right 
of the identity symbol, as in £ 1 = £ 2 . The atomic expression £1 = £ 2 asserts 
that £1 and £ 2 refer to the same subject (thing or individual). For instance, 
in the example ‘The pope is the bishop of Rome’ we are referring to a person 
who has two different functions or titles. When the identity predicate is used 
one speaks of predicate logic with identity. 
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The simplest form of a logic expression is, as you might imagine, an 
atomic expression. Assuming P and Q to be any logic expression (simple or 
not), we obtain further logic expressions as compound logic expressions by 
writing -»P, P A (J, P A <5, P — 5 ► <5, or P Q. 

12.3 The Switching Algebra Connection 

In a rather informal way we have been using concepts of predicate logic from 
the start (Section 1.3) by introducing the atomic expressions Xi = 1 and 
Xi = 0 and stating that all subjects , used to substitute X{, are to be taken 
from the universe of subjects {0,1}. These atomic expressions were taken 
as special cases of the term Xi = e,- (Section 5.1) — with e* £ {0,1} — 
establishing the identity predicate (=) as basic to switching algebra. 

Speaking of predicates: The identity predicate is the only predicate 
used when applying predicate logic to combinational circuits. In other words , 
when developing a switching algebra for combinational circuits , we shall be 
using predicate logic with identity , but, we shall not be using predicate vari- 
ables, as the set of predicates is empty. The identity predicate is always 
considered in its own right, i.e., quite apart from any other predicates. If no 
other predicates are considered one says that the set of predicates is empty. 

The (n-ary) functions of predicate logic map n-tuples of subjects to 
subjects, or, as formally stated in the previous section, f n : Ug 1— ► Us . On 
the other hand (see Section 3.3), combinational circuits were shown to be 
the functions f n : {0, l} n {0,1}. For combinational circuits the universe 
of subjects Us is the set {0, 1} which means that the functions of predicate 
logic describe combinational circuits. Thus, those theorems of predicate logic 
with identity that refer to functions are also theorems of switching algebra 
for combinational circuits, The predicate logic notation f 3 {x\, £2, £3), used 
in the previous section, is to be interpreted as describing a combinational 
circuit of three inputs. But, writing f 3 (xi , £, # 3 ), in which t = g s (x 1 ,^ 2 , ^ 3 ), 
represents a composite function in which the output of a combinational 
circuit g 3 is the input to a combinational circuit / 3 . The aspects of this 
paragraph are discussed in detail in later chapters. 



12.4 Quantifiers 



Never, when writing Xi = 1 (with X{ varying over {0,1}), have we claimed 
that Xi really is 1. Quite the contrary — because we can substitute either 0 
or 1 for Xi whenever writing Xi = 1 , we are inferring that c not every Xi = 1 
Introducing the symbol /\ (a large A) for every (or each , or all) allows us to 
write ‘not every Xi = 1 * as 

- 1 f\ Xi = 1 . 




12.4 Quantifiers 



125 



The symbol /\ itself is called the universal quantifier while its application 
to some logic expression — say, r z = 1 — is referred to as the generali- 
sation of that expression. Because a logic expression may contain two or 
more different variables, it is customary, and usually necessary, to specify the 
variable to which the generalisation applies, e.g., writing 

!\ Xi X i- e i ° r f\ x i~ e i 

Xi 

instead of /\xi — e; and reading the above as ‘For every Xi : X{ = e z 

Generalisation (/\) of an expression — X{ = e z - — over a specified variable 
— Xi — is understood as the conjunction (A) of the expressions obtained 
by substituting all values of the set of subjects — {0, 1} — for the subject 
variable Xi over which generalisation is to take place, e.g. 

-> Xi = ei <£> -i((0 = ei) A (1 = e;)). (12.5) 

*,•€{0,1} 

The result of generalisation is a new expression in which the variable over 
which generalisation took place has been eliminated. If you generalise an 
expression that has only a single variable, the result is a proposition 

-> ^ Xi = l & ~>((0 = 1) A (1 = 1)) <£> “ '0 <=> 1, (12.6) 

x,€{0 r l} 

this example rendering the introductory remark ‘ not every Xi = 1 9 true. 

Possibly, you might like to convey the meaning of ‘not every Xi = 1 ? in 
a positive way, i.e., without referring to negation (not). You can do so by 
using the logically equivalent phrase ‘some Xi = 0 

‘not every Xi — 1’ ‘some Xi = 0 \ 

For some we introduce the symbol \J (a large V) called the existential 
quantifier. Its application to logic expressions, as in 

Vi; X i ~ e > OT \/ X ' = e ‘> 

Xi 

is called the instantiation of the expression. The above example is read as 
‘For some Xi : Xi = ei ’or as ‘There exists an Xi such that: Xi = e z ; or, more 
precisely, ‘There exists at least one Xi such that: Xi = ei \ Instantiation 
(V) of an expression — Xi = e z — over a specified variable — r z — is 
understood as the disjunction (V) of the expressions obtained by substituting 
all values of the set of subjects — {0, 1} — for the subject variable Xi over 
which instantiation is to take place, as in the examples 

V Xi = ei ^ ((0 = e,-) V (1 = e;)), (12.7) 

*,'€{0,1} 

V = 0 ((0 = 0 ) V (1 = 0 )) 1 . 

*,■€{0,1} 



( 12 . 8 ) 
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12.5 Quantification and Replication* 



Quantification is a summary expression for generalisation and instantia- 
tion. But not everything that looks like quantification is quantification. In 
the following two formulas, note how the marked similarity of the expressions 
on the left of contrasts with their meaning written on the right. The first 
formula is an example of quantification , the second of what I in this text call 
replication, simply to be able to refer to it in some way. 

Quantification: Xi = e*- ((0 = e*) A (1 = e,-)) 

*.'€{ 0 , 1 } 

Replication: X{ = a ((xi = ei) A (x 2 = e 2 )) 

*€{ 1 , 2 } 

To distinguish between quantification and replication , it might help to 
think of quantification as expansion by value or, in more detail, as expan- 
sion over the values of variables while taking replication to be expansion by 
name or, more exhaustively, expansion over the names of variables and/or 
functions. You can find a demonstration of the simultaneous use of quantifi- 
cation and replication if you look back at Section 11.2. The rules employed 
there in transforming the quantified expressions (11.6b), (11.6c), (11. 6d) and 
(11.7) are discussed later (Section 13.3). Such rules pose an important result 
of predicate logic. 

Quantification and replication are concepts not restricted to generalisa- 
tion (/\) and instantiation (V), in fact, both concepts are standard to the 
operators and f|, as demonstrated in the examples for ]T]. 

n 

Quantification: i 

i= 1 
n 

Replication: Xi 

i= 1 

In conventional algebra, the concepts of quantification and replication are 
not always strictly held apart, as when writing e = e * ' 2 n “*, where e,* 

is replicated, and 2 n ~ l is quantified. 



= l + 2 + ... + n 
— *^1 “f* #2 T • • • "f - %n 



12.6 Free and Bound Variables 



The subject variables (.r, ?/, £, . . . ) of any propositional form (e.g., gxy) or 
any compound logic expression (such as gx — > ayz <-+ rz) not containing a 
quantifier are said to be free. We refer to such subject variables as being free 
because we are free to substitute any subject of appropriately chosen sets. 
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Quantifying a propositional form, as in 

A exy, or \f Qxy, or /\\J gxy, 

x y x y 

is said to bind the variable or variables. In f\ x gxy the subject variable x is 
said to be bound by /\ x , in \f y gxy the variable y is bound by \/ y , and in 
Ax \/y Q X U x and y are bound. Conversely, y is free in /\ x gxy and x is 
free in \f y gxy , and of course, z is free in f\ x gz because quantification is not 
taking place over z. 

Looking at how quantifiers, incorporated in logic expressions, bind sub- 
ject variables, makes it necessary to discuss the scope of a quantifier. A 
quantifier acts only on or is applied only to an expression to the right of the 
quantifier. In 

gx \f cryz f\xz 
y z 

the existential quantifier \J acts on the whole expression cryz *-► f\ z rz al- 
though the variable y is not contained in f\ z tz; the universal quantifier f\ z 
acts only on rz (and not on any subexpression to its left although z occurs 
to the left of j\ z rz). 

The expression, or subexpression, to which a quantifier applies is called 
the scope of the quantifier. You can limit the scope of a quantifier by using 
parentheses, e.g., gx — ► {\J y cryz) *-> f\ z rz in which the scope of \J is 
limited to cryz. Without parentheses to limit the scope of a quantifier, the 
scope extends to the end of the logic expression or till a logical implication 
(=>) or logical equivalence ( 4 ^) is encountered so that 

gx ayz<~* f\rz gx — > ^\J cryz<-+ (/\rz)^. 

y z y z 

Let P(xi, £ 2 , • • . , x n ) be some arbitrary logic expression in which no 
quantifiers occur. Then the symbols A ^ _ and V are defined 

as multiple quantification over the same scope P(x\, x 2 , . . . , x n ) 

A p(xi,x 2 ,...,x n )<k a A ••• ( 12 - 9 ) 

®1,I2 X\ X 2 X n 

V p (xi,X 2 ,...,x n )^y\J“-\JP(xi,X 2 ,...,x n ), (12.10) 

Xi,X 2 ,...,X n Xi X2 x n 

the quantifiers being acted upon from right to left. 

The name (symbol) used for a bound subject variable is of minor impor- 
tance, meaning, you can change the name of any bound subject variable to 
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any other name not in the scope of the quantifier, as in 

V e xy 4* V yzy ' 

X z 

ex (V ayz (A tz )) ** ex (V ayz ^ (A™)) ■ 

y z y x 

This is quite the same as in conventional algebra as the example Y^i=i 2 = 
k shows. 




Chapter 13 



Predicate Logic 



In a rough outline, one might say propositional logic developed ponderously 
from the days of Aristotle in the fourth century BCE to the latter half of 
the nineteenth century when, after DeMorgan and especially Boole, many 
felt it had culminated. But, a quantum leap occurred in 1879 with the pub- 
lication of Frege’s Begriffsschrift. In this booklet Frege broke propositions 
into predicates and subjects (called, respectively, Junctions’ and ‘arguments’ 
by him) and introduced quantification of subjects. Thus was born what we 
now call predicate logic , and it has proved the greatest single development in 
logic since Aristotle’s time. 

This chapter presents the axioms of predicate logic, summarises some of 
its simpler theorems and proves one or the other to give you an idea how the 
system works. 



13.1 Axioms and Rules of Switching Algebra* 



Predicate logic does not render propositional logic obsolete, it augments it. 
Thus, in principle, the axiomatic approach to propositional logic of Section 
9.1 remains valid, needing only minor adaptations. 

a) To the set of symbols we add variables for subjects and functions 

x, y, z subject variables, 

/, #, h function variables, 

allowing for further variables, when needed, by adding indices. The sub- 
jects we work with in switching algebra, 0 and 1, comprise the universe 
(of subjects) lAs — {0, 1 } . As stated in Section 12.3, no predicates (except 
the dyadic predicate of identity ) are employed in applying predicate logic to 
combinational circuits, which is why we need no predicate variables. But we 
do, of course, need a symbol for identity , i.e., 

b) The formation rules, the rules for writing valid terms , atomic ex- 
pressions and logic expressions are stated at the end of Section 12.2. 

c) The axioms of switching algebra for combinational circuits 
must (of course) incorporate those of propositional logic, albeit with a slight 
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difference. The propositional variables A, B,C must be replaced by variables 
for logic expressions, say, P(:r), Q(x ), R(x). Furthermore, we need to add 

axioms for the identity predicate. 



P(x) =* Q(x) -> P(x) (13.1) 

(P(x) -+ Q(x)) -► P( x) =» P(x) (13.2) 

P(z) -> Q(x) => (Q(x) -> R(z)) (P(x) -> R(x)) (13.3) 

P{x) A Q(x) =* P(x) (13.4) 

P(x) A Q(x) => Q(^) (13.5) 

P(a?) —► Q(x) (P(z) -» JS(x)) — ► (P(x) — ► Q(z) AR(x)) (6) 

P(x) => P(x) V Q(x) (13.7) 

Q(x) =>• P(a?) V Q(®) (13.8) 

P(s) -> R(x) =» (Q(.r)^P(x))-^(P(x)VQ(x)->P(o:)) (9) 

P(a) <-► Q(x) => P( x ) — ► Q(z) (13.10) 

P(a?) Q(z) Q(z) — > P(z) (13.11) 

P(x) —> Q(a?) => (Q(x) — ► P(®)) —► (P(a?) <-> <?(&)) (13.12) 

P(ic) — - ► Q(a;) _1 Q(^) — » ~^P{x) (13.13) 

P(x) =* i-.P(ar) (13.14) 

-i-P(x) =* P(s) (13.15) 

0=*-il (13.16) 

1 -0 (13.17) 

(13.18) 

= X 2 => xi — x% X 2 ~ £3 (13.19) 

xi=x=> /% . . , . . .) = / n (. (13.20) 



When writing P(x) we want to indicate that x is free in the logic ex- 
pression P. But, this is not intended to imply that x is the only free subject. 
The last axiom, allowing you to substitute a subject by an equal one in any 
function, will prove to be of utmost theoretical and practical interest. 

d) The rules of deduction for predicate logic go well beyond those 
for propositional logic because we need to say how to use quantification. Do 
note that no attempt is made here to ‘explain* quantification, to say ‘ what * 
it is (the best I could do in this respect, I did in Sections 12.4 and 12.5). The 
only thing we do here, is to say how to use quantifiers — and this is, after 
all, what axiomatisation is about. 




13.1 Axioms and Rules of Switching Algebra* 
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Modus ponens: If an IMPLICATION P — > Q and its antecedent P 
are tautologies then the consequent Q is also a tautology. Or, briefly 

If P => Q and P<^ 1 then Q 1. (13.21) 

Generalisation of the antecedent: If a certain IMPLICATION 

P(x) — ► Q, that has an antecedent P in which x is free, is a tautology 
(P(x) — » Q => 1) then the IMPLICATION obtained by generalising the 
antecedent P(x) over x is also a tautology — (/\ x P(x)) Q 1. Or, 
briefly 

If P(x ) => Q then P(x) Q. (13.22) 

X 

Note that nothing is said about the logic expression Q. The consequent Q 
need not contain x at all, but it may. If x does occur in Q it can do so as a 
free or bound variable. 

Generalisation of the consequent: If a certain IMPLICATION P — ► 
Q(x), that has an antecedent P in which the variable x does not occur, is a 
tautology (P — > Q(x) => 1) then the IMPLICATION obtained by general- 
ising the consequent Q(x ) over x is also a tautology — P — > A* Q( x ) ^ 1* 
Or, briefly 

If P => Q(x) then P => Q(x). (13.23) 

X 

Instantiation of the antecedent: If a certain IMPLICATION P(x) -* 
Q, that has a consequent Q in which x does not occur, is a tautology ( P(x ) -* 
Q => 1) then the IMPLICATION obtained by instantiating the antecedent 
P(x) over x is also a tautology — (\J x P(x)) — > Q <£► 1. Or, briefly 

If P(x) ==> Q then \f P(x) => Q. (13.24) 

X 

Instantiation of the consequent: If a certain IMPLICATION P — ► 
Q(x), that has a consequent Q in which x is free, is a tautology (P — ► Q(x) =>• 
1) then the IMPLICATION obtained by instantiating the consequent Q(x ) 
over x is also a tautology — P — » V® Q( x ) ^ 1* Or, briefly 

If P => Q{x) then P =>\J Q{x). (13.25) 

X 

Here, the antecedent P need not contain x at all, but it may. If x does occur 
in P it can do so as a free or bound variable. 

Substituting a free subject variable: If P(x) is a tautology in which 
£ is a free subject variable then substituting x by an arbitrary term t (sym- 
bolically, x *—> t) leads to the new tautology P(t). Symbolically: 

If P(x) 1 and x t then P(t) 1. 



(13.26) 
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To help in further work, let us consider the special case of (13.23) in 
which P is a tautology. For P 1 the expression P Q(x ) — due to 

1 — > A A — reduces to Q(x) <£> 1, while P =$> /\ x Q(x) reduces to 
Az Q( x ) ^ 1- Having thus eliminated P from (13.23) we obtain the rule for 
the 

Generalisation of a tautology: If Q{x) is a tautology then its gener- 
alisation A X Q( X ) 1S a ^ so a tautology. Or, briefly 

If Q(x)& 1 then /\Q(x) 1. ( 13 . 27 ) 



Furthermore, it is worthwhile to note that you may formulate any 
logic implication as a rule of deduction using modus ponens. Let us see 
how this works for the axiom 

(13.3) P-*Q=>(Q-*R)-*(P-+R). 

By modus ponens , it follows from the truth of (13.3) that if P -+ Q is true 
then (Q -> R) — > (P — ► R) is true. Because (Q — s ► R) — > (P — > R) => 1, it 

again follows from modus ponens that if Q R is true then P — > R is true. 
The combination of these two successive applications of modus ponens can 
be stated as the rule of transitivity: 

If P => Q and Q R then P => R. (13.28) 

This rule states, given the two logic implications P => Q and Q => i?, you 
may deduce the new implication P -» R knowing it to be a tautology — 
P->R=>1. 

In the next example, we start from the theorem 
(9.33) P -+ (Q -+ R) => (P -+ Q) -> (P -+ R). 

* 

By reasoning analogous to that which led to (13.28), the above law leads to 
the following rule: 

If P => Q — ► R and P Q then P =$■ R. (13.29) 

This is a brief form for stating that, given the two logic implications P => 
Q — ► R and P => P, you may deduce the new implication P — > R knowing it 
to be a tautology — P — * R => 1. 



13.2 Theorems on Identity 

The first two theorems to be pointed out are those referring to symmetry and 
transitivity respectively: 
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X\ = x 2 => X 2 = Xi, 


(13.30) 


Xi — - X 2 == 7 > ' (x 2 — X3 ^ Xl x 3 ). 


(13.31) 


To prove symmetry (13.30) we start with axiom (13.19) xi 


= x 2 —* (®1 = 



#3 — * x 2 = x 3 ) => 1 interchanging its antecedents x\ ~ x 2 and x\ = 0:3 as 
allowed by (9.32), 



Xl = x 3 -> (xi = x 2 — — £ 3 ) => 1, 



and substituting £3 by x\ ( 2:3 <— 1 x 1 ) as allowed by (13.26), 

Xi = x\ => (xi = x 2 — > x 2 = Xi). 

Axiom (13.18) states that xi = Xi is true so that we may apply modus ponens 
to the above formula to deduce and thereby prove (13.30). 

To prove transitivity (13.31) we write axiom (13.19) as 

x 2 = xi => (x 2 = x 3 — » Xi = x 3 ) (13.32) 

Q R 

Now, by employing the rule of transitivity (13.28) 4 If P => Q and Q => R then 
P => P’ to (13.30) xi = x 2 => x 2 = xi and to (13.32) allows us to deduce 

P Q 

and thus prove (13.31). 

Next, we consider two theorems that extend the validity of axiom (13.20). 
This axiom 

(13.20) Xi — ei => /% . . , Xi, . . .) = f n (. • . , e«, . . .), 

which allows us to substitute a single subject (or argument) by an equal one 
in any function, may, intuitively, be extended to allow us to substitute all 
arguments, which we could express as 



n 

/\x i = ei => f n (xi, x 2 ,...,x„) =■ f n (e 1 , c 2 , . . . , e„). (13.33) 

1=1 

A further generalisation can be imagined by substituting the subjects by 
terms , obtaining 

n 

A U = n =* /"(*! , *2, ••.,*„)= HM, ••• , t*J. 

1=1 



(13.34) 
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We shall merely prove the first of these two important theorems on 
identical functions. By axiom (13.4) P A Q => P we know the following 
expression to be a tautology 

P Q p 

(x^ — ) A (^2 — £ 2 ) A ... A (xj 'i :=: e^) (x^ = e^) . (13.35) 

V ■ 'V' 1 ^ 

p* 

Writing axiom (13.20) as 

51 == e i =* / w (si,S 2 ,S 3 ,---,Sn) == / n (e i,x 2 ,x 3 ,...,s w ) , (13.36) 

P q* 

and applying the rule of transitivity (13.28) ‘If P* => P and P => Q* then 
P* => Q *’ to (13.35) and (13.36) leads to the logic implication 

n 

f\xi = e i ^f n (x 1 ,x 2 ,x 3 ,...,x n ) = f n (e 1 ,x 2 ,x 3 ,...,x n ). (13.37) 

1=1 

V v / V v ' 

Pi P 2 

For the second variable, X 2 , be can — in analogy to (13.35) and (13.36) — 
write 

n 

fy Xi = ei ^ X2 =e 2 (13.38) 

t=i 

= e 2 => f n (e i,x 2 ,x 3 ,. . . ,x n ) — f n (ei,e 2 ,x 3 , . . . ,x n ), (13.39) 

combining these by the rule of transitivity (13.28) to obtain 

n 

x i ^ f (ei , X 2 , X 3 , . . . , x n ) = / (^i , e 2 , X 3 , . . . , x n ) . (13.40) 

i=i 

' ' V v ' 

p Q 

This second step in our derivation has not yet yielded what we want it to 
yield, for in the left side of the consequent of the above expression — i.e., in 
/ n (ei,x 2 ,X 3 ,...,x n ) — there is the unwanted argument e \ , where we would 
like to see xi. To achieve this we start by using 

(13.31) xi = x 2 => (X 2 = x 3 — > Xi = x 3 ) 

with the following substitutions, allowed by (13.26), 

xi / n (x i,x 2 ,x 3> . . . ,x n ), 

/ n (e i,x 2 ,x 3 ,. . . ,x n ), 
x 3 f n (e i,e 2 ,x 3 . . . ,x n ), 
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so that (13.31) can be expressed as 



f n (x i,x 2 ,Xi,. . . ,x n ) = f n (e 1 ,X 2 ,X 3 ,. . . ,x n )=> 

S " V* ' "” * " " ' " ^ 

Pi 

f n (e ux 2 ,x 3 ,...,x n ) = f n {e 1 ,e 2 ,x 3 ,...,x n ) 

^ f (x U X 2 ,X 3 , . . . ? X n ) f (fil , e 2f *^3 ? • • • ? Xn ) . ( 13 . 41 ) 

S 1 111 -V- ‘ " V 

Ps 



Again applying the rule of transitivity (13.28) Tf P\ => P 2 and P 2 => P 3 then 
Pi => P 3 ' to (13.37) and (13.41) leads to the logic implication 

n 

Xi — ej f (eij^2?^3)'**?^n) f (^1? ^2 j X 3 > • • • ? 3?n) 



P 

-> f n (xi>x 2 ,xz , . . ,,x n ) = f n (e i,e 2 ,x 3 ,. . . ,x n ) . (13.42) 

^ y - ^ 

R 

We now apply (13.29) c If P => (Q — > 72) and P => Q then P => IT to (13.42) 
and (13.40) obtaining 

n 

/\xi = ei => f n (x l ,x 2 ,xz,...,x n ) = f n (e i,e 2 ,x 3 , . . . ,x n ). (13.43) 

i=i 

Continuing the proof in a like manner for the rest of the variables x 3) . . . , 
leads to theorem (13.33). 



13.3 Theorems on Quantification 



This summary of theorems on quantification is by no means complete and 
only a few of the theorems are proved, the proofs merely intended as a demon- 
stration of a technique. P(x) and Q(x) denote logic expressions in which x 
occurs freely, whereas P and Q are understood to be logic expressions in 
which x does not occur freely. To save space, the variable over which quan- 
tification takes place is omitted, but if not stated otherwise, quantification 
is assumed to be over x. To emphasise the scope of a quantifier, sometimes 
more parentheses are used than is necessary. 

Quantification of a single logic expression: 

/\p(x)=>\/p(x) 

f\P(x)^P(x) 



(13.44) 

(13.45) 
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P(x) => \f P(x) (13.46) 

/\PoP (13.47) 

P&\J P (13.48) 

Distributing Quantifiers: 

A(P(z) A Q(x)) & (A P(x)) A (A Q(x)) (13.49) 

(A p(*)) v (A <?(*)) =► A( p ( x ) v Q(*)) ( 13 - 50 ) 

A (p( x ) -> Q(*)) =* (A pm) -> (A <?(*)) ( 13 - 51 ) 

A( P M <-> Q(z)) =*- (A P( x )) ++ (f\Q( x )) (13.52) 

V ( P M A Q( x )) => (V -PC*)) A (V GM) (13.53) 

V (P(x) V Q(x)) & (V P(*)) V (V Q(*)) (13.54) 

( V p M) -> (V <?(*)) =► V ( p w - <?m) ( 13 - 55 ) 

Repositioning Quantifiers: 

f\(P AQ(x)) & P A /\Q(x) (13.56) 

f\(PVQ(x)) <^PV f\Q(x) (13.57) 

A(p- <?(*)) ^ P - A GM (13.58) 

V(P A Q(®)) P A \/ Q(*) (13.59) 

V(Pvg(*)) &PV\/Q(x) (13.60) 

V (P -> Q(i)) ^ P -► \/ Q(x) (13.61) 

Converting Quantifiers: 

A (P(*) - Q) # (V P(*)) -» Q (13.62) 

V (P(i) -> Q) ( A P(x)) - Q (13.63) 

Interchanging Quantifiers: 

/\/\P(x,y)^ /\/\P(x,y) (13.64) 

z y y x 

VV P ( J ’>J')^VV P ( I -I') (13.65) 

x y y x 

V A p M y ) ^ A V p( x ’ y ) 



a; y ?/ * 



(13.66) 
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DeMorgan: 

^/\P(x)&\/^P(x) (13.67) 

^\JP(x)& a -.P(z) (13.68) 

The few proofs that follow will show you that the methods demonstrated 
in Chapter 9 remain valid. 

Proving (13.45) /\P(x) => P(x) and (13.46) P(x) => V P(x): General- 
ising the antecedent of (9.31) P(x) => P(x) — according to (13.22) — leads 
to (13.45) while generalising the consequent — according to (13.23) — leads 
to (13.46). 

Proving (13.44) f\P{x) => \/ P(x): Instantiating the consequent of 

(13.45) A P( x ) => P(x) — according to (13.25) — or generalising the an- 
tecedent of (13.46) P(x) => \/ P(x) — according to (13.22) — leads to (13.44). 

Proving (13.49) f\(P(x) A Q{x)) (f\P(x)) A (/\Q(x)): Interpreting 

(13.12), we need to prove the logic implication (<£>) in both directions. That 
is, we need to prove 

A ( p ( x ) A Q( x )) => ( A p ( x )) A (A (13.49o) 

{/\P(x)) A (/\Q(x)) ^ /\{P(x) AQ(x)) (13.496) 

Proving (13.49a) /\(P( x) A Q(x )) => (/\P(x)) A (/\ Q(x)): Let us start 
by writing axiom 

(9.6) A -4 B =» (A -4 C) -4 (A -4 B A C) 

{A^ f\(P(x)AQ(x)), B^hP(x), C^/\Q(x)} 

(A p(x) a q(x)) A p(x) => 

V ' 

Pi 

{/\P(x) AQ(x)) ^ ^Q(x) .-4. 

> * ' 

P2 

(A p ( x ) A Qfa)) “*■ A p ( x ) A A 

' ' 

Q 2 

To show that P\ is a tautology we start with (13.4) P(x)AQ(x) => P(z), 
generalising the antecedent, (13.22), and the consequent, (13.23). Similarly, 
P 2 is shown to be a tautology when starting with (13.5) P(x)AQ(x) => Q(x). 
Pi being a tautology, we may apply modus ponens to the above Pi P 2 — > 
Q 2 , deducing P 2 => Q 2 . And, as P 2 was shown to be a tautology we may 
deduce Q 2 ? i-e. (13.49a). 

The next step, proving 

(A p w) A (A <?(*)) ^ A( F ^ A Q( x )) 



(13.496) 
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is achieved by first showing that 

(*) (A p (*)) A (A «(*)) •=►••?(*) a q(x) 

is a tautology. For then, by generalising the consequent according to (13.23) 
we would obtain and thus prove (13.49b). To prove (*) we again start with 
axiom 

(9.6) A -> B =* (A -* C) -> (A -> B A C) 

{A 4- A(P(*)) A (Q(x)) , B 4- A P(*), C 4- A 0(*)} 

(APM)a(Q(z)HA P «^ 

V v ' 

Pi 

{/\P(x))A{Q(x))->f\Q{x).-*. 

^ -* 

P 2 

(A p (*)) A («(*)) - A A A <?(*) 

' 

g 2 

We first need to show that Pi is a tautology: 

(9.4) AAB=>A 

{A^AP(x), B^/\Q{x)} 

(AP(x))a(AQ(x))^/\P(x). 

P* Q* 

(13.45) A P(x)=>P(x). 



Applying the rule of transitivity , (13.28) ‘If P* =>• Q* and Q* =>■ R* then 
P* => R* 1 allows us to deduce: 

Pi: (A P (*)) A (A2W)=* P «> 

and in a like manner also: 

p i- (A p (*)) A (A <?(*))=► «(*)■ 

Pi being a tautology, we may apply modus ponens to the above P 1 => P 2 -> 
Q 25 deducing P 2 ^ £^ 2 - And, as P 2 was shown to be a tautology we may 
deduce Q 2 , he. (13.49b). 
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Just as combinational circuits are used in building memory circuits (i.e., 
latches and sequential circuits) with feedback, the theory of combinational cir- 
cuits is the basis on which the theory of all other types of circuits is founded. 
Thus the theory is presented quite extensively. 

The backbone to the theory of combinational circuits is the theory of 
normal forms which to a gbod degree is put forth in Chapters 14 and 15. 
For the first time, Chapter 14 presents a formal derivation of the canonical 
normal forms — a derivation only possible due to the application of predicate 
logic (as opposed to propositional logic). 

The prime chapter in this third Division of the book is Chapter 17 on 
Concepts Old and New, culminating in so-called evaluation formulas. 
These formulas, based on covers enable a new approach to minimisation. By 
this approach, minimisation refers to finding a minimal cover, while applying 
an evaluation formula to the cover found provides the minimised disjunctive 
or conjunctive logic form. 

The evaluation formulas allow us to state how to evaluate so-called re- 
duced Karnaugh maps (Chapter 20). Their importance goes well beyond 
their use with combinational circuits: They are central in evaluating mem- 
ory and sequential circuits. The power of the method — even when applied to 
combinational circuits— is demonstrated in the example of Section 20.4. 

The common theme of Chapters 21 and 22 is the design of multilevel 
circuits. While Chapter 21 — on NAND and NOR circuits — is conventional, 
Chapter 22 is an original appitoch to decomposition. The presented solution 
is quite general and yet astonishingly simple in its basic idea. 

Hazards (Chapter 23) are not all that important for combinational cir- 
cuits. But, employing hazard-free combinational circuits in the design of a 
memory circuit turns out to be essential in obtaining faultless and fast cir- 
cuits. Thus, hazards are considered in a more than customary thoroughness. 




Chapter 14 



Canonical Normal Forms 



Normal forms lie at the heart of the theory of combinational circuits. A nor- 
mal form is a general logic formula that allows us to develop a unique logic 
expression of a combinational circuit described by, say, a table of asserted 
events (TAE). There are a number of different normal forms, each based on 
one of the associative output connectives AND, OR, XOR, or EQU. In this 
chapter, we look at the more common normal forms whose output connectives 
are AND and OR, called conjunctive and disjunctive normal forms. 



14.1 An Overview 



We start this chapter with a summary. The first formula, (14.1), is called 
the disjunctive normal form (DNF) — or is sometimes referred to by 
the catchy phrase ‘AND-to-OR formula’ — the second formula, (14.2), is the 
conjunctive normal form (CNF) — or an OR-to-AND formula. 



2 n — 1 

Y(x i,X2,...,x n ) \/ C e (xi,x 2 ,...,x n )AY(e), (14.1) 

e=0 'y-J 

2 n — 1 

Y(xi,x 2 ,...,x n )-& D e (xi,x 2 , . . . ,x n ) V y(e). (14.2) 

e=0 

A formula is called a normal form if it produces an unique result when 
applied to a given TAE. Disjunctive refers to the instantiation (\/) in (14.1) 
which is understood to be a multiple disjunction (V) while conjunctive 
refers to the generalisation (/\) in (14.2) which is understood to be a mul- 
tiple conjunction (A). Furthermore, the above normal forms are canonical, 
an expression referring to the complete set of — in this case — minterms 
C e (x i, x 2 , • • • , x n ) and maxterms D e (x\ , • • • , x n ). 

The Y(e) E {0,1} of the above normal forms may, at this point, be 
viewed as logic constants which we call specified or specifying output 
values as a given combinational circuit is specified by them, or as they 
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0 1 ••• e ••• 2 n — 2 2 n — 1 



Xi = 


0 


0 




Cl 




1 


1 


= 


0 


0 




C2 




1 


1 


















Zn-1 = 


0 


0 




Cji — 1 




1 


1 


X n = 


0 


1 




e-n 




0 


1 


y(x) = 


y(°) 


y(!) 




y( e ) 




y{ 2 n - 2) 


2/(2” - 1) 



Fig. 14-1 General table of asserted events 



specify a circuit, as shown in the general TAE of Fig. 14-1 for which Y(e) is 
taken to be y(e) = 1. 

Each normal form can be expressed as a logic circuit. In the case of 
(14.1) this leads to the AND-to-OR circuit of Fig. 14-2. Each of the 2 n mul- 
tiple conjunctions of the top row represents a minterm C e (x \ , X 2 , • • • , x n ). 
In the middle row, for each input event e, the minterm C e (x) is ANDed 
with the specifying output value Y{e) which the input event is said to ini- 
tiate. The disjunction of the two-input ANDs provides us with the output 
Y(x u x 2 , . . . , Xn')* This circuit is usually called a multiplexer (MUX). The 
characteristic of a multiplexer is that an input event e ensures that the datum 
Y(e) is fed through to the output. Interpreting the circuit of Fig. 14-2 as a 
multiplexer allows us to view each U(e) as the output of some other circuit, 
and thus not as a constant but, rather, as a variable. This aspect will later 
prove important when discussing Reduced Karnaugh Maps in Chapter 20. 




Fig. 14-2 Circuit of the disjunctive normal form 

In a like manner as above, (14.2) can be represented by an OR-to-AND 
circuit. To understand how such a circuit works, remember that, for a given 
input event e, all maxterms are 1 except D e (e) which is 0. 
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Fig. 14-3 An example AND-to-OR circuit 

The circuits designed according to (14.1) or (14.2) are called two level 
circuits. What this means is best explained with the help of an example. 
Applying (14.1) to the TAE of Fig. 14-3a leads to 



Y(x 1,X 2 ,X3) 4* 

(Co(x) A 0) V (Ci(x) A l) V (C 2 (x) A l) V (C 3 (x) A 0) 

V (C^x) A 0) V (Cs(x) A 0) V (Ce(x) A l) V (CV(x) Al) 

0 V Ci(x) V C 2 (x) V 0 V 0 V 0 V Cq ( x ) V CV(x) 

Ci(x) V C 2 (x) V C 6 (x) V CV(x) 

XiX 2 X 3 V XiX 2 Xz V Xj X 2 X 3 V X!X 2 X 3 . 

The circuit that corresponds to this formula is shown on Fig. 14-3b. The 
batch of conjunctions, the gates the input signals first encounter, are said to 
belong to the first level while the output disjunction is said to comprise the 
second level of gates. These circuits are potentially fast as the input signals, 
on their individual paths to the output, traverse a minimal number of gates. 

When looking at the final formula of the above example, you might like 
to remember the procedure to obtain a DNF of Section 5.3: The logical 
output variable Y of a DNF is written as the disjunction of those minterms 
C e for which the switching function is 1. 

The last aspect I wish to mention here is the necessity to simplify, or 
minimise, the logic expressions obtained directly by the above normal forms. 
For instance, the logic expression for the above example may be reduced to 



Y{'X\,x 2 ^x$) 44" X\X 2 V X 2 X 3 V XiX 2 X 3 4=^ X 2 (Xi V X 3 ) V XiX 2 X 3 . 

It also turns out that the simpler expressions are less prone to a certain 
kind of error called a static hazard, a topic we shall find to be of some 
importance. 
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14.2 Direct Derivation of Normal Forms* 



The challenge when developing a normal form is to do so by the exclusive 
use of axioms and theorems. This can not be done within the framework 
of propositional logic. As has proved true for mathematics in general, we 
need to employ predicate logic, and we shall use it in the form developed in 
Chapters 12 and 13. We start with the theorem on identical functions 

(13.33) (xi = ei) A (x 2 = e 2 ) A . . . A (x n = e n ) -> 

f(x ux 2 ,...x n ) = /(e i,c 2 ,...c n ) <£> 1. 

But, to facilitate further development, note that we may switch rela- 
tively freely — i.e., with due caution — between a vector notation (3.12) 

e = (e 1? e 2 , . . . , e n ), a decimal representation (3.13) e = i e *'-2 n ~ 2 , and a 

representation as n-tuple (ei , e 2 , . . . , e n ). Analogous representations hold for 
the variables Xi. 

The antecedent of the first formula of this section, (13.33), is — by 
(5.4) C e (x) <=> Ar=i( x * = e *) — easily recognised as the minterm C e (x). 
Furthermore, using the abbreviations 

y( x ) - f(xi,x 2 ,...x n ), y(e) = f(ei,e 2 ,...e„) (14.3) 

(13.33) may be expressed as 

C e (x) -> y(x) = y(e) 1. (14.4) 

By (13.27) ‘if Q(x) 1 then /\ x Q(x) 1’ the generalisation of a 

tautology is itself a tautology: 

y(x) =y(e)<*l. (14-5) 

e 

This is the exact logical description of the TAE of Fig. 14-4. 



0 1 ••• e ••• 2 n — 1 



xi=0 


xi—0 




x 1 =e 1 




Xi = 1 


x 2 = 0 


x 2 =0 




x 2 = e 2 




x 2 — l 










B 




x n —i — 0 


X-n — 1 = 0 




x n —i — c n —i 




x n — l = 1 


x n — 0 


a:„ = l 




x n — c n 




Xn 1 


y(x) = j/(0) 


y(x)=y(l) 




y(x) = y(e) 




y( x ) — 2 /( 2 ” — !) 



Fig. 14-4 General table of asserted events 
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In the above formula we change from using the numeric variables y(x) 
and y(e) to using logic variables Y(x) 44> y(x) = 1 and Y{e) y(e) = 1. 
This transition is achieved with the help of the logical equivalence 

y(x) = y(e) 4* Y(x) ~ Y(e) (14.6) 

which is proved by the truth table of Fig. 14-5. 



y(x) 


y(e) 


15 2 

y(x) = y(e) y(x) = 1 


4 3 

y(e) = 1 


0 


0 


1 


1 


0 


1 


0 


0 


1 


0 


1 


0 


0 


1 


1 


0 


0 


1 


1 


0 


0 


1 


1 


1 


1 


1 


1 


1 



Fig. 14-5 Proving (J4.6) 

By replacing y{x) = y(e) of (14.5) by Y(x) *-> F(e) we obtain 

/\ c e (x) -* ( Y{x) ^ Y(e) ) 1. (14.7) 

As — ► is left distributive over <-*, i.e. A — * (B <-* C) 44> (A — * J5) <-> 
(A — > C) — see Fig. 10-9 — we may write (14.7) as 

A C e (x) -> r(x) <-► Ce(®) -> Y(e) 4* 1 (14.8) 

1 ' v v ^ ^ 

6 P(c) Q(e) 

by the convention of adhesion (section 8.1) which states that — > has a greater 
adhesion to its arguments than has. Looking back at (13.52), /\(P(e) <-> 
Q(e)) => (f\P(e)) (A Q(e)), we may distribute the universal quantifier 
(/\) of (14.8), obtaining the logic implication-., 

/\(C e (x) - Y(x) <-> C e (x) - F(e)) =* 

e 

(A C«(*) - Y(x)) «-> (A C-e(x) -> F(e)) . (14.9) 

e e 

The theorem (13.52), employed above, ensures that (14.9) is a tautology, 
while (14.8) ensures that the antecedent of (14.9) is also a tautology. Thus, 
modus ponens (13.21) allows us to deduce that the consequent of (14.9) is 
also a tautology: 
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Please note that Y(x), on the left side of the above expression, does not 
contain e as a free variable so that we may apply (13.62) /\(P(e) — ► Q) <^ 
(V P(e)) — > Q, rewriting (14.10) as 

(V C e (x)) - Y(x) 4* /\(C e (x) -> Y(e)). (14.11) 

e e 

By (11.2) \/ e C e {x) 1 the disjunction of all minterms is a tautology, and 
as 1 — > Y(x) Y(x) we can write (14.11) as 

Y(x) & /\ C e (x) -> Y(e). (14.12) 

e 

Now, transforming the IMPLICATION to an OR with the help of A — ► 
B & -» A V B , and avoiding ^h!e incurred negation by using (11.1) D e (x) 
-'C e (x), we rewrite (14.12) as 

y(i)«/\j),(i)vy(e) (14.13) 

e 

which is_(14.2), the first of the formulas we set out to derive. Had we chosen 
to use Y(x) y(x) = 0 and 7(e) & y(e) = 0, and thus 

y(x) = y(e) <£> Y{x) «-> Y(e) (14.14) 

instead of (14.6), we would have obtained the conjunctive normal form 
of the inverted function 

Y(x) 44 f\ D e (x) V Y(e). (14.15) 



We use the above normahferms, (14.13) and (14.15) to develop the dis- 
junctive normal forms . We first negate (14.15) 

f(x)&^/\D e (x)\/Y(e). 

e 

Due to (13.67) /\ P(x) & \f -*P(x) the above formula may be rewritten 

as 

Y(x) 44 \f -<(D e (x) V F(e)). 

e 

Now employing DeMorgan (9.27) ->(A V B) 44 ->A A 
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and then (9.22) A <S> ->-<A and (11.1) D e (x) ^C e ( x) leads to the disjunc- 
tive normal form (DNF) 

(14.1) Y(x) & \/ C e (x) A Y(e). 

e 

Had we started by negating (14.13), we would have wound up with the dis- 
junctive normal form of the inverted function: 

7{x) & \/ C e(z) A F ( e )' (14.16) 



14.3 Shannon’s Expansion Theorems * 

Shannon [1938] asserted that the (output) value F(X 1 ,^ 2 , . . . ,X n ) of any 
logic function F : {0,l} n 1 — ► {0,1} could be expressed by one of the following 
dual formulas 

(X i AF(X u ...,X i - l ,l,X i+u ...,X n )) 

V (Xi A F(Xi Xi- x , 0, Xi+x X n )) , (14.17) 

F(X \, . . . , Xi—i , Xi,X{- |-i , . . . , X n ) 

(Xi V F(X 1 , . . . , Xi-x , 0, Xi+x 

A (Xi V F(Xx , . . . , Xi-x , 1, Xi+x (14.18) 

Clearly, these expansion formulas are correct as you can see by first substi- 
tuting 1 and then 0 for X{. But, as these formulas can only be intuitively 
guessed at within the framework of propositional logic, it is interesting to see 
how they can systematically be developed from the axioms of predicate logic. 
To reduce writing space, we set the value of the index i to 1 which, by the 
way, we can do without the loss of generality. We start by writing axiom 

(13.20) xi = ei =* f(x i,a? 2 ,...,«n) = /(ei , x 2 , . . . , x n ) 

separately for each of the cases e ^ 0 and e 1 1 

Xx - 0 => f(x 1 ,X 2 , ...,X n ) = f( 0,12,. . -,x n ), 

X\ 1 == T r f(^X 1 ) X 2 , . . . , = 2 > • • * ) 3-n )• 

Writing these formulas in a logic form 

*1 - (F(Xx,X 2 ,...,X n ) ~F(0,X 2 ,...,X n )) <*1, 

Xi - (F(Xx,X 2 ,...,X n )~F{ 1,X 2 ,...,X„)) 4»1, 
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then using distributivity 

(Xi — F(X i,X 2 , . . . ,X n )) (Xi — >■ F( 0,.X 2 , . . . , X n )) ^ 1, 

( X\ — * F{X 1,^2, . . . ,X n )) (Xi — > P(1,X 2 , . . . ,X n )) ^ 1, 

and finally employing P —> Q <£> P V Q leads to 

(X 1 VF(X u X 2 ,...,X n )) o (*i VP(0,X 2 ,...,X„)), 

' ' " v ' 

Pi Q i 

(Xi V Fix, ,X 2 ,..., X n )) o (X, V P(l, X 2 , . . . , X n )) . 

S ' ' v ' 

P2 Q 2 

It is worth noting that the expressions P 1 and P 2 , on the left of the above 
logical equivalencies (P x Q u and P 2 <£> Q 2 ) and those on the right, Q t 
and Q 2 , may be ANDed separately according to 

(Pi Qi) A (P 2 4r+ Q 2 ) => (Pi A P 2 ) (<3i A Q 2 ). (14.19) 
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Fig. 14-6 Proving (14.19) 



This logical implication is proved in the truth table of Fig. 14-6. In our case, 
the equivalencies Pi <-> Q\ and P 2 Q 2 are tautologies so that by modus 
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ponens we deduce from (14.19) that Pi A P 2 <=> Qi A Q 2 , he. 

(X 1 VF(X u X 2 ,...,X n ))A(X 1 VF(X u X 2 ,...,X n )) & 

v. . _ - . \ y 

Pi p 2 

(X 1 V F(0, X 2 , . . . ,X„)) A (X V F(l,X 2 , . . . ,X„)) . 

v " ‘ ■■■ ‘ ■ v ^ v ^ 1 1 v 

Q 1 Q2 

Applying distributivity ( X V P) A (X V F) (X A X) V F to the left side of 
the above formula leads to (14.18). (14.17) is valid due to 

(A V B) A (I V C) & {A A C) V (A A P), (14.20) 

the proof of which I lay trustingly in your hands. 



14.4 Shannon’s Expansion to Normal Forms 

Both forms of Shannon’s expansion theorem (14.17) and (14.18) are used 
to completely expand a logic function F : {0,l} n i-» {0,1} to either its 
disjunction of minterms or its conjunction of maxterms representation. This 
expansion process is demonstrated by successively applying (14.17) to one 
variable after another, starting with the expansion of F(X i,X 2 , . . . ,X n ) by 

Xi 

P(X 1 ,X 2 ,...,X n )^X 1 P(l,X 2 ,...,X n ) 

VX!P(0,X 2 ,...,X n ). 

Each of the expressions P(1,X 2 , . . . ,X„) and P(0,X 2 , . . . ,X n ) is then ex- 
panded by X 2 

P(Xi,X 2 ,...,X„)^ 

Xi (X 2 F( 1, 1 ,X 3 ...,X„)V X 2 F( 1 , o, x 3 . . . , X n )) 

V Xt (X 2 F( 0 , 1 , X 3 . . . , x n ) V X 2 F( 0 , 0 , X 3 . . . , X„)) ^ 

X 1 X 2 F(l,l,X 3 ...,X n )VX 1 X 2 F(l,0,X 3 ...,X n ) 

V XiX 2 F( 0, 1, X 3 . . . , X n ) V XtfiFiO, 0, X 3 . . . , X n ). 

After expanding by all variables, we obtain 

f’(X 1 ,X 2 ,...,X„)^X 1 X 2 ...X„f’(l,l,...,l) 
VX 1 X 2 ...X„f’(0,0, •••,!) 

V XiX 2 . . . X n F( 0 , 0, . . . , 0). 
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You will, no doubt, recognise the conjunction of input variables of each row, 
from top to bottom, as the minterms C 2 n- 2 (x), . . . , C'i(x), Co(x) 

while the output values F( 1, 1, . . . , 1), jF(1, 1, . . . , 0), F(Q 1 0, . . . , 1), and 
jF(0, 0, . . . , 0) were previously referred to as 'Y(2 n — 1), Y(2 n — 2), Y(l) 
and Y(0), respectively. Thus, the above formula is (14.1). 




Chapter 15 



Shegalkin Normal Forms 



The normal forms discussed in this chapter are based on XOR and EQU as 
output connectives. The XOR- normal form is obscurely ascribed to Reed 
and Muller. Yet, as it seems to have been first considered and discussed 
systematically by Shegalkin [1927] I feel it a matter of fairness to call it 
and its dual a Shegalkin normal form. For further reading see Almaini 
[1989]. 

15.1 An Overview 



The Shegalkin normal form consists of conjunctions of noninverted logic 
input variables Xi connected via the XOR operation. Which combinations 
of logic input variables occur in the final polynomial is determined by those 
Shegalkin coefficients £ {0,1} that are 1. The Shegalkin polynomial 
has the following general form: 

F(X u X 2 ,...,X n )& 

*o...o 0 

"cT 

Xi < 3> Xl o...o 0 X2 $ox 2 o...o 0 ... 0 •X n < f>o...ox n 0 

^ - - ------ v 

(”) single— variable expressions 

X\ Y2^xix 2 0...0 0 X 1 X 3 $ ;Cl 0 x 30...0 0 • • • 0 X n _iX n $ 0 ...0x„_ 1 x n 0 

v ... ^ - ■ ' i - 

(”) dual— variable expressions 



X 1 X 2 . . • X n $ XlX2 „ mXn . (15.1) 

V- ... V 




Each AND-term of (15.1) contains a combination of input variables. 
One way of finding all possible combinations is illustrated in the column of 
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the input variables x x ,x 2 ,x 3 of Fig. 15-1. Let ei,e 2 ,e3 E {0,1} refer to 
the binary digits of a specified row of the column of input variables. Then, 
multiplying the binary digits (e x , e 2 , e 3 ) by (x x , .t 2 ,x 3 )we obtain (x v e x , x 2 -e 2 , 
£3-^3). We refer to this triple as (<^1,^2, ^3) an d use it as the index triple 
of the coefficient $<^ 1 v? 2 ¥>3- The combinations are obtained by dropping (i.e., 
not writing) those (fi that are zero, e.g., writing £3 instead of OO1E3. 
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Fig. 15-1 The XOR logic triangle 



To determine the Shegalkin coefficients $<^<,02^3 we make use of the 
XOR logic triangle of truth values in Fig. 15-1. Each truth value of the 
top row of the logic triangle is understood to be a specified logic output 
value Y(e) of a given TAE, in our case, of the TAE of Fig. 15-2a. All other 
truth values of the logic triangle are obtained as shown in Fig. 15-2b, i.e., 
Ai+ij 47 Aij ® Aij+i where any Ai+ x j is a truth value of the logic triangle. 
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Fig. 15-2 Synthesis 


A M .J c) Ana] y sis d) \Y 

and analysis of a Shegalkin circuit 



The Shegalkin coefficients are the truth values of the first column of the 
XOR logic triangle (of Fig. 15-1). This allows us to write the Shegalkin 
normal form as 

Y(x i,x 2l x 3 ) 47 

0 ® (X*3 A 1) ® (X 2 A 1) ® (X 2 X 3 AO)® (Ah A 0) 

® (X x X 3 A 1 ) ® (X x X 2 AO)® (X x X 2 X 3 A 0 ) 47 

0®X 3 ®X 2 ®0®0® X x X 3 ® 0 ® 0 <£> 

X 3 ® X 2 ® X x X 3 . 
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The circuit corresponding to the above formula is that of Fig. 15-2d. 
Developing a circuit from a specification (as is the TAE) is called the syn- 
thesis of the circuit. The reverse operation, finding, say, the TAE associated 
with the circuit, is called analysis. The Shegalkin coefficients may simply 
be read off from the formula of the circuit and used as the values of the left 
column of a XOR logic triangle. All the other values of the logic triangle 
are obtained as shown in Fig. 15-2c, i.e., Aij+i <=> Aij © Ai+ij. The logic 
values of the top row of the logic triangle thus obtained are the specifying 
output values of the circuit, and thus the result of the analysis. 



15.2 Developing the Shegalkin Polynomial* 



It is quite straight forward to assume that Shannon’s expansion theorem 



(14.17) 






Xj, , 






(XiA F(X u ...,X i -i,l,X i + ii ...,X n )) 
\f(XiA F(X u ...,X i - U 0,X i + u ...,X n )) 



remains valid if the OR operation is substituted by XOR: 



F{X i, . . . , Xj_i,X t -, Xi-j-i, . . . , X n ) 

(XiA F(X u ...,X i - U l i X i + li ...,X n )) 

© (Xi A F(Xi, . . . , Xi-i } 0,Xi+i, . . • , X„)). (15.2) 

To prove this assumption, we first substitute X{ by 0 , and then by 1 : 



F{X i , . . . , X,-_ 1 , 0, Xi+ 1 , . . . , X n ) <=$ 

(0A F(X u ...,Xi -l, Xi+i , . . . ,X„)) 
®(lAF(X ly ...,X i - U 0,X w ,...,X n )) & 

0 0 F(X 1 , . . . ,X,-_i,0,Xj+i, . . . ,X n )) <£> 
F(X lt ...,Xi- U 0,X i+l9 ... 9 X n )) 9 

F(X 1 , . . . ,Xi_i, l,Xj+i, . . . ,X n ) 

(1A F(X u ...,X i - u l,X i + 1 ,...,X n j) 

0 (0 A F(X 1 , . . . , X 2 _i, 0,X z - + i, . . . ,X n )) <£> 

F(X j , . . . , AVi, 1, Xi+i , . . . , X n )) 0 0 <£> 
F(X 1 , . . . , A*-! , l,X,-+i , . . . , A 
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these results proving (15.2). For our present application, we need to trans- 
form (15.2) in the following way: 

F(X 1 ,X 2 ,X 3 ,...,X n )^ 



(XiAFiXi,.. 




1, , . . 


■ > X n )) 


© (Xi A F(Xx, 


• • • ,Xj. 


_l,0,X;+i, 


...,x n )) ^ 


(XiAF(X lt ... 




l y Xi+i,. . 


• .*«)) 


© ((1 © Xi) A F(X\, . , 


. 1 , 0 , 


Xi-\- 1 , . . . , X n 


(XiAF(X u ... 


■ 1 Xi— 1 , 


1,-XYfi? . . 


•,*»)) 


©(lA^Ii,. 


..,Xi_i 


.,0,Xi + i, . 


••.*»)) 


©(Xi AJ^Xj, 


...,x,. 


- 1 , 0,Xi + i, 


•■•,*»)), 



this being rewritten as 



F(X u X 2 ,X B ,...,X n )<* 






F(X 1 , . . . , X{- 1 , 0, JC i+ i , . . . , X n ) 






® Xi A (F(X 1 , . . . , Xi- 1 , 0, Xi+ 1 , . . 


• 1 Xn) 




® F(Xi , . . . , 1, Xi+\ , . 


■■,*»)) 


(15.3) 



The above formula is the- XOR expansion theorem. Let us now 
consider the first steps in developing the Shegalkin polynomial. For i 1 
we may write (15.3) as 

F(X u X 2 ,X 3 ,...,X n )& 

F( 0,X 2 ,X 3 ,...,X n ) 

© Xi (F( 0, X 2 , X 3 , . . . , X n ) © F(l, X 2 , X 3 , . . . , X n )) . (15.4) 

Next, F( 0 ,X 2 ,X 3 , . . . ,X„) and F(1,X 2 ,X3,. . . ,X„) axe expanded by 
X 2 using (15.3): 

F( 0 , X 2 , X 3 , . . . , X n ) F( 0 , 0 , X 3 , . . . , X n ) 

©X 2 (F(0AX 3 ,...,X n )©F(0,l,X 3 ,...,X n )), 

F(l, X 2 , X 3 , . . . , X n ) & F(l, 0, X 3 , . . . , X n ) 

©X 2 (F(l,0,X 3 ,.,.,X n )®.F(l,l,X 3) ...,X n )). 

Using these formulas in (15.4) allows us to write 
F(Xi,X 2 ,X it ...,X n )& 

F( 0, 0, X 3 , . . . , X n ) 

®X 2 F(0,0,X 3 ,...,X n )©X 2 F(0,l,X 3 ,...,X n ) 

© Xi.f(o, 0, X 3 , . . . , X n ) 

© x 1 x 2 F( 0 , o,x 3l . . . ,x„) © XiX 2 f(o, i,x 3 , . . . ,x„) 

© Xi.F(1,0,X 3 ,. . . ,X n ) 

© XiX 2 F(i,o,x 3 , . . . ,x n ) © XjX 2 f( i, i,x s , x n ). 
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Rearranging the conjunctions and applying distributivity, we may write 

f(x u x 2 ,x*,...m& 

F( 0,0,X 3 ,...,X n ) 

© Xi (F(0, 0, X 3 , . . . , X n ) © F(l, 0, X 3 , . . . , X n )) 

® X 2 (F( 0 , 0 , X 3 , ■ • • , x„) ® F( 0 , 1 , X 3 , • • • , x„)) 

©XjX^EtO.O,^,...,^)®^,!,^,...,*,,) 

© F(l, 0, X 3 , . . . , X n ) © ^(1, 1, X 3 , . . . , X n )) . (15.5) 

Expanding by the rest of the variables X 3 , X 4 , , X„ leads to She- 

galkin’s polynomial (15.1) in which the coefficients $ are multiple XOR. of 
the output values of the function F. 

15.3 Shegalkin Coefficients 

Continuing the derivation of the previous section, we may write the Shegalkin 
polynomial for three input variables as 

F(X u X a ,X s )& 

F( 0,0,0) 

©*! (2^(0, 0,0)©F(1, 0,0)) 

©X 2 (F(0,0,0)©F(0,1,0)) 

©X 3 (.F(0,0,0)©F(0,0,1)) 

© XiX 2 (F( 0, 0, 0) © F( 0, 1,0)© F( 1, 0, 0) © F( 1, 1,0)) 

© XxX 3 (F(0,0, 0) © F( 0,0, 1) © F(1,0,0) © F(1,0, 1)) 

© X 2 X 3 (F( 0, 0, 0) © F( 0, 0, 1) © F(0, 1, 0) © F( 0, 1, 1)) 

© X!X 2 X 3 (F( 0, 0, 0) © F(0, 0, 1) © F( 0, 1, 0) © F( 0, 1, 1) 

© F( 1, 0, 0) © F( 1,0, 1) © F(l, 1, 0) © F(0, 1, 1)).. (15.6) 

Explicitly, the Shegalkin coefficients of the above polynomial 

axe the following expressions: 

$ooo F(0,0,0) 

$* l0 o ^F(0,0,0)©E(1, 0,0) 

$Ox 2 o^F(0,0,0)®F(0,l,0) 

$ 00l3 <$F(0,0,0) ®F(0, 0,1) 

$* ll2 o ^ F (0, 0, 0) © F( 0, 1, 0) © F( 1,0, 0) ® F( 1,1,0) 

$* 1 0*3 F( 0 , 0 , 0 ) © F(0, 0 , 1 ) © F(l, 0 , 0 ) © F( 1, 0 , 1 ) 

$ 0 * 2*3 ^ 2^(0, 0, 0) © F(0, 0, 1) © F( 0, 1, 0) © F( 0, 1, 1) 

$* 2 * 2*3 ^ F( 0 , o, 0 ) © F( 0 , 0 , 1 ) © F(0, 1, 0 ) © F( 0 , 1 , 1 ) 

© F( 1, 0, 0) © F( 1, 0, 1) © F( 1, 1,0) © F( 0, 1, 1). (15.7) 
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It is not necessary to memorise any of the above formulas, nor to look 
them up, as they are easy to develop systematically. Let us use an example to 
demonstrate the method. We want to find the output values F(X i , X2 , X3 ) 
which, when connected via XOR, comprise the coefficient <j> XlX2 o. All the 
input events (X\ , X2, X3), with Xi 6 {0,1}, which are the arguments of 
F(Xi j X2 1 X^) are found by writing the K-set 



IC XlX2 o - {(xi,x 2 ,x 3 )\x 3 - 0 } = {( 0 , 0 , 0 ), ( 0 , 1 , 0 ), ( 1 , 0 , 0 ), ( 1 , 1 , 0 )} 

associated with $ XlZ2 o, he., defining the associated K-set by employing the 
constant(s) in the index of <& XlX2 o as the specifying property of the set. Writ- 
ing the input events of JC XlX2 o in logic form provides us with the arguments 
of F{X\ , X2, X3), allowing us to write 

^x 1 x 2 o F{ 0 , 0, 0) ® F( 0 , 1, 0) 0 F( 1, 0, 0) 0 F(l, 1, 0). 

Of course there is no need to write IC XlX2 0 explicitly — the K-set is only a 
means of explanation. The above method is obviously valid for any number 
n of input variables. 



15.4 On Combinations of Input Variables 



Each row of (15.1) contains a combination of logic input variables Xj, X2, 
. . . , X n . For n = 3 the rows would, from top to bottom, start with the 
following combinations of variables: 

Xu *2, *3 , ^*2 , atx 3 , X 2 X 3 ,X 1 X 2 X 3 . 

group 1 group 2 group 3 

The variables are arranged in three groups, as many as there are input 
variables. A convenient way to write all combinations is stated in the algo- 
rithm below in which, for simplicity, only the indices i of the variables Xi are 
referred to. 

Algorithm for writing all combinations of the given set of 
indices {1, 2, . . . , n}. 

Step 1. Each element of {1, 2 , . . . , n} — written as (1), (2), . . . ,(n) 

— is called a one-element combination, and is placed in a set we 
call group 1. This set is given a group number g that is 1. 

Step 2. In the following step, set the group number g to 2. 

Step 3. For each of the ( g — l)-tuples (. . . , k) of group g — 1 for 
which k < n build the ^-tuples fc -f- 1), (. . . , k, k + 2), . . . , 

(. . . , fc, n) assigning them to a new group g. 

Step 4. If g < n, set g to g + 1 and repeat step 3. 

Step 5. If g — n, terminate the process. 
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The number of ^-tuples or ^-element combinations of the n-element set 
{ 1 , 2 ,..., n) may be calculated as n over g 

/n\ _ n • (n — 1 ) • (n — 2 ) • . . . • (n — g + 1 ) 

W = 1 • 2 ■ 3 • . . . • <7 ‘ 

Using the notation for factorial, n\ = 1-2 • . . . • n, one easily finds 

( n\ n! / n \ 

5/ ?K n -?) ! \ n — 3/ 

As a matter of convention (™) = 1 . The number of all 1 -element, 2 -element, 
to ^-element combinations of n elements amounts to 




15.5 Dual Shegalkin Polynomial 



The duality theorem, (5.18), allows us to write the Shegalkin polynomial 
(15.1) in its dual form knowing it to be valid: 

F(X 1 ,X 2 ,...,X n )^ 

*o...o 

X\ V \E f xi 0 ...o X2 V ^ox 2 o...o <->.••*-+ X n V ^o...ox n 
v v ' 

single— variable expressions 

X\ V X2 V ^f r x 1 x 2 o...o X\ V X$ V ^xiOx 3 o...o 

dual— variable expressions 



X x VI 2 V...VX n V^ XlX 2 ...x, 

V- . . . 

(") 



( 15 . 8 ) 



The coefficients 'F are also dual to <F, and are thus called the dual She- 
galkin coefficients. For three input variables you get the following coefficients 
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dual to (15.7) 



*000 ^( 1 , 1 ? 1 ) 

^ l0 o ^(M, 1)^(0, 1,1) 

^ox 2 o F(1,0,1) 

9ooxs*>F(l 9 l 9 l)++F(l 9 l 9 0) 

* XlX2 o&F(l^ 9 l)^F(l 9 0,l)^F(0 9 l 9 l)<->F(0,0,l) 

V Xl 0x a &F(l,l,l)^F(l,l,O)^F(O 9 l 9 l)^F(O,l,O) 

V 0 x 2 x a &F(l,l 9 l)^F(l 9 l 9 O)^F(l 9 O 9 l)^F(l,O,O) 

^xix 2 x 3 & F(1 9 1 9 1)*-* F(l 9 l 9 0)*-> F(1 9 Q 9 1)*-*F(1 9 0 9 0) 

«-> F( 0, 1 , 1) <-> F( 0, 1 , 0) <-* F( 0, 0 , 1) *-> jF(1, 0 , 0). (15.9) 

Although the result is fully obtained by duality, you may follow an analogue 
(meaning dual ) derivation to that shown in Section 15.2. Interestingly, some 
have more faith in this step by step procedure than in the global approach 
of duality. You could first develop, or at least prove the EQU expansion 
theorem 



F(X u X 2 ,Xs,... 9 X n )& 

F(X i, . . . l,Xi+i, . . . 9 X n ) 

Xi V ( F(Xi , . . . , Xi- ! , 1, Xi+i , . . . , X n ) 

F(X i, . . . ,Xi_i,0,X z 4-i, . . . ,X n )) (15.10) 

Then, applying it as in Section 15.2, you would obtain 

F(X l 9 X 2 9 X 3 9 ... 9 X n )& 

F( l,X 2 ,X*,... 9 X n ) 

^X 1 (F(l,X 2 ,X 3 ,...,X n )»F(0,X 2 ,X 3 ,...,X n )). (15.11) 

and then 

F(X 1 ,X 3 ,X 3 ,...,X n )& 

F(l,l,X 3 ,...,X n ) 

~X 1 (F(l,l,X 3 ,...,X n )~F(0,l,X 3 ,...,X n )) 

~ X 2 (F(l,l,X 3 ,...,X n ) ~ F(l,0,X 3 ,...,X n )) 
^X 1 X 2 (F(l,l,X 3 ,...,X n )»F(l,0,X 3 ,...,X n ) 
~F(0,l,X 3 ,...,X n )~F(p,0,X 3 ,...,X n )). (15.12) 

To get a first impression of the results obtained with the dual Shegalkin 
polynomial we apply it to the TAE of Fig. 15-2a. The easiest way to de- 
termine the dual Shegalkin coefficients ^<p l¥ > 2 <p 3 is to calculate them in the 
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-3 


The 


EQUIVALENCE logic triangle 



xr x 2 - ^3 
0 0 0 
0 0 1 
0 1 0 
0 1 1 
1 0 0 
1 0 1 
1 1 0 
1 1 1 



logic triangle of Fig. 15-3 the elements of which are evaluated as shown in 
Fig. 15-4a. 

The rightmost column of the logic triangle of Fig. 15-3 contains the 
coefficients 4/. With these coefficients the Polynomial may be written as 

Y 44 X 2 ^ X L (X x V X 3 )j (15.13) 

A B c 

the associated circuit being shown in Fig. 15-4c. But, remembering (4.12b) 
— which states that, for an odd number of inputs (e.g., A, I?, and C), Yxor 44 
Yequ — the above formula (15.13) may be rewritten as 

Y 44 X L ®(X! VI 3 ), (15.14) 

A B c 

this leading to the circuit of Fig. 15-4d. As unaccustomed as this may seem 
when first encountered, the two circuits of Fig. 15-4c,d are equivalent. 
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Fig. 15-4 Synthesis and analysis of the dual Shegalkin circuit 
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15.6 Necessary and Sufficient Connectives 

Do we need all the connectives A, >, <, ©, V, V, «-», — >, A to be able to 

write the logic expression of some arbitrary logic function? Obviously not. 
For, as the canonical normal forms (14.1) and (14.2) demonstrate, it suffices 
to employ the connectives of {A, V, ->}, which is why they are said to comprise 
a set of sufficient connectives. But, it should be noted that not all the 
connectives of {A,V, -i} are necessary as you can always express AND by 
OR and NOT — A A B -*{pA V ->B) — as well as OR by AND and 
NOT. However, {A,-<} and {V, “>} are sets of necessary and sufficient 
connectives meaning each of their connectives are necessary when writing 
a general logic expression, but no other connectives are needed. 



set 


->A <£> 


A A B 
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{-,0} 


A -> 0 
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A® B® (AAB) 
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A © B © (A V B) 
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Fig. 15—5 Sets of necessary and sufficient functions 



The two outer columns of Fig. 15-5 contain dual sets of necessary and 
sufficient connectives. How do we know that the connectives of such a set are 
sufficient to write a general logic expression? A straight forward way is to 
express the functions AND, OR, and NOT by those connectives thought to 
be sufficient for writing a general function. To claim necessity it suffices to 
express either NOT and AND, or NOT and OR. In Fig. 15-5 the connectives 
of the left column are used to express NOT, AND, and OR. 

The NAND and NOR functions are especially interesting because they 
are the only ones that on their own, and without the constants 1 and 0, are 
sufficient. Let us see how NAND — which is defined as A A B <£> -'(A A B ) 
— can be used to express NOT, AND, and OR. 

-'A -'(A A A) A A A, (15.15) 

A A B 44- " , ~ i (A A B) <=$ ->(A A B) ->((A A B) A (A A B )) 4^ 

(A A B) A (A A J3), (15.16) 

Ay B ^ — > — '(A V B) <=> ~i(~»A A ~'H) ~ i (—■(A A A) A ~^(B A £?)) 

-((A A A) A (B A B)) 4* (A A A) A (B A B). (15.17) 
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These formulas are shown in Fig. 15-6. Expressing NOT, AND, and OR 
as in the last two rows of Fig. 15-5 is achieved by applying the Shegalkin 
polynomial (15.1) and its dual form (15.8) — and not to forget (4.12). 




Fig. 15-6 Using NAND to express NOT, AND, OR 





Chapter 16 



Synthesis Examples 



This chapter presents a few design examples of combinational circuits. They 
were chosen for their simplicity, their design procedures, and their results. 
You will note that you always need a full understanding of a problem to 
solve it, and that intuition and the desire not to be restrained by pre-set 
boundaries are a very helpful prerequisite. 

16.1 Multiplexers and Demultiplexers 

A common problem in digital information processing is to send information 
(data) from some source to a chosen destination. The most costly and 
inflexible way to do this is to connect each source with each destination. 
At the receiving end, the possible simultaneous influx of information from 
diverse sources would pose quite a problem. 



Ao Ai Bo Bi 




m ultiplexer dem ultiplexer 



Fig. 16-1 Multiplexer and demultiplexer as end nodes of a bus 

The alternative approach is to connect all sources to a circuit called a 
multiplexer (MUX) and to connect all destinations to a circuit called a 
demultiplexer (DMUX), as exemplified in Fig. 16-1. The lead connecting 
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the MUX with the DMUX is called a bus. An input code (Ao, Ai) to the 
MUX enables us to determine which source is connected to the bus. * The 
destination to which the source sends its information is chosen via a code 
to the DMUX. The circuit of the MUX is a direct application of the 
disjunctive normal form (14.1) as was already mentioned in connection with 
Fig. 14-2. 



16.2 Binary Coded Decimal Digits 



While it is most natural for a computer to work with a binary number system, 
we humans usually find it awkward, instead, preferring the decimal number 
system. For instance, few people immediately and instinctively associate 
(100100111)2 with the decimal number 295. A common compromise between 
the binary needs of a computer and our decimal preferences is to encode each 
digit of a given decimal number as a four digit (four bit) binary number, call- 
ing this kind of encoding binary coded decimal or BCD. By this method, 
(295)io corresponds to (0010 1001 0101)jgcT> as detailed in Fig. 16-2. 



dec weight 
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( 295)10 
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( 100100111)2 


0 0 10 


10 0 1 
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bin weight 


8 4 2 1 


8 4 2 1 


8 4 2 1 



Fig. 16-2 Decimal to BCDs 

As our next synthesis example, let us specify and develop a circuit which 
tests whether a four bit binary number (&i b 2 b 3 b 4 )2 is a valid BCD code- 
number or not. If it is a valid code- number the circuit’s output y should be 
1, otherwise y should be 0. Quite clearly, the TAE of Fig. 16-3a specifies 
the circuit. Using (14.1), we obtain the disjunctive normal form as the dis- 
junctions of the minterms of those columns for which the outputs are one (of 
course B{ hi = 1). 

Y B 2 B 3 B 4 V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 

V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 

V B 1 B 2 B 3 B 4 V B 1 B 2 B 3 B 4 



The conjunctive normal form, on the other hand, is obtained by employ- 
ing (14.2), i.e., by writing the conjunctions of the maxterms of those columns 
for which the outputs are zero. 

Y <=>(Bi V B 2 V B3 V B 4 )(Bi V B 2 V B3 V B 4 )(Bi V B 2 V B3 V B4) 

(B 1 V B 2 V B 3 V B 4 )(Bi V B 2 V B 3 V B 4 )(Bj V B 2 V B 3 V B 4 ) 
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Fig. 16-3 Specifying a circuit that tests for a BCD code 



Presumably no detailed explanation is needed to see that the Karnaugh 
map of Fig. 16-3b specifies the same circuit as the TAE of Fig. 16-3a. The 
advantage of the K-map is, of course, that we may read off far simpler dis- 
junctive and conjunctive formulas than when employing canonical normal 
forms (14.1) or (14.2). Respectively, the disjunctive and conjunctive forms 
(see Sections 7.2 and 7.3) are: 

DF: Y&BiVfyBs 

CF : Y ^(B 1 yB 2 )(B 1 V5 3 ) 

As these formulas (the circuits of which are shown in Fig. 16-4) are far simpler 
than the canonical ones, the question of minimising canonical expressions is 
obviously of great importance. We shall start to look into this problem in 
the next chapter. 




a) Disjunctive circuit b) Conjunctive circuit 



Fig. 16-4 Circuits for testing the BCD code 



Do note that these two formulas (DF and CF) are also equivalent due to 
distributivity: Bi V B 2 Bz <=> (B i V B 2 )(Bi V B 3 ). In spite of the equivalence 
of these expressions, and of their circuits of Fig. 16-4, one has the feeling that 
they must behave differently in some way. And, in fact, there are situations 
in which they do behave distinctly differently, being prone to different kinds 
of errors. Studying such errors and how they occur is the subject of a later 
chapter on hazards. 
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16.3 Priority Decoder 



A priority decoder may be specified as follows: In an ordered n - tuple 
(xi,X2, • • • , £ n ) of input signals the (decimal) index i of the first input sig- 
nal Xi to be 1 is transformed into a binary number the digits of which are 
the output signals z \ , £2 , . . . , Zk- Let us use a small decoder of four inputs 
(#i, ®2j ^3? £4) and three outputs z 1, 22, 23 to see how to interpret the above 
specification. Such a decoder is defined in logic terms in Fig. 16-5a. 



a) Specification 
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Fig. 16-5 A four input, three output priority decoder 

The dashes (‘-’) stand for either 0 or 1. Thus, (0,0,1,-) is a shorthand for 
either of the two quadruples (0,0, 1,0) or (0,0, 1,1). Associating (aq , #2, £3, X4) 
with (0,0,1,-), the first variable to be 1 is aq, its index 3 being expressed in 
binary form as (0,1,1), these three digits being the output values of (z\ , zi, 23). 
Hopefully, this suffices to illustrate the general specification. 

Staying with the example (0,0,1,*) of an input quadruple, we now design 
a subcircuit the output, call it 1/3, of which is 1 if a? 3 is the first input variable 
to be 1. This implies that, for to be 1, x 1 and X 2 must both be 0, and 
that the value of X 4 is irrelevant. As X 4 has no influence on the output 2/3 , 
our subcircuit need only incorporate aq, £2, £3 as input signals. The fact 
that y 3 is 1 if and only if aq is 0, X 2 is 0, and £3 is 1 may be expressed 
as Y3 Xi < (X 2 < X 3 ) as you can show by writing a truth table for 
Xi < (X 2 < X 3 ). You might also want to look up what was said on the 
choice of Iverson’s notation X\ > X 2 for the inhibition in Section 4.1. In a 
like manner we can express all variables Yi, Y2, Y3, Y 4 of Fig. 16-5a as: 



Y x &X U 

Y 2 &X, < X 2 ^ Xi A X 2 , 

Y 3 &X l < (X 2 < Xi) ^ Xi A (X 2 A Xi) *44 (X! A X 2 ) A X 3 
& (Xi A Xi) A X 3 & (X 1 VI 2 )I 3 , 



Yt <*Xi < (X 2 < (X 3 <Xi)) &...<* (Xi VX 2 V X 3 )X 4 . 
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Finally, from Fig. 16-5a, the outputs of the priority decoder can be read 
off as: 

Zi & y 4 , 

^ ^2 V F3 

z% Y\ v y 3 

Combining the formulas for Yi, Y 2 , Y 3 , Y 4 and Z\, Z 2 , Z 3 leads to the 
final circuit of Fig. 16-5b. 



16.4 Comparators 

This is a rather extensive example, the intention being to stress that real 
world solutions are seldomiy obtained in a straight forward manner. A com- 
parator is a circuit that compares two numbers, 

n n 

x = ^Xi. 2 n ~‘ and y - 'y' j y i .2 n ~\ 
i=l i— 1 

i.e., checks whether x>y y x = y, ovx<y. From our study of ordered 
pairs we already know from (3.4) and (3.5) that two numbers are equal when 
equally positioned (weighted) digits are equal: 



x = y {x\ = yi) A (x 2 = 2 / 2 ) A ... A (x n = y n ). 

This formula can be represented by the circuit of Fig. 16-6a the output of 
which consists of a n-input AND. A more flexible solution would be to design 
(identical) modules that could be put together (say, cascaded) to obtain a 
(a; = y )~ comparator of a desired number of inputs. This can in fact easily 
be achieved by expanding the above formula with the help of A <=> A A A 
(Fig. 10-4): 



x = y <£> (x x = yt) A (x 2 = y%) A . . . A (x n = y„) & 



Oi = yi) 


...Ri 


A (xi = 2/1) A (x 2 = 2/2) 


...r 2 


A ( x ! = 2/1) A (x 2 - 2/2) A (x 3 = 2/3) 


...r 3 



A (zi =yi)A(x 2 = 2 / 2 ) A ... A (x n = y„) ...R„ 

Referring to the conjunction of any row z, above, as i?;, you can see that, 
for i > 2, Ri <=$> Ri~i A (xi = */;), allowing us to design the cascaded circuit 
shown in Fig. 16-6b. 
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X, Yt X 2 Y 2 X n Y n X Y i X* X 3 Y 3 X a Y n 




Fig. 16-6 (x = y)-comparators 

Let us now turn our attention to the question of when two numbers, 
x and y, are distinct This is decided in the highest position in which two 
digits are distinct. You thus start by comparing the highest weighted bits, 
in our notation x\ and yi. If they are equal , you compare the next lower 
bits, X2 and y^. You carry on in this manner towards lower weighted bits 
until you come across unequal bits, these deciding which of the numbers is 
the larger one. This procedure, or algorithm, is expressed in the following 
formula for the larger than relationship x > y. Note that, if the truth value 
of the conjunction of some row i is 1, the truth value of all foregoing rows 
are 0. This mirrors the basic idea of the above algorithm. 

x> y & (x i > yi) 

v ((xi =yi)A(x 2 > yi)) 

V ((xi = i/i ) A (x 2 = 2/2) A (x 3 > ?/3 )) 

V ((xj = yi ) A (x 2 = y 2 ) A (x 3 = y 3 ) A (x 4 > 2/4)) 

V ((«! = 2/1) A (x 2 = 2/2) A ... A (x n -i = 2 /n-i) A (x„ > y„)). 

An economic way of designing the logic circuit of the above formula is 

to fall back on the cascaded solution for equals, x = y, shown in Fig. 16-6b. 
Doing so enables us to draw the circuit of Fig. 16-7a. As you can see, the five 
gates drawn one below the other, and their interconnections, are repeated for 
the comparison of each pair of input digits. Such repetitive units are usually 
called modules. Modules are often redesigned (see Fig. 16-7b) in such a 
way as to imply their use — in our case, by cascading them. 

Modular circuits have advantages: You need only test a single module, 
not the whole, often complex circuit. But, if modules are cascaded, the com- 
pound circuits tend to be relatively slow as the resulting signals of one module 
are propagated to the next module. A worthwhile approach to designing po- 
tentially fast combinational circuits is to specify the problem directly in a 
TAE or K-map. Allow me to discuss this approach for our running example 
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Fig. 16-7 Modular design of a circuit for x = y and x > y 



x > y using a K-map. Given the 2-digit numbers 

X = Xi ■ 2 1 + x 2 ■ 2°, and y = Vi -2 1 +y 2 ■ 2°, 

and the logic variable Z^>y x > y, we may specify its value as shown 
in Fig. 16-8a. The entry, 0 or 1, to each cell must be decided individually. 
This is done according to the aforementioned algorithm by which the dis- 
tinctness of two numbers is decided in the highest position in which two bits 
are distinct. 







Fig. 16-8 Specification and circuit of x > y for 2-digit numbers 



Let us take as examples the entries into the cells 0, 1, and 4. The value 0 in 

cell 0 expresses the fact that the binary number (0,0), standing for 

is not larger than (0,0), standing for (y-i , 2 / 2 )- In ce ^l 1 we enter 0 to express 
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that (0,0) is not larger than (0,1) as a comparison of the lowest weighted bits 
shows. The complementary case is shown in cell 4 containing the value 1 as 
the comparison of the lowest weighted bits lets us decide that (0,1) is larger 
than (0,0). The loops enable the output Z^ y to be calculated as 

4> # ^ XiYx V X 1 X 2 Y 2 V X 2 Y 1 Y 2 & XiYi V {X t V Y 1 )X 2 Y 2 , 

this formula leading to the circuit of Fig. 16-8b. This preliminary result 
is interesting when compared with the first stages (those for {xi^x 2 ) and 
(yi,t/ 2 )) of the circuit of Fig. 16-7a: No part of the circuit of Fig. 16-8b is 
related to the question of when (xi,x 2 ) and (yi ,1/2) are equal. 

To continue this promising approach let us consider a K-map to express 
when (x ll x 2 ,x 3 ) is larger than (yi , y2 , 2/3), see Fig. 16-9. Its algebraic eval- 
uation leads to 



X3Y1Y2Y3 X 2 Y>Y 2 xx 3 y 2 y 3 




Fig. 16-9 Specification of x > y for 3-digit numbers 



Z% & Xi Yi V Xi X 2 Y 2 V XiX 2 X 3 Y 3 
V Y 1 X 2 Y 2 V YtfiXsYa 
V XiYiXzYz 

v r 1 r 2 x 3 y 3 

The conjunctions of this formula have been arranged in such a way that 
you can easily recognise the possibility of ‘extracting’ the subexpressions 
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X%Y 2 and X 3 Y 3 , thereby obtaining 
X 1 Y 1 

V (X 1 VY 1 )X 2 Y 2 

V (XjX 2 V YiX 2 V X 1 Y 2 V FiFj jXsFs. 

O XlFj 

V (Xi vFi)X 2 F 2 

V ((Xi v Fj)x 2 V (Xj V F 1 )F 2 )x 3 F 3 

^x t F 3 ' 

V (XiVFi)X 2 F 2 

V (X! vFi)(X 2 vF 2 )X 3 F 3 . 

Looking at the results for Z^> y ■Yf Xi Yi , and it does not seem 

farfetched to conjecture 

Z% o XxFi 

V (Xi vFx)X 2 F 2 

V (Xj V Fx)(X 2 vF 2 )X 3 F 3 

V (Xx V Fx)(X 2 V F 2 )(X 3 V F 3 )x 4 F 4 . 

This formula, a proof of which is given in Section 20.4, can be drawn as the 
circuit of Fig. 16-10. It was designed in a straight forward manner avoiding 
internal cascading, thus being a potentially fast circuit. 



Xi Yi X 2 Y 2 X 3 Y 3 X 4 Y 4 




Fig. 16-10 Circuit for Z^ y x > y where x and y are 4-bit integers 




Chapter 17 



Concepts Old and New 



Looking back at the canonical normal forms of Chapter 14, the backbone of 
most algebraic methods for designing switching circuits, we have to admit, 
the results achieved with the normal forms do not compare well with the 
simpler ones obtained by the graphic approach of the K-map. The advantage 
of the K-map lies in the use of the highly adaptive and versatile K-sets. 
The disadvantage of the canonical normal forms is that they express their 
results in inflexible and cumbersome min- or maxterms. Clearly, it is desirable 
to reformulate the canonical normal forms in such a way that they reflect 
the flexibility of the K-map. To reach this goal, however vague it has been 
expressed, there are a number of new concepts we need to develop. Each is 
covered in its own section. 



17.1 Multiple Events* 



An individual event (or an asserted input-event, as it was called in Section 
1.3) 

(e a , . . . , e n ) with e; € {0, 1} (17.1) 

is an n-tuple of Os and Is, i.e., each e;, once chosen, remains invariable. For 
n 4, each of the quadruples (0,1, 1,1), (1,0,0, 1) is an example of an 
individual event. 

When trying to find all the individual events (ei, . . . , e n ) which comprise 
a given K-set, we come across a generalisation representing a multitude of 
individual events. For example, consider the K-set 



(zi,Z2,£3,z 4 ) € 1C a xi = 1 A x 3 = 0. 

Every input event that is an element of 1C a must make the defining expression 
xi — 1 A x 3 = 0 of 1C a a true proposition. As x 1 = 1 A =0 is true when 
substituting x\ by 1 (aq ^ 1) and x$ by 0 (r 3 0), we can write 



(1, ,r 2 , 0, ,r 4 ) g/C^4^1 = 1A0 = 0^1. 
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Taking the expression (1,22,0,24) E 1C a to be true means it must be true 
for all combinations (0,0), (0,1), (1,0), (1,1) of (22,24) so that 

JCa = {(1, 0,0,0), (1,0, 0,1), (1,1, 0,0), (1,1, 0,1)}- 

In this section, we want to concentrate on rz-tuples such as (1, #2? 0, #4), 
noting that they stand for a multitude of input events. Let me refer to the 
general form of such an n-tuple as a multiple event denoting it as 

(¥>1 with ip, <= {0, Mi}. (17.2) 

Characteristic for the multiple event is that any position, say the z-th, stands 
for one of the three symbols 0, 1, or a;*. We have already made use of these 
multiple events, albeit tacitly, in classifying Shegalkin coefficients in 

Sections 15.1 and 15.3. 

To get a feeling for the concept of multiple event and its specification 
(<pi, . . . , <p n ), with (fi E {0, 1,2,-}, let us look at a few examples taking n to 
be 4. If each (pi is a given constant, either 0 or 1, then (<^1, V?3, ^4) is 

some individual event, say, (0, 1,1,1). Now assume that only 3 variables <pi 
are assigned specific values, e.g., (pi < — 5 0, ^1,^3 <— 5 1, while <£>4 remains 

unspecified (<p 2 ^ £4), then (</>i, (P 2 , ¥>3, ^4) becomes (0, 1,1,24). As 24 
can be either 0 or 1 (24 E {0,1}), the multiple event (0,1,1,24) represents 
any of the individual events (0, 1,1,0), (0, 1,1,1). Similarly, the multiple 
event (1, 22, 0, 24), containing two variable symbols, stands for any of the four 
individual events (1,0, 0,0), (1,0, 0,1), (1,1,0, 0), (1,1,0, 1). Generalising, if 
the multiple event ((pi , . . . , (p n ) contains k variable symbols 2^,2 ^,..., X { k , 
then ((p 1 , . . . , (p n ) stands for 2 k input events (ei, . . . , e n ). 

To obtain a simpler notation, the indices i of the variables 2 i are 
often omitted, letting the position in which the variable is written represent 
the value of the omitted index. By this convention we may write (0, 1, 1,2) 
instead of (0, 1, 1, 24), and (1, 2, 0, 2) instead of (1, 22 , 0, 24). 

To simplify the notation for multiple events, when desired, let us agree 
to use (p (without a subscript) as an abbreviation for (y?i, . . . , (p n )\ 

W 4^ (vr , . . . , tpn)‘ (17.3) 

To distinguish a multitude of, say L, multiple events we employ superscripts , 
writing them in parentheses to avoid interpreting them as realising the power 
function: 

S(PP,...,PP) with *€{1,2,...,L}. (17.4) 

17.2 Karnaugh Sets Revisited* 

Reconsider the original definition, (6.12), of a Karnaugh set as a set /C of 
input events (xi , 2 2 , . . . , x n ) whose common and defining property is that 
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each variable of a given subset {2^ , Xj 2 , . . . , Xi k } of the set of input variables 
{21,22,. . . , 2 n } is assigned a certain value, either 0 or 1 . This was stated 
more formally as 

( 6 . 12 ) (xi, . . . ,x n ) e K. (Xi, = e ix ) A (x h = e; 2 ) A . . . A ( x ik = e;J, 

with . - , a; ife } C {zi, a: 2 , • • • , x n } and e^e;,,. . . ,e; t €{ 0 , 1 }. 

The above definition gives a good description of what a K-set is, allowing 
us to use it as in Chapter 7 . But to work set-algebraically with K-sets we 
need to define them more precisely. Here, the notation used for a multiple 
event proves its value. 

( 17 . 5 ) A Karnaugh set is a set of the individual events 

(#1, . . . ,2 n ) that are represented by a given multiple event which, 
according to ( 17 . 2 ), we denote as (</?i,. . . ,(p n ), 

n 

,X n ) € }C Vl ... Vn M- /\(xi = tpi), Pi € {0,1,2;}. 

A set defined by ( 17 . 5 ), is always a Karnaugh set by the weaker 

definition ( 6 . 12 ) repeated above. Let me make this plausible by considering 
the examples (0, 1, 1,2 4 ) and (1,22,0, 24) of a multiple event (c^i,^,^?^)- 
First, write ( 17 . 5 ) for (6,1,1,24): 

(21,22723,24) G /Collar 




(21 , 22, 23 , 24) G JCqh X4 ^ Xi A X2 A A3 

Similarly, we obtain (21,22,23,24) € X lx20x4 Ai A X 3 . 

More generally, if tpi stands for 1 then 2 i = <pi becomes Xi = 1 Xi] if 
(fi <—> 0 then 2 i — xi — 0 X i] and if ipi x\ we get X{ = (p± <=>■ = 

Xi <& 1. Thus the right side of ( 17 . 5 ) reduces to the right side of 

( 6 . 12 ) (21, . . . ,2 n ) G Xi <^> (2^ = e h ) A (x i2 = e h ) A ... A (2^ = e lfc ) 

in which e; 15 e,- 2 , . . . , e t - fc G { 0 , 1 }, verifying that as defined in ( 17 . 5 ), 

is a Karnaugh set in the sense of (6.12). This indexing convention for K-sets 
was already used, albeit reticently, in Section 15.3 when discussing the con- 
nection between a Shegalkin coefficient < 5 ^...^ and the K-set A ¥?1 ... ¥ , n . 



17.3 Generalised Minterms * 

Minterms were first introduced in Section 5.1 using minterm functions c e . 
They were characterised as mapping one and only one event e to 1. The 
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generalisation to be effected here is to map each event e of a given K-set 
/C Vl mm ,fp n to 1, calling the function that does this a generalised minterm func- 
tion An example of such a function is pictured in Fig. 17-la. 




a) A generalised minterm function 




b) A generalised maxterm function 



Fig. 17-1 Examples of generalised min- and maxterm functions 



(17.6) The generalised minterm function is a switching 

function {0, l} n ► {0,1} that maps the input events (x \ , . . . , x n ) 
of the K-set and only these, to 1: 



n 

■ ■ ,Xn) = 1 ^ /\{xi = <pi), with (fii € {0, l,Xj}. 

2=1 

The generalised minterm C ipi ,^ (pri (x i,. . . , x n ) is simply the abbrevi- 
ation for the assertion that the output variable c ipi _^ n (x i,...,x n ) of the 
generalised minterm function c v?1 ... v?n : {0, l} n \-+ {0,1} is 1. 

dlpl •'•'■Pn (^l > • • • 5 ^n) ^ — f- (17.7) 

Using this in (17.6), we get: 

n 

Cipl (^1 ? * * • •) X n) ^ f \ (x j = (^>i). (17.8) 

2=1 

As the right sides of this formula and of (17.5) are identical, we may rewrite 
(17.5): 

(xi, . . . ,x„) € <£> C<p lm . m <p n (x i,. . . ,x n ), each <p>i e {0, l,x*} (17.9) 

showing that the generalised minterm is the defining expression of 

the K-set JC ipi ,,, iPn . This algebraic result parallels the use of K-sets in K-maps 
and is, as such, the first step towards algebraic flexibility. 

The multiple event . . , <£> n ) used to index the generalised minterm 
C<pi...ip n classifies it uniquely. The position i of a constant value of tpi is used 
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as the index i of a logic variable that is inverted if the constant is 0, and not 
inverted if the constant is 1. Check this for the following examples: 

Cooi ^ ( x i = 0) A ( x 2 = 0) A (x 3 = 1) X 1 X 2 X 3 , 

C Xl 10 (xi = xi) A (X2 = 1 ) A (2:3 = 0 ) 1 A X2 A X 3 X 2 X 3 , 

Cnx 3 (xi = 1) A (x 2 = 1) A (x 3 = x 3 ) <&> Xi A X 2 A 1 <£> XjX 2 . 



17 A Generalised Maxterms* 

As you may remember from Section 5.2, the maxterm function d e was defined 
to be the negation of the minterm function c e , i.e., the maxterm function 
maps the event e, and only this event, to 0 (not to 1, as c e does). The 
generalisation undertaken in this section is to map each event e of a given 
K-set to 0 calling the function that does this a generalised maxterm 

function and making it the negation of the generalised minterm 

function c v?1 ... (j0n . An example is shown in Fig. 17-lb. It differs from the 
generalised minterm function c ¥5l ... ( ^ n of Fig. 17-la only in that the values of 
the co-domain have been interchanged. 

(17.10) The generalised maxterm function d ^.. t(Pn is a switch- 
ing function {0,l} n h- > { 0,1} that maps each of the input events 
(a?i , . . . , x n ) of the K-set /C v?1 ... v , n , but only these, to 0: 

n 

d Vl ... Vn (xi,...,x n ) =ol£ f\(xi =ipi), with <pi G {0, 1, Xi). 

l-l 

The generalised maxterm , . . . , x n ) is defined as the assertion 

that the output variable d ipii _ (pn (x x , . . . , x n ) is 1: 

...ifn (*^1 5 • • • 5 x rv) 4^ d l _p 1 ...ip n (x\) . . . , X n ^ — 1, (17.11) 

and is sometimes simply written as In developing a formula by 

which to evaluate the generalised maxterm D v?1 ... v?n , we note that it is its 
inverted form, that is stated in (17.10) which may therefore be 

written as: 

n 

• ••¥>« i x l ■)-'••> x n) ^ f\{xi ~ ^pi)i (pi € {0, 1, Xi}. 

i= 1 

Inverting this formula, 

n 

Dipi...<p n (^i , . . . , x n ) <=> A i x i — <Pi), € {0, 



(17.12) 
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and employing (9.22) and (13.67) -« f\ P(a?) V - *P(x ), 

leads to the formula by which to evaluate 

n 

71(^1 ...v? n (*^1 ? • • • > ^n) ^ 7^ ^0? V 7 * C {0, 1, a?*}. (17.13) 

2=1 

The comparison between (17.12) and (17.8) allows us to infer that 
is the negation of 

•••¥>»» ^ (17.14) 

The generalised maxterm on its part, defines a set that is the com- 

plement of the K-set /C Vl ... ¥ , n 

V?1 ...<Pn }, (17.15) 

17.5 Partitions and Equivalents 

Partitioning a set refers to splitting it into mutually disjoint subsets. Every 
function / splits or partitions its domain into mutually disjoint subsets — 
all the elements of a certain subset being equivalent in that they (and only 
they) map to a specified element of the co-domain. Such a subset is therefore 
called an equivalence set or an equivalent for short. The set of all these 
equivalents is called the partition of the domain induced by the function 

/• 

A switching function / : {0, l} n t~> {0,1} (whose co-domain consists of 
0 and 1) thus partitions its domain (the set £ — {0, 1, . . . , 2 n ~ 1 } of input 
events) into a 0-equivalent E 0 and a 1-equivalent E\ (the prefix, 0 or 1, 
being the output value to which the elements of the equivalent are mapped): 

So £ {x|/(x) = 0}, e x S {x|/(x) = 1}. (17.16) 

Remembering that /(x) is a brief form for f{x i ,...,£„) — see Section 14.2 

— and that y(x) = f(x i,...,£„), we use the definitions Y(x) <£> y(x) = 1 
and Y(x) y(x) — 0 to rewrite (17.16) as 

x6f 0 ^ Y{x ), Y{x). (17.17) 

Clearly, £o and E\ are disjoint, meaning their intersection £q H £\ is 
empty, while on the other hand, together they comprise all input events of 
the universe £ 



£ 0 n £ i = 0 and foUfi = £. 



(17.18) 
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Either So or S\ can be empty, this being the case when / is either the 
one- or the zero-function (see Fig. 4-1), respectively. Now, let the symbol a 
be a constant standing for a specified value — either 0 or 1 — of the output 
variable y. Then we may write S a for either So or S\ , as the case may be: 

£ a = {x|/(x) = a}, with a € {0, 1}. (17.19) 

It is a customary and approved method to define a switching circuit 
/ : {0, l} n h-* {0, 1} by specifying one of its equivalents, either So or S\. In 
fact, we have implicitly been doing this when defining a switching circuit by 
specifying a K-map. The cells which contain Is represent the 1-equivalent S\ 
whereas the cells in which a 0 is inscribed represent the 0-equivalent So. 

17.6 Prime Sets 

The basic idea in evaluating a K-map is to cover either the 1-equivalent Si 
or the 0-equivalent Sq with the largest possible K-sets usually using as few 
of them as possible. A largest possible K-set is called a prime set . According 
to (17.3) we can write for /C v?1 ... (<£5n to denote K-sets in general. Although 
prime sets are K-sets, they are sufficiently important to justify the introduc- 
tion of a characteristic symbol, a calligraphic V (always with an index), to 
represent them, e.g., writing V ^ (for < P^ 1 ... v?n ), or V^. A formal definition of 
a prime set could look like this: 

(17.20) A prime set of any subset Ss of S is a largest K-set 
that is itself a subset of Ss • Let V# and V ^ be K-sets that are 
subsets of Ss: 

Vcp is a prime set of Ss M- - 1 \J C . 

v* 

The right side of (17.20) states that not even one K-set V ^ of Ss exists — 
(-1 Vt>*) — which is a relative universe of — (fPtp C In K-maps 

of four variables or less, prime sets are very easy to recognise. For instance, 
each loop in Fig. 16-8a represents a prime set of S\ = {4,8,9,12,13,14}. 
But, it takes some practice to find all prime sets on a K-map such as the 
one of Fig. 16-9. The defining expression C^(x) of a prime set V ^ of the 
1 -equivalent S\ — x G V ^ Ctp(x) — is called a prime implicant. 



17.7 Covers 



The importance of large K-sets, in fact of prime sets, was first demonstrated 
in Sections 7.2 and 7.3 where the areas of Is and then of Os in K-maps were 
completely covered by prime sets. This aspect is stressed and generalised by 
introducing the concept of a cover. 
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(17.21) A cover V(£s) of any subset £s C £ — let us refer to it 
as an £s ~ cover — is a set of prime sets 

P(£s) = {?>),•••,?>)}, 

which are said to cover £s , meaning, 



^(i)U---U V^L)=£s 



(a) The full cover Vmax{£s) of £s is the set of all prime sets of 

£s \ 

(b) An irredundant cover Vvr(£s) of £s is a set of those prime 
sets of £s each of which is necessary in comprising a union of £s 
(i.e., removing any prime set from the irredundant cover turns 
the union of the remaining prime sets into a proper subset of 

(c) A minimal cover Vmin(£s) of £s is an irredundant cover with 
a smallest number of prime sets. (The expression ‘minimal’ 
(instead of ‘minimum ’) is used to stress that there can be more 
than one such cover). 

Specialising, we refer to V{£\) as an £\ -cover, but more simply as a 
1-cover. Similarly, V(£o) is called an £ 0 -cover, a O-cover. 

Covers are easily visualised in K-maps where a given subset £ a of in- 
put events is completely covered by loops representing prime sets. In the 
example of Fig. 17-2a the set £\ of input events is specified by the 1 en- 
tries. Together, all the loops in the figure comprise the full cover Vmox{£ i) = 

T’b-) 'Pc-* As you can see, there are two minimal cov- 
ers. One, 'P^(fi), represented by the dashed-line loops with = 

\Va,Vb,Vc), the other, V^{£\) — {Vd, Ve% TV}, pictured as full-line 
loops. 




Fig. 17-2 Examples of covers 

Of course, in general, prime sets of a minimal cover need not be disjoint, 
as pictured in Fig. 17-2b where a given subset £\ is covered by V\ and TV 
On the other hand, {IC^Vi} is not a cover because 1C is not a prime set of 

ft. 
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17.8 Inclusions and Exclusions * 

After having found or chosen a cover for a given subset £s Q £ of input 
events, we next need to write the logic formula associated with the cover. To 
be able to do this we introduce two concepts, inclusion and exclusion , that are 
of advantage in developing specialised versions of disjunctive or conjunctive 
forms, versions which are adapted to specialised applications. For generality, 
assume you have determined a cover (any cover, not necessarily a minimal 
cover) 



'P(^s) = {'P^(i), • • • ,7^)}, £s = V^i) U • • • U Vy{L) (17.22) 

of a given subset £s of the universe £ of input events, the cover consisting 
of the prime sets V^i), with l £ {1, . . . , L}. By £s = V^i) U • • • U V^l) 
and x £ (j£=i V^I) v£=i( x e (/>), (11.20), we can decide when x is an 
element of £s : 



x £ £s & (x £ 7^(1)) V ... V (x £ 7 % ( l)), (17.23) 

this, not surprisingly, being the case if x is an element of one or more of the 
prime sets. Being K-sets, the defining expressions of the prime sets are 
the generalised minterms: 

(17.9) C vW (x) x € , 

enabling us to rewrite (17.23) as 

x £ £s ^ C v ( i) V ... V C^l), (17.24) 

or all inclusively as 

X € £ s V C v (x), (17.25) 

v-.V'pevies) 

noting that (p: £ V(£s) is read: those <p for which V ^ £ V(£s)- 

Let me refer to an input event x of a set which itself is an element of 
a set V(£s ), as being included in V(£s)- Then, by (17.22) we can say that if 
x £ £s, and thus of one or more of the sets x is included in V(£s)- Now, 
allow me to introduce a logic variable Us(x) — for which we shall sometimes 
simply write Us — as an abbreviation for the right side of (17.25): 

[7 s (x) & \/ C v (x). (17.26) 

<P'V v &>( £ s ) 

As f7s(x) is true iff x is included in any of the covers V{£s) of £s let us refer 
to Us(x) as an inclusion. The combination of (17.25) and (17.26), 



Us(x) <=> x £ £s 



(17.27) 
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is interpreted as ‘E7s(x) is true iffxe £s ’• Next, inverting (17.25), 

xg£s&-'( \J CV(x)) /\ O v (x), (17.28) 

V:V v €V(£ s ) ‘f>-.'P v €'P(e s ) 

allows us to define the exclusion Vs(x), 

Vs(x) f\ D v {x) &xg£s<& Us(x), (17.29) 

v.v v ev(e s ) 

as being true iff x is excluded from V(£s), i.e., although the V v are elements 
of V(£s)-, x is not included in V(£s) because x is not an element of £s and 
thus not of any of the 



17.9 Evaluation Formulas * 



The formulas (17.30) and (17.31), developed below, serve the same purpose 
as the canonical normal forms of Chapter 14 — they allow us to calculate 
logic formulas for given switching functions. But, in contrast to the unique 
solution provided by canonical normal forms, the evaluation formulas (as 
they are called here) provide multiple solutions — one for each choice of 
a cover. It is also interesting to note that the derivation of the evaluation 
formulas is completely independent of the derivation of the canonical normal 
forms (put forth in Chapter 14). Now, to the derivation: Combining (17.17) 
and their negations, 



x e £i y(x), 


x £ £ 0 Y(x), 




x ^ £i <s>F(x), 


X g £ 0 <$■ y(x), 




with 






X e £i f7i(x), 


x € £„ U 0 (x), 




^(x), 


x$£ 0 ( £# ) Vo(x), 




allows us to write so-called evaluation 


formulas as 




7(x) ^ Z7j(x), 


F(x) J7 0 (x), 


(17.30) 


Y(x)#V!(x), 


Y(x) & Vo(x), 


(17.31) 


or — using (17.26) and (17.29) — in an 


explicit form as 




y(x) (1 ^ a) \/ c v (x), 


F(x) V 


C v (x), 


<p:V v eP(£i) 


V-.V v 6V(£ 0 ) 




TF/ •. (17.31a) A _ . . 

y(x) /\ Dp(x), 


Y(x) “S* 1 f\ 


D v (x). 


<p-.V v eV(£,) 


V-.V^ZViSo) 
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Let me refer to (17.30) as inclusion evaluation- formulas, and their 
usage as evaluation by inclusion. The logic formulas obtained by the inclusion 
evaluation-formulas are called disjunctive forms. The equations (17.31) 
are then referred to as exclusion evaluation- formulas, and their usage 
as evaluation by exclusion. The logic formulas obtained by the exclusion 
evaluation-formulas are called conjunctive forms. 

The evaluation formulas are in close relationship to the canonical normal 
forms summarised here 



2 n — 1 

Y(x) ^ V C e (x) A Y(e), 

e =0 
2 ” —1 

Y(x) { & /\ £>e(x) VF(c), 

e =0 



2 n — 1 

F(X) ( £4 6) V (7e(x) A F(e), 

e =0 
2 n —1 

y(x) ^ f\ £> e (x) V Y(e). 



To emphasise the close relationship between (14.1) and (17.30) we transform 
(14.1) using: £ = {0, 1, . . . ,2 n - 1}; £ = £ 0 U£i ; So CiSi = 0; x € So <£> Y(x); 
x E & <=> Y(x). 



2 ” —1 

y(x) 4* \/ C e (x)Y(e) & \/ C e (x)Y(e) 

e =0 e££ 

# ( V C ‘(x)y(e)) V ( V Ce(x)y(e)) \J C e (x). 

e ££ 0 ee£i e 

A comparison of the above form of (14.1), F(x) VeG^i ^e( x ), an< ^ 
the explicit form of the evaluation formula (17.30a) give rise to asserting the 
following complementary logic equivalencies: 

\/ C e (x) ^ \/ C v (x), /\ £» e (x) O /\ D V (X). 

ee£ s ^V^eViSs) e€£ s ^.V^eV{£ s ) 

( 17 . 32 ) 

The minterm version of (17.32) follows from (17.25) and from 

x € £s & \J C e (x) <£> \J (x = e). (17.33) 

e££ s e££s 



To prove this formula, assume £s to be some arbitrary subset of £, say, 
£s — . . . , e^ L )}. This allows us to write (17.33) as 



x € {e^ 1 ', e^ 2 \ . . . , e^ L ' } <-> (x = e^) V (x = e- 2 ^) V . . . V (x = e^ L - ), 
which is clearly true for any x. 
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Minimisation Preliminaries 



Loosely stated, minimisation usually refers to the simplification of logic for- 
mulas obtained as canonical normal forms, either disjunctive or conjunctive, 
from (14.1) and (14.2). In this presentation, emphasis is instead turned to 
finding full and minimal covers while leaving their logic description to the 
evaluation formulas (17.30) and (17.31). In this approach there is no need to 
explain the minimisation of disjunctive and conjunctive formulas separately, 
and the algorithmic (tabular) minimisation procedures are brought closer to 
the graphic ones. 

Switching functions describing real- word problems are often incompletely 
specified, meaning, we may (in fact, we must) choose output values for those 
input events whose output values are not specified. This offers a welcome op- 
portunity to complete the specification so as to obtain a fully defined switch- 
ing function the logic formula of which is of the desired simplicity. 

To get a feeling for minimisation, we briefly look at a graphic and at 
two algebraic methods. Not surprisingly, the graphic method of my choice is 
the K-map although the n-cube (merely touched on in Section 3.3) could be 
used equally well (e.g., Dietmeyer [1972]). The algebraic methods presented 
were proposed by Quine [1952, 1955], the father of minimisation. 



18.1 Aspects of Minimisation 



Minimisation covers more aspects than trying to find a simple logic formula 
for a given switching function. Consider the following points. 

Firstly, reducing cost Taking cost in a general sense, it can be under- 
stood to stand for the number of switching devices, the number of connec- 
tions, power consumption, space on a printed circuit board, number of its 
layers, and many aspects more. To enable a simplified formal discussion of 
minimisation, this text is restricted to finding two-level circuits consisting of 
a minimal number of gates with the smallest possible number of connections 
— such a circuit being called minimal. I leave it to you to take the more 
device-oriented aspects into account in a separate step, doing so on the basis 
of a minimal solution found. 
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Secondly, promoting theoretical developments. Due to the rapid develop- 
ment of cheap electronic switching devices, minimisation is sometimes looked 
upon as an expensive luxury. This is a rather one-sided view, for, minimisa- 
tion was and is a prime motive for developing new concepts such as in the 
previous chapter and the next one. Of course, introducing new concepts is 
not an end unto itself — moreover, they enable us to achieve deeper insight 
and more general solutions. 

Thirdly, circuit malfunction. As will be discussed in a later chapter, 
minimisation has quite a pronounced influence on the way a circuit is prone 
to erroneous output signals. 



18.2 Incomplete Specification 



The specification of a technical problem, more often than not, does not re- 
quire us to state the output value for every input event. Such switching 
functions are called incompletely specified functions. Not specifying 
certain output values usually means we don’t care what their actual values 
are. This gives us the possibility to choose appropriate output values by some 
predefined criterion. But, this is not only a question of freedom gained, for 
only if we specify or choose output values for all input events can we apply 
the evaluation formulas. Usually one of two reasons prevails if not all output 
values are specified. Let us consider an example for each. 

Non-occurrence of certain Input Events 

In a model railway a specific point rail (Fig. 18-1) tends to get stuck between 
its two connecting rails thereby derailing an incoming train. To remedy this 
we decide to let the train pass (y = 1) only if one of the position switches 
(#i or X 2 ) is activated. If neither of the switches is activated, the point rail 
is either moving from one connecting rail to the other, or is stuck. Assuming 
flawless functioning of the switches, they will never be activated simultane- 
ously, i.e., the input event (xi , X 2 ) — (1, 1) will never occur, making the value 
of the associated output irrelevant. 



y 



Go (y=l) position 

Stop (y=0) switch 1 






position 
switch 2 






point 

rail 




Y 



Fig. 18-1 Overseeing the functioning of a point rail. 
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Unspecified output values are called don’t care output values or sim- 
ply don’t cares and are, for mnemonical reasons, represented in this text 
by the small greek letter delta , 6. 

If you imagine the don’t care symbol 8 of Fig. 18-1 substituted by 1, 
you can cover the Is by the loops shown, obtaining Y Xi VX2- Had we 
substituted the don’t care by 0, the result would have the far more compli- 
cated description Y X\X 2 V XiX 2 . This example shows nicely how output 

values can be chosen to obtain simpler (sometimes, far simpler) results. But 
do not be mislead by this possibility. Safety is usually more important than 
a minimal result. In our example, consider what would happen if a position 
switch were to jam after having been activated. 

Irrelevance of certain Output Values 

Computers frequently work with other binary codes than the BCD code 
already mentioned in Section 16.2. The excess-3 code (XS3 code), for 
instance, is a non-weighted binary code with the advantage of being self- 
complementary. In an n-ary number system , with the digits so,si, • • • ,s n -i, 

the complement s 2 of the digit s 2 is defined as s 2 = (n — 1) — s 2 . In 
the decimal number system the pairs (0, 9), (1, 8), (2, 7), etc., are com- 
plementary digits, while in the binary number system 0 and 1 are com- 
plementary. Self-complementarity of the XS3 code refers to the fact that, 
given (d)io = (ui,u 2 ,U3,u 4 )xsz, the complement (d) 10 = (i*i , u 2 , u 3 , u 4 ) X s 3 
is obtained by complementing each XS3-digit w 2 individually, expressed as 
(ui,U2 1 us 1 U4 ) XS3 = (ui, u 2 , U3 , u 4 )xss- The excess-3 code gets its name 
from the fact that, in each row of Fig. 18-2, the excess- 3 value exceeds the 
BCD value by 3: (ui , u 2l u 3 , u 4 )xs3 = (&i , & 2 , &3, Mbcd + ( 0011 )bcd. 
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Fig. 18-2 The Excess- 3 Code 



Now let us consider a circuit that will transform any XS3 value into an 
equivalent BCD value, according to the table of Fig. 18-2. Actually, we shall 
have to design four circuits — one for each BCD digit iq, b 2 , 63, 64, while 




18.3 Prime Sets that cover Don’t Cares 



185 



each such circuit has as input event the quadruple (^i, ^ 4 )x 53 - These 
circuits are specified in the K-maps of Fig. 18-3 for all input events 3 to 12 
of the table of Fig. 18-2. 
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Fig. 18-3 Transforming the Excess- 3 code to the BCD code 

As we are only concerned with transforming XS3 values to BCD values, 
let us argue that, for our purposes, the output values (&i, 62, 63, 64) obtained 
are irrelevant for input values (wi, W 2 , ^ 3 , ^ 4 ) that are not XS3 code values. 
Such non-XS3 input values are the input events 0, 1, 2, and 13, 14, 15. It is 
for these that we enter don’t cares 8 into the K-maps. 



18.3 Prime Sets that cover Don’t Cares 



Each cell of a K-map representing an incompletely specified function has one 
of the symbols of {0, 1, 6} inscribed. The input events that map to 8 comprise 
the set of unassigned input events £$. To calculate a logic expression 
for the output variable, each don’t care 8 must be substituted by either 0 or 
1. These substitutions are usually done in accordance with a minimisation, 
safety, or reliability criterion. Only after we decide which 6s to substitute by 
0, and which by 1, do we possess a fully specified function, one that partitions 
its domain solely into a 0-equivalent £q and a 1 -equivalent £ 1 . 
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Those input events of the incompletely specified function whose cells 
have a 1 inscribed thus do not comprise the 1-equivalent £i, but they are 
its nucleus — so let us call the set of these cells (or input events) the 
1-nucleus £\ v . In a like manner, those input events that are mapped to 
0 are the 0- nucleus £§ v , be., the nucleus of the 0-equivalent £q. In the in- 
completely specified function of Fig. 18-4a, for instance, the 1-nucleus £\ v is 
{4, 6, 8, 10, 12}. If we choose to substitute the don’t cares 8 of the unassigned 
input events 0, 2, 14 by the output value 1, then the function obtained would 
have the 1-equivalent £\ = Vc = {0, 2, 4, 6, 8, 10, 12, 14}. 




Fig. 18-4 Illustrating the strategy for choosing don’t cares 

When covering an a- nucleus £ au with prime sets, we use any don’t care 
input events which allow us to create larger prime sets than would be 

possible when restricting ourselves solely to input events x of the a-nucleus 
£ av . That is, we build prime sets not of but of £ au U £es-, using any 
subset £ss Q £ 6 we deem appropriate. 

Unreflectingly using the whole set £&, instead of a subset £$s, can lead to 
some quite unnecessary ( redundant ) prime sets, as the ones drawn as dashed 
loops in Fig. 18-4. To explain when a prime set is redundant, we must 
first define the concept of essential prime sets, prime sets that under no 
circumstances can be left out of a solution. 

(18.1) A prime set V v C £ av U £%s is an essential prime set if it 

contains at least one input event x belonging to the a- nucleus £ av 

— x G £ a v — and which is not contained in any other prime set of 

£av bl £dS • 

As an example of an essential prime set, consider Vq Q £o u^£s in Fig. 18-4b. 
Vg is an essential prime set because the input-event number 4, contained in 
Vg> is not contained in any other prime set of £q v U £%. 

(18.2) A prime set Vy C £ av U £ts is said to be redundant 

(a) if each of its input events that is an element of the a-nucleus, 
x € £au, is also an elements of an essential prime set of £auU£ss, 



or 
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(b) if all of its input events x are elements of i.e., are unassigned 
input events . 

Both prime sets Va and Vb of Fig- 18-4a are redundant. Va is redundant 
because, (18.2b), all its elements are unassigned input events, i.e., belong to 
£$, while Vb is redundant because, (18.2a), the input event that evokes the 
output value 1 — cell number 12 — is an element of an essential prime set. 
In Fig. 18-4b you will recognise Ve and Vf as redundant. 

We now turn to the concept of a cover in the presence of don’t cares. 
The notation of these covers has to fit cases more complicated than the ones 
discussed in this chapter — for instance, covers on reduced K-maps (the next 
chapter), and covers on latches (Chapter 25). We thus choose the expandable 
notation V(£l\£r) in which the set written to the left of the semicolon — £l 
— is the set each element of which we wish to cover, while the set written to 
the right of the semicolon — £r — consists of appropriately chosen elements 
that do not occur in £i. The elements of £r are chosen so as to facilitate the 
construction of larger prime sets than would otherwise be possible. In this 
chapter, we only look into the simple cases in which £l stands for either £\ v 
or £ 0| „ for which we summarily write £ au , with a £ {0, 1}, and in which £r 
is £bS C £&. 

When minimising, the redundant prime sets are omitted from any cover. 
Let me use the symbolic notation V r {£ a u\£ss) for a cover from which the 
redundant prime sets have been omitted (mnemonically, you can take the 
superscript r to stand for ‘no redundant prime sets’). We still need to define 

(18.3) An £ ai/ -cover V r {£ a v\ £ss) which takes unassigned in- 
put events x £ £&s from an arbitrary subset £ss Q £ 6 into con- 
sideration is a set of prime sets 



V r (£ a u ; £ss) = {*P v (i) , • * • , V^l)}, 



which cover £ a u U £$s, 



V)U-U — £ a v U £$s •> 

none of the prime sets V^ C £ av U £ss being redundant. 

(a) The full cover V^^av] £s) is the set of all prime sets of 
£a.v U £ss that are not redundant. 

(b) An irredundant cover V^ftav] £ss) of the a-nucleus £ av is a 
set of non-redundant prime sets that are necessary in covering 
£ au (i.e., removing any prime set from the irredundant cover 
leaves at least one input event x £ £ av uncovered, meaning, 
there is no prime set of which it is an element). 

(c) A minimal cover V^^au'^ss) is an irredundant cover with 
a smallest number of prime sets. 
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Fig. 18-5 The three minimal covers of b\ of Fig. 18-4b 

To illustrate the concept of cover consider the K-map of Fig. 18-4b. 
The set of the five prime sets Va, Pb , Pc-, Pd, Pg comprises the full cover 
Pmaxi^Ov] £< 5 )* As stated, Vg is essential, and Pe and Vf are redundant. Let 
us now look for all minimal covers. If we choose to retain Vg and Va, then it 
suffices to keep either Pb or Vd to obtain the minimal covers {Pa, Pb, Pg} 
°r {Pa,Pd,Pg} of see Figs. 18-5a,c. If, on the other hand, we choose 
to retain Vc together with Pg, we need Vb to obtain the minimal cover 
{Pb,Pc,Pg} of £oi,, Fig. 18-5b. 



18.4 Evaluation Formulas for Don’t Cares* 

The basic evaluation formulas (17.30) and (17.31) are of course applicable 
to any set we define to be £ x (for instance, for £ lu U £§s) or £ 0 (such as 
£ouU£$s)- When taking don’t cares into account we may write the inclusion 
evaluation-formulas as 



V(x) * UvAx) % \/ C„(x), 


(18.4) 


V>-.V v eV(£ i„;£ ss ) 




F(x) <£> C/o ; «(x) \J C v (x), 


(18.5) 


V-’P v eV(£o^;£ss) 





and the exclusion evaluation-formulas as 



r(x) O- Vo;«(x) /y O v (x), 


(18.6) 


V.Vv<EV(£<,„-,£ is) 




F(x) V 1;S (x) # /\ D v (x). 


(18.7) 


<fi-.P v eP{£i„-,£ ss) 





Understand V{£ av \ £ss) to differ from V r (£ av ', £ss), defined in (18.3), only in 
that the former may contain redundant prime sets whereas the latter may 
not . 
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18.5 Minimisation by K-map 



By now, you will probably have become proficient in using K-maps intuitively 
to obtain disjunctive forms (as in Section 7.2) or conjunctive forms (as in 
Section 7.3). But, there is a slightly different way of explaining the use of 
K-maps as follows from the evaluation formulas: 

(18.8) Finding a minimal disjunctive or conjunctive form: 

(a) Given some subset £ av U £&s, determine a minimal cover such 

that VriniSav; £ss) = 1 ) u • • ■ U'P ¥> (£) by ‘visual inspection 

of the K-map. 

(b) You obtain the disjunctive form by applying (18.4) or (18.5), 
and the conjunctive forms from (18.6) or (18.7) 

As an example, consider the minimal covers / P£^(£oi *\Sss) of Fig. 18-4b 
obtained by visual inspection (as (18.8a) requires), each minimal cover being 
pictured in one of the K-maps of Fig. 18-5. 

= {'PAi'PBi'Pg} = {' PxOOxi'PxQxOi'Pqxxx }> 

— {'Pb,'Pc,'Pg} = {'PxQxOi'PxxOu'Poxxx}, 

= {Va.Vd.Vg} — {'PxOQxi'PxxIOi'Pqxxx}- 



Then, let us use the evaluation formula (18.6): 

y i M # Vffix) # /\ D v 

v-T v eT^(eo„-,s s ) 

T^xOOx^xOxqT^Oxxx O {X-2 V X 2 )^X 2 V X^Xi, 

y} b) v$(x) <=> /\ d v 

V--P v €V^J£ „;e,) 

’DxOxo'DxxOl'Doxxx (^2 v X 4 )(X 3 V X^Xi, 

Yl c) ^V$(x)& f\ D v 

<p^ev^l(£ou^s) 

& 'Dxoox'Dxxio'Doxxx (X 2 V Xa)(A3 V X^Xi. 



an euphemism expressing that there is no way to state formally and system- 
atically what to do. 
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18.6 Algebraic Minimisation 



Due to ‘visual inspection’ graphical minimisation methods are more an art 
than a science, but, when mastered give very good results. Algebraic min- 
imisation methods are more systematic than graphic ones, but are onerous 
to use and only provide half the result. The latter meaning, you calculate 
the full cover Vmax(^a) and not a minimal cover Vrnmi^a)- Algebraic minimi- 
sation methods are systematic enough to act as the basis for computerizable 
algorithms (the topic of the next chapter). 

(18.9) Quine’s first minimisation method: From the disjunc- 
tive normal form you obtain the disjunctive form associated with a 
full cover by repeated application of the theorem 

XP(x) V I?(x) <£> jP(x) 

whenever possible and finally dropping duplicate expressions . 

May the following example suffice as illustration. Given: 



y & x x x 2 x 3 x 4 y x x x 2 x 3 x 4 y x x x 2 x 3 x 4 y x^ 2 x 3 x 4 

^ ^ S ^ ^ ^ ^ ^ S V- ■ ■ 

12 3 4 

v XiX 2 x 3 x 4 yXjXzXsX^ v XiX 2 x 3 x 4j y xjc 2 x 3 x 4 

5 6 7 8 

V X ! X 2 X 3 X 4 V X 1 X 2 X 3 X 4 V X 2 X 2 X 3 X 4 . (18.10) 

9 10 11 

Now, applying Quine’s first method a first time, we get 

Y & X 1 X 2 X 3 yx{x 2 x 4 VX 2 X 3 X 4 VX 1 X 3 X 4 VX 2 X 3 X 4 

V v / V v ' s v V ' 

1-2 1-3 1-6 2-4 2-7 

V X 2 X 3 X 4 V X!X 2 X 4 V X 2 X 3 X 4 V XiX 2 X 3 V X 2 X 2 X 4 

3-8 4-5 4-10 6-7 6-8 

V X 2 X 3 X 4 VX x X 3 X 4 VXiX 3 X 4 VX 2 X 2 X 3 VXiX 2 X 4 . 

6-9 7-10 8-11 9-10 9-11 



Apply (18.9) yet again, 



Y X 2 X 3 V X 2 X 4 V X 2 X 3 V X 2 X 4 V X 3 X 4 

V X3X4 V X 2 X 2 X 4 V X l X 3 V X 2 X 4 v X 2 X 4 , 



and remove duplicates: 
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As XP(x) V IP(x) P(x) cannot be applied again, the procedure termi- 
nates, and the result contains all prime implicants. 

Quine’s first minimisation method must be started from a canonical 
normal form. To illustrate this necessity, consider starting from an arbitrary 
disjunctive form of (18.10) 



Y X 1 X 2 Xs V X x X 2 X z X 4 V X t X 2 X 4 V X x X z V X 1 X 3 A 4 . (18.11) 

In this example, XP(x) V XP(x) <£> P(x) cannot be applied at all. Even 
if we could apply it, we would not get very far. We first need to transform 
an example, as the one above, into a normal form which we do by ANDing 
the conjunctions by (Xi V Xi) for each missing variable, and then employing 
distributivity: 



Y & X 1 X 2 X 3 (X 4c V Xi) V X 1 X 2 X z Xi V X 1 X 2 {Xz V X 3 )X 4 
V X x (X 2 V X 2 )X 3 (X 4 V Xi) V Xi(X 2 V X 2 )X 3 X 4 . 




2 13 5 



V X\X 2 X 3 X± V X\X 2 X 3 X± V X\X 2 X 3 X± V XiXzXzXi 

4 10 9 7 

V XiX 2 X 3 X 4 V Xi X 2 X z Xj V X! x 2 x 3 x 4 . 

6 118 

This expansion to normal forms can itself become arduous. In theory, 
the expansion can be avoided by employing Quine’s concept of consensus , 
this being the clause P(x)Q(x) in what is often called the consensus theorem 
used to formulate 

(18.12) Quine’s second minimisation method: Given a logic 
expression as an arbitrary disjunctive form, you obtain the equiv- 
alent disjunctive form associated with the full cover by repeated 
application of the following steps. 

(a) Drop superfluous expressions. By the two theorems 

P(x)Q(x) V P(x) ^ P(x) and I V lP(x) ^ I V P(x), 

you replace, wherever possible, expressions that coincide with 
the left sides of the theorems by expressions that coincide with 
the right sides of the theorems. 

(b) Appending consensuses. Whenever allowed by the consensus 
theorem 



IP(x) V XQ(x) XP(x) V XQ(x) V P(x)Q(x) 
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disjunctively append the consensus P(x)<2(x) if it is non con- 
tradictory. 

Consider the following example of a three-variable function: 

Y ^ X x X 3 V X x X 3 V X x X 2 X 3 V X x X 2 X 3 . 



Neither of the theorems of the first step are applicable so we try the consensus 
theorem of the second step (successfully, as you can see): 



Y <£> X x X 3 VXiX 3 VXiX 2 X 3 \tX x X 2 X B 

12 3 4 

V X x X 2 V X 2 X 3 V X 2 X 3 V X x X 2 . 

5 : 1-3 6 : 1-4 7 : 2-3 8 : 2-4 



Now, by P(x)Q(x) V P(x) <=>- P(x) of the first step: 

drop X x X 2 X 3 . 



X x X 2 X 3 VX x X 2 &X x X 2 , 

P Q P P 

3 5 

X x X 2 X 3 V X 2 X 3 X 2 X 3 , drop 

4 6 



X!X 2 X B . 



This leaves us with the following formula which is the final result because 
none of the theorems of Quine’s second method can be applied. 

Y <£> X 1 X 3 V X 1 X 3 V X x X 2 V X 2 X 3 V X 2 X 3 V X x X 2 . 



The two algebraic minimisation methods touched on are far too oner- 
ous for practical applications — this is especially true for Quine’s second 
method. But they pose a sound basis on which to develop tabular min- 
imisation methods that can be formulated stringently enough to be used as 
computer algorithms. The best known is probably Quine- McCluskey’s algo- 
rithm (McCluskey [1956]) which is based on (18.9). We shall concentrate 
on the more versatile consensus method, first taking a detailed look at the 
general concept of consensus. 
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Minimisation — an Excerpt 



Minimising relatively small switching functions (of no more than, say, six 
input variables) can be done quite efficiently by K-map. Larger problems 
should be solved by computer. To be able to write computer programs for 
minimisation, we need to (a) develop an algorithm by which to find a full 
cover , and (b) a further algorithm by which to select a minimal cover from the 
full cover. There is a large number of algorithms for finding a full cover. The 
one I choose to put forth in Section 3 is a tabular method based on the concept 
of consensus, so that you need not start with a canonical normal form. As 
Pet rick’s [1956] approach to finding a minimal cover is neither theoretically 
founded nor is it algorithmic, you might find the solution proposed in Section 
4 of some interest. The basis of any versatile minimisation procedure is the 
concept of consensus. This we develop first. 



19.1 On Adjacent K-Sets and their Consensus* 

Adjacency of two K-sets is a property defined solely to be able to find a new, 
and third, K-set called a consensus. Informally, two K-sets are said to be 
adjacent if they are disjoint (i.e., have no elements in common), and if they 
have at least partially common edges (or boarders) in a K-map. 






a) 




Fig. 19-1 Examples of adjacent K-sets 

Adjacency was originally conceived for elementary K-sets /C e , as those 
pictured in Fig. 19-la, where /Co and /C 2 , as well as AC 5 and tC 13 are adjacent. 
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This original adjacency concept of two elementary K-sets is extended to the 
adjacency of any two K-sets as stated above. 
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Fig. 19-2 Examples of non- adjacent K-sets 

The K-sets (/Ca,£b), (/ ), (/Ca,/C 14 ), (/Cb,/Cc) of Fig. 19-lb show 
that adjacent K-sets need not be of the same size and need not be aligned. 
The criterion of importance is for them to have, at least partially, a boarder 
in common. Just to round off the picture, no two K-sets of the three shown 
in Fig. 19-2a are adjacent as they are not pairwise disjoint. Neither are any 
of the elementary K-sets of Fig. 19-2b adjacent as no two have a boarder in 
common. 




Fig. 19-3 Examples of consensuses 

Now, to get a first impression of the consensus, take a look at Fig. 19-3 
which shows all but one of the consensuses for the sets of Fig. 19-1. You 
might want to see if you can find the general rule by which to find or define 
consensuses — if so interrupt your reading here . . . 

(19.1) The consensus of two given adjacent K-sets is the largest 
K-set that can be constructed exclusively of elements of both the 
given adjacent K-sets. 

By this definition, you will notice that /C 0 ,2 is the consensus of (/Co, £ 2 ) 
while /C 5 } i 3 is the consensus of (£ 5 ,^ 13 ) as shown in Fig. 19-3a. The one 
K-set missing in Fig. 19-3b, the K-set JCb,c — {1,9} of (/Cjg,/Cc), was only 
left away so as not to overload the picture. In contrast to the consensus 
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examples of Fig. 19-3, Fig. 19-4 presents counter examples. Ku cannot be 
the consensus of Kd and /Cp, for these K-sets — not being disjoint — do 
not have a consensus. Kg and £ 12 , on the other hand, are disjoint. But, 
not being adjacent, they also have no consensus, so that Ky cannot be their 
consensus. Another argument can also be put forward: Ky cannot be the 
consensus of /C 9 and Ku as Ky does not consist solely of elements of Kg and 
£12- 



k d k* x . ; k v 

\ I / I 



\ 

\ 


4 


r i 


t 

1 












^ * 


(1 9 


5 


\ 9 i 


3 

— 


- 7 , 

J 


15 


* y 


LL 


6 


14 


10 





a) Ku X 2 k/ 



K a X t Kc 

— vi 1 M 



0 \ 


4 

\ 

v 


12 


8 J 


1 


'S* 


(13 1 




•— -f 


7 


~iE\ 


h "i 

1 

t 0 


il 


6 


14 'y 


10 



h) K Y X 2 K x 



Fig. 19-4 K-sets that a, re not consensuses 



But, why is neither Kx nor Ky of Fig. 19-4b a consensus? Kx is not 
the largest K-set whose elements are taken exclusively from Ka and Kc — 
whereas Kac (as shown in Fig. 19-3b) is. We can state this more simply by 
saying: As Kx is a subset of Kac> Kx cannot be the consensus. /Cy, on the 
other hand, is too big: It contains an element that belongs neither to Ka nor 
to Kc • 



19.2 Formalising Adjacency and Consensus 

All the information on a generalised minterm and on a K-set K ipi ,_ (pn 

is contained in their index n-tuple, the multiple input event (</?i, . . . ,<p n ) in 
which each <£>,• stands for one of the symbols 0,1, a:*. Therefore, it suffices to 
work with the index ro-tuples (ip 1 , . . . , (p n ) of the generalised minterms or the 
K-sets instead of with the generalised minterms or K-sets themselves. And 
this we shall subsequently do when formalising the concepts of adjacency and 
consensus. But first an 

Auxiliary theorem on disjoint K-sets: two K-sets 
and K^ are disjoint if the index n-tuples (<£> 1 , . . . , ip n ) and 
(?/q, . . . ,?/> n ) consist of complementary constants in at lea,st one po- 
sition. 

You will remember that two sets are disjoint if their intersection is empty, 
and that this is the case iff the conjunction of the defining properties of 
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the sets is contradictory. We therefore start the proof of the above auxiliary 
theorem by writing the intersection of two K-sets. 

(6 6 ) 

(x \ , . . . , X n ) E (fcipi C ^ 

(17 9 ) 

(( x l ? ‘ • • j x n) £ fcipi...Lp n ) A ((xi j « • • 5 x n) £ 

Ctpi—tfin A v— > 

(Afa* = v«o) A (A^* = ^)) ( ^ ) 

1=1 1=1 

n 

A (*« = Vi) A (^i = V’i)- 

:=1 

Thus, the intersection IC ipi ,„ (Pn D of two K-sets and 

/C^ ...^ n is empty iff \ for at least one z, (x 2 - = </?,•) A (x t - = ipi) <=$ 0, i.e., if 
(xi = (fi) A ( Xi = ipi) is a contradiction , i.e., if (a:,- = <p t -) A (x^ = ^Ai) is false 
for all values of X{. This is the case iff ', for at least one i 

Lpi t- 3 0 and ipi 1, or 

(fi *—> 1 and ipi <— 3 0. 

Note that if one of the technical variables pi or ipi is x^, i.e., pi Xi or 
ipi <r-^ Xi , the expression ( X{ = pi) A (xi = ipi) cannot be a contradiction, this 
finalising the proof of the above auxiliary theorem on disjoint K-sets. 

Having proved the above theorem, no further proof is needed for its 
converse stated here: 

Auxiliary theorem on non-disjoint K-sets: K-sets and 

1C have one or more elements in common if there is no posi- 
tion i E {1 , . . . ,n} in which the index n-tuples (p i, . . . ,(/?„) an d 
(ipi , . . . , ip n ) consist of complementary constants. 

Index n-tuples (ip i, . . . ,p n ) are frequently categorised by the number of Is 
they contain. As each c pi stands for one of the symbols of {0, 1, a?;}, we slightly 
extend the original definition of the Hamming weight h w of a binary vector, 
one that consists solely of the symbols 0 and 1: 

(19.2) The Hamming weight h w of (pi ,. . . in which each 
ipi stands for one of the symbols of {0, 1, x t }, is the number of Is in 
the index n-tuple (yq 

For example, the Hamming weight of (0, 1, 1) is 2, while that of (xi , 1, 0, X4 , 0) 
is 1. We next introduce an adjacency vector (ai y . . . , ot n ) as a n-tuple of 
binary, numeric values aq E {0, 1}. 

(19.3) For two distinct index n-tuples (p \ , . . . , p n ), in which each 
Pi E {0, 1, a:*}, and (ip 1 , . . . , ip n ), in which each ipi E {0, 1, X*}, the 
adjacency vector (oq, . . . , a n ) is obtained as follows: 
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a) If either </?,• or or both, are then a 2 is 0 (i.e., a 2 e- > 0). 

b) If <pi and ipi are constants, 0 or 1, then ce 2 - ipi 0 t/>j. 

The above auxiliary theorems can now be expressed more constructively when 
using the concept of the adjacency vector. 

(19.4) Theorem on non-disjoint K-sets: 

Two K-sets and are non-disjoint (i.e., have one or 

more elements in common) iff the adjacency vector («i , . . . , a n ) of 
their respective index n-tuples ((/?i, . . . , <p n ) and (ipi , . . . , ?/>„) con- 
tains no Is (i.e., has a h w of 0 ). 

As an example for this theorem, consider the tables of Fig. 19-5 showing 
the index n-tuples of the K-sets /Cd, £#, JCf • These K-sets are depicted in 
Fig. 19-2a. 

JCd' OX 2X3 1 JCe>: OX 2X3 1 JCe' x\ 1 1 x 4 

JCe : ^1 1 1 £4 JCf • x\ X2 1 £4 JCf' x\ X 2 1 £4 

(19.3): 0 0 0 0 (19.3): 0 0 0 0 (19.3): 0 0 0 0 

a) b) c) JCe C ICf 

Fig. 19-5 Adjacency vector of non-disjoint K-sets 

A special case of non-disjoint K-sets exists when one K-set is a subset of 
another. The following theorem allows you to recognise subsets. 

(19.5) A K-set JC^ lmmtiPn is a proper subset of a K-set JC^,..^ 

— £tpi...(p n C ^ 0 i... 0 n — if all those </? t - that differ from ipi are 
constants, 0 or 1 , while the are X{. 

By this theorem, you can see that JCe C /Cj?, Fig. 19-5c: The only position 
where the index n-tuples of 1 C e and JCf differ is in i = 2 , and here (p 2 is 1 , 
while is x 2 . 

(19.6) Theorem on disjoint K-sets: Two K-sets JC tpi „, iPn and 
JC^pi ' . , ip n are disjoint iff the adjacency vector (ai, . . . , a n ) of the in- 
dex n-tuples (ipi , . . . , ip n ) and (ipi , . . . , r/> n ) contains one or more Is 
(i.e., has a Hamming weight >1). 

Examples of the adjacency vector of disjoint K-sets are shown in the tables 
of Fig. 19-6, in which the index n-tuples represent K-sets K 0 , JC 2 , JC 14 , JCa , 
JCe depicted in Fig. 19-3. 

£ 0 : 0 0 0 0 £ 14 : 1110 JC A : x x 1 x 3 1 

JC 2 : 0 0 10 JC c : 1 0 x 3 1 JC c : l 0 x 3 1 

(19.3): 0 0 10 (19.3): 0 10 1 (19.3): 0 10 0 

a) adjacent b) non-adjacent c) adjacent 

Fig. 19-6 Adjacency vectors of disjoint K-sets 

Adjacent K-sets are a special case of disjoint K-sets. Their formal definition 
can be stated as: 
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(19.7) Two K-sets, /C^...^ and /C^...^, are adjacent if the 
Hamming weight h w of the adjacency vector (ai, . . . ,a n ) of their 
index n-tuples (</?i, . . . , ip n ) and (^q, . . . , i/> n ) is 1 . 

You might like to take another look at Fig. 19-6 to note which pairs of 
K-sets are adjacent, and which are not, and to compare this result with their 
graphical representation in the K-maps of Fig. 19-3. As already mentioned, 
for those K-sets that are adjacent, we shall want to determine their consensus. 
To determine the consensus /C Kl ... Kn of two given adjacent K-sets /C^...^ and 
£</>!... you employ the constructive definition of consensus: 

(19.8) The index n-tuple («i, k 2 , . • . , « n ) of the consensus /C Kl ... Kn 
of the adjacent K-sets lC lfl ^ %ipn and /C^...^ is obtained from their 
index n-tuples (yq, . . . , p n ) and (tpi , . . . , i /> n ) in the following way: 

a) is assigned the symbol 0 if both pi and ifri are assigned 0, or 
one is 0 and the other is the variable symbol X{. 

b) K{ is assigned the symbol 1 if both <pi and ^ are assigned 1, or 
one is 1 and the other is the variable symbol Xi. 

c) Ki is assigned the variable symbol x\ if pi and xf>i are symbols 
for complementary constants, or are both x\. 

/Co* 0 0 0 0 /Ca* Xi 1 xs 1 1C a- 1 %3 1 

/C 2 :0 0 1 0 ]C B : 0 0 0 z 4 K c : l 0 x 3 1 

/C 0 , 2 - 0 0 x 3 0 Ka,b : 0 x 2 0 1 1 Ca,c'- 1 x 2 x 3 1 

a) b) c) 

Fig. 19-7 Applying (19.8) to determine the consensus 

Let me repeat that the above constructive definition of a consensus — (19.8) 
— is only applicable to two adjacent K-sets. If you (wrongly) do apply the 
above definition to non-adjacent K-sets, as for the examples of Fig. 19-4a, 
you get the incorrect results ICu and ICy shown in that figure. The application 
of the above definition (19.8) of consensus is demonstrated in the examples 
of Fig. 19-7 taken from Fig. 19-3. 



19.3 Finding the Full Cover * 



The first step to take in minimising the logic expression of a given subset £s 
of the universe £ of input events (a?i, . . . ,x n ) is to find the full cover of £s 
which we denote as Vmax{£s)- 

You can specify the subset £s in any way you find appropriate. For 
the example of this section we take £s to be the 1 -equivalent £\ specified in 
Fig. 19-8. To show that you need not start minimisation with a list of input 
events, assume that we have pre-collected the input events of £i into K-sets 
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(0x 2 1000) (xJXsOOXe) (iXsX^OXsXe) 




(011010) (llxJOxe) (1x4100) (111x40) 



Fig. 19-8 Reworking the example of Fig. 16-9. 



^onoio, ^oxiooo, ^lxiioo, ^nixio, ^lixiox, ^xixOOx, ^lxxOxx as pictured in 
Fig. 19-8. Let me put forth the following minimisation method. 

(19.9) Tabular iterative consensus algorithm for finding the 

full cover Vmax(£s) of a given subset 8 s • 

(a) Start by listing the index n-tuples (y?i, • • • , </? n ) of K-sets that 
cover 8s (e.g., list 1 of Fig. 19-9). The duplicates of index 
n-tuples in this list are dropped, as are all the index n-tuples 
which, according to (19.5), specify K-sets that are subsets of 
other K-sets of the list. Call the resulting list a Basic List 
(again, list 1 of Fig. 19-9). 

(b) Each of the index n-tuples of the Basic List is checked against 
the others for adjacency according to (19.3) and (19.7). For 
each pair of index n-tuples that are adjacent you establish their 
consensus according to (19.8) appending it to the Basic List 
(see list 2 of Fig. 19-9). 

(c) The duplicates of index n-tuples in the last list are dropped, 
as are all the index n-tuples which, according to (19.5), specify 
K-sets that are subsets of other K-sets of the list. This provides 
you with a new Basic List (e.g., list 3 of Fig. 19-9). 

(d) Repeat steps (b) and (c) until two successive Basic Lists are 
identical in which case the algorithm terminates. 

List 1 of the table of Fig. 19-10 is the original basic list of our example, 
obtained by step (a), while lists 2 to 4 are the successive basic lists each ob- 
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List 1 




List 2 


List 3 


1 


011010 


1 


011010 


111x10 


2 


0x1000 


2 


0x1000 


xlxOOx 
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1x1100 


3 


1x1100 


lxxOxx 
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111x10 
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111x10 


0110x0 
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llxlOx 


5 


llxlOx 


xllOlO 


6 


xlxOOx 


6 


xlxOOx 


xxlOOO 


7 


lxxOxx 


7 


lxxOxx 


1111x0 






1-2 


0110x0 


1x1x00 






1-4 


xllOlO 


llxxOx 






1-6 


0110x0 








1-7 


xllOlO 








2-7 


xxlOOO 








3-4 


1111x0 








3-6 


111x00 








3-7 


1x1x00 








4-5 


1111x0 








4-6 


1110x0 








5-6 


llxxOx 








5-7 


llxxOx 





Fig. 19-9 Illustrating step (a) and the iterative steps (b) and (c) of 
(19.9) 



tained by the iterative steps (b) and (c). This example represents one of those 
relatively rare cases where the result is a single irredundant cover, meaning 
that Vmax(£ 1 ) = Vnmi{£ 1 ). It has already been visualised in the K-map of 
Fig. 16-9. However, in general, the resulting list contains an abundance of 
prime sets allowing us to choose from them a number of different covers. Of 
these the minimal covers are of prime interest with respect to minimisation. 
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List 2 


List 3 
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111x10 


xlxOOx 


xlxOOx 


x 2 x A x 5 


0x1000 


xlxOOx 


lxxOxx 
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x,x A 


1x1100 


lxxOxx 


xxlOOO 
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X 3 X A X 5 X 6 


111x10 


0110x0 


1x1x00 


1x1x00 


X A X 3 X 5 X 6 


llxlOx 


xllOlO 


1 lxxOx 


llxxOx 


X A X 2 Xs 


xlxOOx 


xxlOOO 


lllxxO 


lllxxO 


X,X 2 X 2 X & 


lxxOxx 


1111x0 


xllOxO 


xllOxO 


X 2 X 3 X A X* 



1x1x00 

llxxOx 

Fig. 19-10 



Results of the iteration 
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19.4 Finding Minimal Covers * 



The procedure presented here allows you to directly find a minimal cover 
Vnrini^s) Q Vmax{£s) among all the prime sets. In fact, the first cover found 
is a minimal cover, allowing you to terminate the search if you wish. This 
method assumes you have determined the full cover Vmax(£s) hy some means, 
possibly by the tabular iterative consensus algorithm (19.9) of the previous 
section. 

Let me use an example to show how the method works. Assume a 
switching function of four input variables is specified by its 1-equivalent £\ = 
{2, 3, 5, 6, 7, 9, 11, 13}, and further assume you have determined all its prime 
implicants — in this simple case, possibly by drawing the K-map (which you 
are invited to do): 

V A = {5, 7} V B = {9, 11} V c = (3, 11} 

V D = {5, 13} V E = {9, 13} V F = {2, 3, 6, 7} 



You start the procedure by writing the table of prime sets, as shown 
in Fig. 19-1 la (the equivalent to McCluskey’s [1956] prime implicant table). 
Each row represents a prime set 7^,, while each column stands for an input 
event e of the 1-equivalent Z \ . The intersection of a column e and a row 
contains the truth value (0 or 1) of the proposition e £ V <#. 



Si 





2 
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6 


7 


9 


11 


13 


V A 


0 


0 


1 


0 


1 


0 


0 


0 


Vb 


0 


0 


0 


0 


0 


1 


1 


0 


Vc 


0 


1 


0 


0 


0 


0 


1 


0 


Vd 


0 


0 


1 


0 


0 


0 


0 


1 


Ve 


0 


0 


0 


0 


0 


1 


0 


1 


V f 


1 


1 


0 


1 


1 


0 


0 


0 



a) Original table 



£\ S 





5 


9 


11 


13 


Va 


1 


0 


0 


0 


Vb 


0 


1 


1 


0 


Vc 


0 


0 


1 


0 


V D 


1 


0 


0 


1 


V b 


0 


1 


0 


1 



b) Reduced table 



Fig. 19-11 Tables of prime sets 



A table of prime sets can be simplified if it contains one or more essential 
prime sets. An essential prime set , according to (18.1), is a prime set that 
contains at least one input event e — call it a unique input event — not 
contained in any other prime set. The column of a unique input event contains 
only a single 1, the row in which it occurs marks the essential prime set. An 
essential prime set is an element of every irredundant cover. Having found 
the essential prime sets, we need not search for them any further, and may 
thus remove them from the table of prime sets. Removing all essential prime 
sets from the table allows us to also remove the columns of all the input 
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events that are elements of the essential prime sets. Our table of prime sets 
contains Vf as the only essential prime set. Removing it and the columns of 
all input events it contains leads to Fig. 19-1 lb. 

The last step is to develop the table of possible covers from the re- 
duced table of prime sets. The basic idea is to test for each union (U) of combi- 
nations of prime sets, which such union contains all input events e. Fig. 19-12 
details how such a test is organised. The combinations in the column ‘Possi- 
ble covers of £\s' are obtained according to the algorithm of Section 15.4. For 
convenience the group numbers #, referred to in the algorithm, are stated in 
the first column of Fig. 19-12. The row numbers are only used for easier refer- 
ence. The logic vectors in the S\ 5-column are obtained by scalar disjunction 
of those vectors indicated in the combinations. Scalar disjunction of logic 
vectors refers to the disjunction of equally indexed elements. E.g., the logic 
vector of row 6, (1, 1, 1,0), is the scalar disjunction of the vectors of rows 1 
(for V A ) and 2 (for V B ) — (1, 0, 0, 0) V (0, 1, 1, 0) <£> (1, 1, 1, 0). Results, 
once calculated, may be used again. For instance, interpreting Va U Vb U Ve 
of row 18 as (Va U V b ) U Ve allows us to calculate its logic vector from rows 
6 (for V A U Vb) and 5 (for V E ) — (1, 1, 1,0) V (0, 1, 0, 1) <£> (1, 1, 1, 1). 

The table is developed iteratively, i.e., row after row, until the first logic 
vector containing only Is is encountered. The prime sets of the union are 
a partial minimal cover Vrmn(£s ) — see row 11. If there are more minimal 
covers than one, they are all to be found in the same group. So, if you want 
to find all minimal covers, you let the algorithm continue till the end of the 
group. The complete result is obtained by augmenting the covers found here 
by the previously omitted essential covers — in our example b y Vf — giving 
us Vmin(£ 1) = {V b ,Vd,Vf}- 

If you feel a desire to find all irredundant covers , continue with the 
algorithm as shown in Fig. 19-12, discarding those solutions subsets of which 
have already proved to be irredundant covers. Thus, row 17 is not accepted 
as a solution as { 'P B , Vd} of row 11 is a subset of { Va , V Bl Vd} of row 17 — 

{V b ,Vd} C {Vai'Pbi'Pd}- 

For the example £\ = {2,3,5,6,7,9,11,13} of this section, we found 
the minimal cover to be Vmin(£ 1) = {V b ,Vd>Vf} which is more precisely 
expressed as Vmin(£i) = {Piozi, ^xioi, Vq x \ x }. Then, by (17.30) we may 
write the disjunctive form as 

Y(x)<* V Cip(x) ^ Cioxi V C x 101 V CqxIx 

i P-'P(p ^'P min (£l ) 

<£> XjCiXt V X2T3X4 V X x X z . (19.10) 



For the same example, knowing £ 1 , we can write its complement £0 
as £0 = {0, 1,4, 8, 12, 14, 15}. From this, we can calculate the minimal cover 
Vrrm(£o) = {'Pooox,'Piiiz,'PzxOo} , which I encourage you to do. Then, (17.31) 
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enables us to write the conjunctive form of the given function: 

Y(x) <£> D^x) 'Dooox'Duix'Dxxoo 

V-'P tp min ( £ 0 ) 

^ (X 1 VX 2 VX 3 )(X 1 vl 2 vl 3 )(l 3 VI 4 ). (19.11) 
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Fig. 19-12 Table of possible covers 
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19.5 Minimisation considering Don’t Cares * 



Let us rework the example documented in Fig. 18-4b, meaning, we want 
to evaluate the conjunctive forms of all minimal covers Pmmi^Oi/] £d) of the 
0-nucleus £$ u , A systematic solution is obtained by firstly employing the 
tabular iterative consensus algorithm (19.9) to find the full cover — as is 
shown in Fig. 19-13. Do note that this algorithm (19.9) yields a full cover 
Pmax(£ov’,£s) that can contain redundant prime sets. 
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Fig. 19-13 Tabular iterative consensus method 

For your convenience the formal results P ipi ,,. ipA of the last column of 
Fig. 19-13 are related to the intuitive ones — Pa, Pb, Pc, Pd, Pe, Pf, Pg 
— obtained from the K-map Fig. 18-4b. 

Secondly, we use the method developed in the previous section to obtain 
a minimal irredundant cover 'P£* l (£i o»', £&), initially writing the table of prime 
sets. For our example, the complete table of prime sets is shown in Fig. 19-14. 
But, if you look back at the definition of an irredundant cover, (18.3b), you 
will note that the union of its prime sets need only equal — in our case — 
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Eq v . The consequence is that we need only develop the table of prime sets 
for £()*/> and not for £q u U £3. Thus, those columns marked £3 need not have 
been incorporated in Fig. 19-14. 
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Fig. 19-14 Complete table of prime sets of Vmax(£ov) £$) 



Next, in this table of prime sets, Fig. 19-14, remember to look for essen- 
tial prime sets, dropping them and all columns containing their input events. 
The only essential prime set is Vg, its input events 3 and 4 not being ele- 
ments of any of the other prime sets. By dropping the row for Vg, and the 
columns for the input events 3, 4, 5, 6, 7, and not considering the columns for 
£q u , we obtain the reduced table of prime sets of Fig. 19-15a. There are two 
conspicuous rows in Fig. 19-15a — those for Ve and Vf, both containing 
only Os. These rows represent redundant prime sets. Eliminating them leads 
to the reduced table of Fig. 19-15b. 
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(b) 



Fig. 19-15 Table of reduced prime sets 



The table of possible covers, Fig. 19 16, is developed as explained in 
the previous section. As we are only interested in minimal covers, the first 
already occurring in group 2 , we need develop the table for no further group. 
After augmenting the thus found results by the essential prime set Vg we, as 
expected, obtain the same complete result as from the 3 K-maps of Fig. 18-5. 
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Group 


Row 


Possible covers of £q u s 


5 


9 


11 


Comments 


1 


1 


v A 


1 


1 


0 






2 1 


Vb 


1 


0 


1 






3 


Pc 


0 


1 


0 






4 i 


v D 


0 


0 


1 




2 


5 


'Pa U Pb 


1 


1 


1 


P ( 2(£o,s) 




6 


Pa U Pc 


1 


1 


0 


PwL(^OvS) 




7 


Pa U Pd 


1 


1 


1 




8 


Pb U Pc 


1 


1 


1 


P { li^s) 




9 


Pb U Pd 


1 


0 


1 






10 


Pc U P d 


0 


1 


1 





Fig. 19-16 Table of possible covers 



£$) = {'PAi'PBi'Pg} = {'PxOOxt'PxOxOi'Poxxx}, 

'P^t(^0v\£s) = {'Pb,'Pc,'Pg) = {VxOxO^VxxQi.Voxxx}, 

P ( rl(£ au\£s) = {Pa, Pd, P a} = pW.^.io.Po..,}. 

And once you have a cover, you can use one of the evaluation formulas (18.4) 
to (18.7), in our case it is (18.6): 

Yi a) & Vff(x) /\ D v & (X 2 V X 3 )(X 2 V X 4 )X 4 , 

v-'P v evW(e oviSe) 

Yi b) ^ V$(x) O- f\ D v &{X 2 V X 4 )(X 3 V X<)X U 

f-V v &V^l(£ 0 ,-,S 6 ) 

Y 1 C) & V$(x) & A D v &(X 2 V X 3 )(X 3 V X 4 )X 4 . 

V-V v &V^(£o,-,£ 6 ) 




Chapter 20 



Reduced Karnaugh Maps 



K-maps have proved very helpful when the number of variables being used 
does not exceed, say, six. The usefulness of the K-map can be greatly en- 
hanced by transferring one or more of its variables from the perimeter to its 
cells thus reducing the dimension of the K-map. These reduced K-maps, 
as they have come to be called, were first described systematically by Clare 
[1973]. The idea that leads to reduced K-maps also leads to the concept 
of K-maps within K-maps. Reduced K-maps are also used to evaluate 
latches and sequential circuits as indicated in Fig. 1-8. 

20.1 Reducing the Dimension of a K-map 

The dimension of a K-map refers to the number of (input) variables arranged 
around its perimeter. It is always possible to reduce the dimension of a K-map 
by transferring one or more input variables from the perimeter of the map to 
its cells. The variables thus transferred are called map-entered variables. 
For a three-dimensional K-map the reduction process follows from a simple 
transformation, say, of the disjunctive normal form 

Y & X 1 X 2 X 3 Y( 0) V X 1 X 2 X 3 Y( 1) V X 1 X 2 X 3 Y(2) V X 1 X 2 X 3 Y( 3) 

V X x X 2 X 3 Y{Y) V X 1 X 2 X 3 Y( 5) V X l X 2 X 3 Y(6) V X 1 X 2 X 3 Y(7). 

To obtain X 3 as a map-entered variable we extract the variables X\ and X 2 
(in inverted or non-inverted form). A similar approach is taken to obtain X 2 
and A r i as map-entered variables. The above disjunctive normal form is thus 
transformed into the following three logic formulas: 

Y & X{X 2 (X 3 Y{ 0) V X 3 y(l)) V X 1 X 2 (X 3 y(2) V X 3 F(3)) 

VI,I 2 (I 3 7(4) VI 3 ^(5)) Vlsh?)). (20.1a) 

Y & X{Xz (X 2 y(0) V X 2 y(2)) V XxXs (X 2 y(l) V X 2 y(3)) 

v XiX 3 (X 2 y(4) vx 2 y(6)) vXiX 3 (X 2 y(5) v x 2 y(7)), (20.1&) 

y <*> X 2 x 3 (X 1 y(o) v Xiy(4)) v X 2 x 3 (X 1 y(i) v xy(5)) 

V x 2 x 3 (x 1 Y(2) V X 1 Y(&)) V x 2 x 3 (X^O) v Xjy(7)) 



(20.1c) 





208 



Chapter 20 Reduced Karnaugh Maps 



The disjunctive normal form for 3 variables can be depicted in a three- 
dimensional standard K-map, Fig. 20-la. The mutually equivalent equa- 
tions (20.1a) to (20.1c) lead, respectively, to the two-dimensional reduced 
K-maps of Figs. 20-lb to 20-ld. 



a) Standard K-map Xi 





Y(0) 


Y(2) 


Y(6) 


Y(4) 


Xs\ 


Y(l) 


Y(3) 


Y(7) 


Y(5) 

1 



x 2 



c) Reduced K-map Xi 



X z Y(0)vX s Y(2) 


X s Y(4)vX s Y(6) 


XeY(l) vX,Y(3) 


XzY(5)vX s Y(7) 



X 8 as map entered variable 



b) Reduced K-map 


X: 




XsY(0)wX 3 Y(l) 


X 3 Y(4)vXsY(5) 


x s 


XsY(2)vXsY(3) 


XsY(6)vX 3 Y(7) 




X 3 as map entered variable 


d) Reduced K-map 


X s 




X,Y(0)vXY(4) 


X,Y(2)vX,Y(6) 


x 3 


X>Y(1) vX,Y(5) 


X,Y(3)vXY(7) 



Xi as map entered variable 



Fig. 20-1 Reducing a 3-dimensional to 2-dimensional K-maps 



This decrementation of dimension is detailed in the example of Fig. 20-2 
in which X$ was arbitrarily chosen as map-entered variable. 



X 3 0^X 3 0 




a) Standard K-map 1 t>) Reduced K-map 



Fig. 20-2 Example showing how to develop a reduced K-map 



Having seen how to obtain a reduced K-map, we now seek a way to 
evaluate it. Let us start with the standard K-map of Fig. 20-2a whose output 
variable Y, clearly, may be written as 



Y & X 2 X Z V XiXz yXjX 2 ^ X 2 X Z V XiX z . (20.2) 

Choosing each variable Xi,X 2 , X% in turn as a map-entered variable leads to 
the reduced K-maps of Fig. 20-3. 



20.2 K-maps within K-maps* 



209 




a) Xi as map entered b) X s as map entered c) X 3 as map entered 
variable variable variable 



Fig. 20-3 Evaluating reduced K-maps 

Stating it quite informally, you can evaluate these reduced K-maps 
by (a) describing the cells that have a 1 inscribed, and (b) then describing 
the cells that have a map-entered variable inscribed, taking any 1-cells as 
don’t cares , and ANDing with the map-entered variable. Let me illustrate 
this for 

Fig. 20-3 a: Y X 2 X 3 VX 3 X U 

Fig. 20-36: Y <=> X x X z V X 3 X 2 , 

Fig. 20-3 c: Y & X x X 2 V X 2 X 3 V X 1 X 3 & X 2 X 3 V X^. 

Clearly, this can only be a first intuitive approach to the evaluation of reduced 
K-maps. But before looking into the evaluation problem more closely, let us 
consider further variants of reduced K-maps. 

20.2 K-maps within K-maps * 

Sometimes, you will find logic expressions consisting of two or more 
map-entered variables in the cells of reduced K-maps (e.g., Fig. 20-7e). It 
is convenient to explain the logic expression inscribed into a certain cell of a 
reduced K-map as the output of a, may I say, sub-K-map. 



Y 0 Y 2 Xt Yo ^ X t 

N. N, \ - * 4 i >■ ■■ 



V- 


Y(0j) 


{ rk ) 


Y(6)) 


{y(4) 


__ 


( Y(0 j 


Y(2) 


Y(6) 


Y(4)) 


*3 


Y(1)) 


( Y(3) 

In 


Y(7)) 


[Y(5) 


I X °] 


( Y(l) f 


Y(3) 


Y(7) 


Y(5)) 



r hr- *" — i 1 

r, x £ Yt ^ x 2 



a) 1-dimensional K-maps as subsets b) 2-dimensional K-maps as subsets 

Fig. 20-4 Loops representing K-maps within K-maps 

In fact, decrementing the dimensions of a standard K-map by two or 
more automatically leads to the concept of inscribing sub-K-maps into the 
cells of reduced K-maps. To illustrate, consider the general three-dimensional 
standard K-maps of Fig. 20-4. The loops Y 0 , Y \ , Y 2 , Y 3 in Fig. 20-4a can be 
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Fig. 20-5 Interpreting the map-entered variables of the 

2-dimentional K-map as outputs of ID submaps 



taken to represent one- dimensional K-maps as shown in Fig. 20-5. Extracting 
these one-dimensional K-maps from the three-dimensional map leaves us with 
the two-dimensional K-map of Fig. 20-5. This is analogous to the algebraic 
procedure of the previous section where the equation (20.1c) leads to the 
K-map representation of Fig. 20-ld. 




Fig. 20-6 Interpreting the map-entered variables Fo, Y\ of the one- 
dimentional K-map as outputs of 2D submaps 

If desired, you can directly extract tfwo-dimensional K-maps from a three- 
dimensional K-map, as the loops in Fig. 20-4b indicate. This leads to the 
one- dimensional K-map of Fig. 20-6 whose map-entered variables are the 
outputs Fq, Fi calculated from the two-dimensional K-maps. 




Fig. 20-7 An example showing when map-entered variables can be 
replaced by logic expressions 




20.3 Evaluating Reduced K-maps * 
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To illustrate this latter procedure, take a look at the example pictured in 
Fig. 20-7. The circuit specified in the three-dimensional K-map of Fig. 20-7a 
is, as the loops Yq , Yj indicate, broken down into two 2-dimentional K-maps 
(Figs. 20-7b,c), whose outputs To, Yi function as map-entered variables to 
the 1-dimentional K-map of Fig. 20-7d. A different and quite common way 
of expressing this, is to draw the 1-dimentional K-map as shown in Fig. 20-7e 
where the map-entered variables Yo, Y± are replaced by the algebraic expres- 
sions obtained from the 2-dimentional K-maps. 




Sub-K-maps (as those of Fig. 20-7b,c) need not all have the same vari- 
ables around their perimeter. Fig. 20-8 shows such an example, and also in- 
dicates how to develop the single 5- variable K-map equivalent to the K-maps 
of Figs. 20-8a,b,c. 



20.3 Evaluating Reduced K-maps * 



There is nothing mysterious about evaluating a reduced K-map. You apply 
one of the canonical normal forms (14.1) or (14.2) in the same way as for 
a standard K-map. Consider applying the disjunctive normal form to the 
reduced K-map of Fig. 20-9a. 

Y 4* CoY(O) V Ci Y(l) V C 2 Y(2) V C 3 Y(3) 4* 

Co V C\Yi V C 2 Y 2 4> X{X 2 V XiX 2 Y x V X Y X 2 Y 2 . 

You can obtain a minimised disjunctive form if you use 1-cells as dont’t cares , 
employing them as if they contained an output variable of your choice. The 
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Xe 


C/lv 


Yj 

\ 


x, 


x,x 3 

\ 


Xi 


a) 


(o 1 

l 1 


— 'i 

l Yt ] 


b) 


TA 


2 

Y-. 2 


c) 


tn 


2 \ 

Y . i 


x 3 


(1 } 
V 


•o) 


x 3 


trd 

^ 


3 


x 2 


' r V 


A 



GK* 



C 2 Y 2 



(C 0 v Q)Yi GY. t 



XjYr 



X 2 Y 2 



Fig. 20-9 Evaluating a reduced K-map 



techneque is explained in Fig. 20-9b. If you want to combine the 1-cell C 0 
with the Yi-cell Ci, you expand Co by (1 V Yi) as in 

Co 44C 0 l44C 0 (l VYi)*>C 0 VCob, 

allowing you to combine CoYi with C\Yi\ 

CqYi V CiYi 44 (Co V Ci)Fi 4* XtYi. 

Of course, you can reuse a 1-cell as often as you like and for differing 
output variables Y&. The complete calculation for the above example could 
look like this: 

Y 44 Co V Ci Yi V C 2 Y 2 44 C 0 V C 0 V C i Yi V C 2 V 2 4* 

C 0 (l V Yi) V C 0 (l V Y 2 ) V Yi V C 2 Y 2 44 
Co V CoYi V Co V C 0 Y 2 V C\Y\ V C 2 Y 2 44 
Co V (Co V Ci)Yi V (Co V C 2 )Y 2 44 
~X{X 2 V X\Yi V X 2 Y 2 . 

The point is, the above minimised result can be read directly from the reduced 
K-map of Fig . 20-9 c without any calculation needed. 

The above procedure uses 1-cells x £ E\ as don’t cares in the same way 
as unassigned input events x E £ 8 are used. Thus, to avoid any misunder- 
standing, it is advisable to reformulate the concept of cover stated in (17.21), 
noting that £ av stands for either £ 0u or £\ v \ 

(20.3) A Yk- cover V r {£y h \£ a vS U £ss), in which £ avS Q £ av and 

£ss Q is a set of non-redundant prime sets: 

'P{£y k 5 £avS U £&s) — {7^(1) , • • • , V^d }, 

£y k U £ a us U Ess = V^i) U • • • U V^l) . 

(a) The full cover ; £ a uS^£ss) is the set of all prime sets 

of £y k U £ a uS U £ss that are non-redundant. 
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(b) An irredundant cover Vl rr {£y k ; £ a vS U £ss) of the Yjt equiva- 
lent £y k is a set of non-redundant prime sets that are necessary 
in covering £y k (i.e., removing any prime set from the irredun- 
dant cover leaves at least one input event x € £y k uncovered). 

(c) A minimal cover ; £_auS U £ss) of £y k , the Y k equiva- 

lent, is an irredundant cover Vl r {£y k ; £ a us^£ss) with a smallest 
number of prime sets. 

In the same vein, we introduce the inclusions Uy k;a s(x) and exclusions 
Vy-fcja^x) in accordance with (17.26) and (17.29): 



Uy k - o«(x) <=> \f C v (x), 


(20.4) 


(p'.Vp £V( £y k ]£ovsU£&s ) 




U Yk] I*(x) V C v (x), 


(20.5) 


W'.Vtp ^P(^Y k \£iv sk)£ss) 




V Yk - }0 s(x) & /\ D v (x), 


(20.6) 


(p:V<p €7 > (£Y k ]£ousU£ss) 




Vy k] i s(x) /\ D v (x). 


(20.7) 



ipiVp €V(£Y k ‘,€ivsV€6s) 



We refer to Uy k] i$(x) and Vy k; i$(x) as a 1-inclusion and 1-exclusion re- 
spectively. Similarly, Uy k; os{x) and VV fc ; 0 «(x) are referred to as a 0- inclusion 
and O-exclusion respectively. Clearly 

Cy* ; i«(x) •£$> Vy,;is(x), Uy^osix.) <=> Vy t; o«(x). (20.8) 

When considering a set £ av s U £sst instead of £y k U £ a vS U £$s, we write its 
inclusions as Uq(x) and i7i(x), and its exclusions as Vo(x) and VJ(x). 

The evaluation formulas of Section 18.4 can now be expanded to take the 
Yit-equi valent s and the set £$ of unassigned input events into account. The 
inclusion evaluation-formulas (18.4) and (18.5) thus become the inclusion 
evaluation- formulas for reduced K-maps: 

K 

Y(x) o U 1;f (x) V \/ U n;lS (x)Y k , (20.9) 

k = 1 
K 

Y(x) O tf 0i «(x) V \/ Vy 4;0 «(x)F t , (20.10) 

k= 1 

while the exclusion evaluation- formulas (18.6) and (18.7) become the exclu- 
sion evaluation-formulas for reduced K-maps: 

K 

F(x) <3> F 0; ;s(x) A f\ (Vftjo^x) V Y k ), (20.11) 

k = 1 
K 

F(x) V liS (x) A /\ (v Yt . u (x) vFfc). 

fc=l 



( 20 . 12 ) 
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Let us look at two examples to help get acquainted with the standard 
evaluation formulas. As a first example, consider calculating a minimal dis- 
junctive form by employing (20.9) to the reduced K-map of Fig. 20 - 10 a. As 
you can see, this K-map is reproduced three times, the only reason being that 
each K-map is used to picture the loops representing the 1 -inclusions Uy i; is, 
Uy 2 ‘,i6i U y 2 . i s of the three map-entered variables Yi, Y 25 5 ^ 2 ■ Do note that 
Y 2 is a map-entered variable in its own right. 




Fig. 20-10 Picturing minimal 1 -covers Uy u i$, Uy 2] \s, Uy 2 . xs 

In this example the 1 -inclusion U\-s is only represented by the area of Is 
as there are no adjacent don’t cares. The loop in Fig. 20 - 1 0 a, representing the 
1 -inclusion Z7y i; 1 $, must — according to (20.3b) — contain all Y \ -cells and 
can contain any of don’t cares and 1 -cells. As Fig. 20-10b shows, a 1 -inclusion 
need not be represented by only one loop, in general it will be represented 
by the union of two or more loops, i.e., by the union of two or more prime 
sets. With these comments on Fig. 20-10 we can write the minimal (quasi) 
disjunctive form (20.9) as: 

Y(x) £ 2 X 3 X 4 V £ 1 X 2 Yi V ( X 1 X 2 X 4 V XiX 3 X 4 )Y 2 V X 1 X 2 X 3 F 2 . 

U 1 U Yl ;l6 U Y 2 ;16 U Y 2 ,16 

To obtain a pure disjunctive form for our example, you need to distribute Y 2 : 



Y(x) <=> X 2 X 3 X 4 V X 2 X 2 Yi V X 1 X 2 X 4 F 2 V X 1 X 3 X 4 Y 2 V X^X, V 2 . 

As our second example let us calculate a minimal conjunctive form by 
employing (20.11) to the previous reduced K-map(s) repeated in Fig. 20-11. 
The loops of these K-maps picture the O-exclusions Vy x -o 6, Vy 2 -os 1 ^ 2 . 0 6 °f 
the three map-entered variables Yi, F) Y 2 (Po ;6 is not pictured). 

Using these O-exclusions on (20.11) allows us to write: 
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Fig. 20-11 Picturing minimal 0-covers Vy i; o6, Vy 2; o6, V^ 7 2 . 05 

Of course, if you set store in obtaining a pure conjunctive form, you must 
distribute Y\ and Y 2 : 

F(x) &(Xt V X 2 )(X 1 V X 4 )(V 4 V Y 1 )(X l V X 3 V Y x ) 

A (x 2 VI 3 V y 2 )(x 1 vl 2 vl 3 v V 2 )(V 2 vl 3 v F 2 ). 



20.4 Specification by Map-Entered Variables* 

In this section, we follow-up the comparator example of Section 16.4 where 
the formula for ^>y was expressed as a conjecture. We shan’t attempt to 
develop an eight- dimensional K-map in which to compare the 4-digit binary 
numbers x = x\ •2 3 + X 2 - 2 2 +x$- 2 1 -f x±-2° and y = y 4 -2 3 +y 2 -2 2 + y 3 -2 1 -hy 4 *2°. 
Instead, you will see how to specify the problem in reduced K-maps. 




Fig. 20-12 Specifying a comparator for 4-digit binary numbers using 
map-entered variables 

Remember that the distinctness of two numbers is decided in the posi- 
tion of highest weight in which the binary digits are unequal. Let us therefore 
first compare only the two highest digits x 3 , x 2 and yi , y 2 . This comparison is 
carried out in the K-map of Fig. 20-12a. The Is state that , x 2 ) > (yi , y 2 ), 
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the Os refer to (£i,£ 2 ) being smaller than (yi,y 2 )- But, why does the main 
diagonal of the K-map (Fig. 20-1 2a) have the variable Z^ y inscribed? You 
might want to find the answer yourself. If so, interrupt your reading here. . . 

In the main diagonal of Fig. 20-12a you state how to decide which of 
the numbers (#i , £ 2 , £ 3 , £ 4 ) or (y\ ,^ 2 ,^ 3 ? y 4 ) is greater, given that their two 
highest digits (£i,£ 2 ) and (yi,?/ 2 ) are equal. This decision is taken on the 
bases of the result Z^ y ^ which states which of the lower digits (£ 3 , £ 4 ) and 
(2/3^4) is greater. Thus the value, 0 or 1 , entered into the main diagonal of 

(2'i 

Fig. 20-1 2a must be the value given Z).> y , meaning we enter this variable into 

the main diagonal. zS*> y is specified in Fig. 20-12b (as was demonstrated in 
the explanation of Fig. 16-8). Evaluating the K-maps of Fig. 20-12 leads to 
a logic formula for Z^y y . 

&X 3 Y 3 V (X 3 v Y 3 )X 4 Y 4 , (20.13) 

Z { x % &X 1 T 1 V(Xi v7 1 )X 2 Y 2 

V (X 3 X 2 V Y 1 X 2 V X 3 Y 2 V Y 3 Y 2 )Z%, 
zi% &X 1 Y 1 V (X, V Y 3 )X 2 Y 2 

V (X a V Fi)(X 2 V Y 2 )Z%. (20.14) 

Combining the logic formulas (20.14) and (20.13) leads to the circuit of 
Fig. 20-13. Note that the output Z\> y of the half- comparator is fed into the 
full-comparator. Quite clearly, this procedure can be extended by connecting 
the output Zx> y of the full comparator to a further full comparator. 




Fig. 20-13 The composite function derived from (20.13) and (20.14) 
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A different solution than the composite circuit of Fig. 20-13 is obtained 
when substituting Z^> y of (20.14) by (20.13) — we obtain the formula for 

Z^y y expressed as a conjecture at the end of Chapter 16 and pictured as a 
logic circuit in Fig. 16-10. 

zi% V (x 1 VF 1 )X 2 F 2 

V (X! V Fj)(x 2 V F 2 )(x 3 F 3 V (X 3 V F 3 )x 4 F 4 ), 

4>p v (*i vFi)x 2 F 2 

V(Xi vFi)(X 2 vF 2 )X 3 F 3 

V (Xx V Fx)(X 2 V F 2 )(X 3 V F 3 )X 4 F 4 . 




Fig. 20-14 Module for comparisons x > y and x < y of 2-bit integers 

This design approach using the map-entered variables of Fig. 20-12 helps 
us understand how to cascade comparators. As the basic building block, 
consider the circuit of Fig. 20-14. Note that not both outputs can be 1 at 
the same time. 



X Yi X X X Y t X 8 Y s X 3 Y 3 X 4 Y 4 




Fig. 20-15 Parallel and serial interconnection of comparators 
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The same reasoning that allows us to employ map-entered variables in 
the main diagonal of Fig. 20-12 validates the cascading of these circuits as 
shown on Fig. 20-15. The details of the explanation I leave to you. 




Chapter 21 



NOT- AND and NOT-OR 



Transistor implementations of switching devices most commonly realise nega- 
tions of multiple conjunctions, X\ A • • • A X ny or negations of multiple dis- 
junctions, Xi V • • • V X n , reason enough to consider these functions in more 
detail. For more than two inputs (n > 3) I refer to them as NOT- AND and 
NOT-OR functions, respectively. For two inputs, and only for two inputs, 
are they called NAND and NOR. 

But, why this distinction? The NAND and the NOR functions are 
defined for two variables only, allowing us to write A A B A A B and 
A V B <=> AW B. But, contrary to the dyadic expressions A A B and A V J5, 
neither of the expressions A A B A C nor A V B V C are meaningful — let 
alone similar expressions with more than three variables — as neither NAND 
(A) nor NOR (V) are associative. Furthermore, it is folly to use A A B A C 
as an abbreviation for A A B A C, and A V B V C as an abbreviation for 
A V B V (7, as you will find time and again in otherwise serious texts. For 
n > 3 we shall thus abide by the notation for NOT- AND, X\ A • • • A X n , and 
NOT-OR, X 1 V • • • V X n . 



21.1 Miscellaneous Theorems 

If you want to be able to manipulate logic expressions based on NOT- AND 
and NOT-OR algebraically, you will want a collection of relevant theorems. 
The most basic of these are the NAND and NOR theorems on commutativity, 
on a single variable , and DeMorgan’s theorem. 
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To recapitulate results of Chapter 10: Neither NAND nor NOR are 
associative , and neither of these functions plays any role in distributivity. 
The relationships between (multiple) AND and NAND are governed by the 
following formulas. 



A A B A A B 


(21.7) 


A A B A C & A A B A C 


(21.8) 




AABACAD&AABACAD 


(21.9a) 


rsj rsj 


■&AABACAD 


(21.96) 



A pondering glance at (21.8) and (21.9a) will convince you that the 
right sides of these formulas can be extrapolated straightforwardly for five 
and more variables. Note that these formulas hold for any permutation of 
their variables. As (21.9b) indicates, you can rearrange the NEGATIONS in 
multiple ways for four and more variables. Of practical interest are those for- 
mulas that distribute the NEGATIONS symmetrically, or near-symmetrically 
— as in (21.9b). To see how to derive these formulas look at the following 
example: 



A A B A C A A B A C AA B A C A A B A C A A B A C. 

Applying duality (see Section 5.4) to the above formulas provides us with 
a class of formulas that relate multiple OR to NOR: 



Ay B & Ay B 


(21.10) 


Ay By c Ay By C 


(21.11) 


AyBycyD&AyByCyD 


(21.12a) 


& Ay By cy D 


(21.126) 



Trivially, the negation of the above multiple AND and multiple OR 
formulas relate the NOT-AND and the NOT-OR to the NAND and NOR 
functions. For instance: 



AAB AC & A A B AC, 



A\/ By C & Ay By c. ( 21 . 13 ) 
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21.2 Two- Level Circuits 



Assume you have — by some means convenient to you — developed an al- 
gebraic expression that is a minimal disjunctive form of a given switching 
function. Such a minimal solution is expressed by the evaluation formula 

(17.30a) Y(x) \/ C v (x). 

V:V v €V mi „(£i) 



Inverting the right side twice, 

Y( z) V C vi x ), 



and then applying P(x) f\->P(x), DeMorgan (13.68), leads to the 
NOT- AND evaluation formula 

Y(x)<&^ /\ (“^(a;)) . (21.14) 

v-'P^ev mi n(s 1 ) 

V ,/ v ' 

NOT-AND NOT-AND 

The corresponding NOT-OR evaluation formula, derived from equation 
(17.31b), is 

Y(x)<&~> (x)^ . (21.15) 

V-VvZVmvniS 0) 

NOT-OR NOT-OR 

As both formulas use minimal covers, Vmin(£ 1 ) and Vmin{£ o), they provide 
us with (two-level) circuits containing the smallest number of gates. To il- 
lustrate the use of (21.14), consider the example of a function defined by 
£i = {2,3,5,6,7,9,11,13}. This function was minimised in Section 19.2 
where we obtained the single minimal cover 'P m ^(£i) = {'Pb,'Pdj'Pf} = 
{Thoxi, 'Pxioi, VqxIx). This minimisation result allows us to write (21.14) as 

F(x)^-' f\ (iC^x)) 

V-Vve'Pmm(.£l) 

_, ((”'Ci0ii) A (“-Cj-ioi) A (->£0*1*)) 

X\ X 2-^4 A X2X3X4. A Xi X$. ( 21 . 16 ) 

To obtain the NOT-OR form for the same function, you use (21.15). 
This formula requires that you work with the 0-equivalent £ 0 — as opposed 
to the 1-equivalent £\ when determining the NOT-AND circuit by using 
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(21.14). The O-equivalent Eq is the complement of the 1-equivalent E\ — 
{2, 3, 5, 6, 7, 9, 11, 13} with respect to the universe 

£ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15} 

(if you are considering 4 input variables): £ 0 = £ \ £i = {0, 1, 4, 8, 12, 14, 15}. 
As mentioned at the end of Section 19.4, this function has a single minimal 
cover Vmm{£ o) = {'PoQQx.Vnix.VxxQo} allowing us to write (21.15) as 

Y(x)&-> \f (->D v (a;)) 

S P'-'P min (So) 

“^("^OOOz) V (“»I>111*) V (-^7>xa:Oo)^ 

Jxl VI 2 VI 3 ) v (X x vl 2 v X 3 ) V (A 3 V X 4 ). (21.17) 

You might like to compare (21.16) and (21.17) to the canonical solutions 
(19.10) and (19.11) of Section 19,4. The circuits of (21.16) and (21.17) are 
shown in Fig. 21-1. 



&X2X4 



X2X3X4 



Xt X 3 



X1X2X3 XX 2 X 3 X3X4 




Fig. 21-1 NOT-AND and NOT-OR circuits of (21.16) and (21.17) 



21.3 Multilevel NOT-AND Circuits 



The two-level circuits discussed in the previous section are the fastest, but 
sometimes need more gates than slower multilevel designs to be looked at in 
this section. The reason for a multilevel circuit being slower than a two-level 
circuit is that at least one input signal must pass through more than two gates 
to traverse the circuit. An extraordinarily extensive presentation of NOT- 
AND and NOT-OR design methods is presented by Muroga [1979] from 
which the map-factoring method discussed here is taken. This method is 
only meant for relatively small problems that can conveniently be expressed 
in K-maps. There are some noteworthy aspects to the method. 
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(a) You can obtain an exceptionally large number and variety of solutions. 
But the only way to know whether you have found a ‘good’ solution or 
not is to compare it with other solutions found. 

(b) You have no direct influence on either the number of NAND gates or the 
number of inputs to the individual gates. 

(c) You must rely completely on your experience and intuition when trying 
to find a ‘good’ solution. There is no ‘forward looking’ algorithm to help 
you along. 

The above points are not as typical for the map-factored method as they are 
for the complexity of the problem to be solved. To facilitate the explanation 
of the map-factored method we need to introduce the concept of an anchored 
j K-sei. 

(21.18) An anchored K-set lC lpi ,^ iPn is a K-set of which the n-tuple 
( 1 , 1 ,. .., 1 ) — consisting exclusively of Is — is an element. 

For a two-input K-map, Fig. 21-2 shows all anchored K-sets — all are an- 
chored around the cell (1,1), marked by an asterisk (*). In defining an an- 
chored K-set, no mention was made in (21.18) of the content of any cells. In 
a K-map, loops specifying an anchored K-set can contain Os, Is, don’t cares , 
map-entered variables, or any combinations of these. Muroga calls anchored 
K-sets ‘permissible loops \ whereas he reserves no name for what in this text 
is called a gate-defining set Q — introduced in step 4 of (21.19). 



a) 
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1 
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Fig. 21-2 Anchored K-sets of a two-input K-map 

(21.19) The map- factoring method for finding multilevel 
NOT-AND circuits. 

Step 1 . By visual inspection of the K-map choose an anchored 
K-set JC ^ and, to start the iterative process of this algorithm, a 
gate-defining set equal to /C^. 

Step 2. Draw a NOT-AND gate with the inputs of the generalised 
minterm 4^ x £ giving the NOT-AND gate a gate number 
of 1 . 

Step 3. Start the iteration process of this algorithm by setting the 
gate number g of the following step to 2 (<7 3 2 ). 

Step 4. By visual inspection of the K-map choose an anchored 
K-set IC$p \ Choose an associated gate-defining set 

gig) d l £(») \ (g(s') u git") u . . .) 



(21.19a) 
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in which Q^ 9 '\ G^ g "\ etc., are any previously specified gate-defining 
sets whose intersections with 1C ^ are not empty. Note that you 
need not choose any of the previously specified gate- defining sets, 
i.e., may be empty. 

Step 5. Draw a NOT-AND gate (associated with the gate-defining 
set G^) whose input variables are determined as follows. Firstly, 
the variables that define (with x G K,^) are inputs to 

the NOT-AND gate. Secondly, the output of every gate assigned 
to a gate-defining set Q^ 9 \ Q^ 9 \ etc., used in g(y) =/4 9) \ (£(»') u 
g(9 H ) u . . •) is taken as input to the NOT-AND gate. 

Step 6. If the loop specifying the gate-defining set Q ^ C 1C^ 
chosen in step 4 has at least one symbol inscribed that is not 0, or 
does not contain all the zeroes of the K-map, then increment g by 
1 ( 9 ^ 9 1) and go to step 4. If the loop contains all the zeroes 

of the K-map and only zeroes , terminate the algorithm. 



Let us work through the simple example shown in Fig. 21-3 to see how to 
employ the map-factored method (21.19). 

According to step 1 we choose the first anchored K-set as 1C ^ and 
the first gate-defining set G^ = /C^? pictured in the K-map of Fig. 21-3a. 

Step 2 requires us to draw a NOT-AND gate (associated with G^) 
the inputs of which are defined as x G C\ X2X3 (x) & Xi, i.e., our 

NOT-AND gate has only one input, this being X\. The gate is given the 
number 1. 

We now start the iterative process with step 4 by choosing another 
( 2 ) 

anchored K-set, the K-set lC xxl pictured in Fig. 21-3b. Next, choosing to 
not use the previously specified gate-defining set — so that the output 
of gate 1 is not employed as an input to gate 2 — we determine Q ^ as 

s (2) = 4 2 l 2l \0 = 4 2 l 2l - 

By step 5 we draw the NOT-AND gate number 2 of Fig. 21-3b, its only 
input, X 3 , being defined by x G /Cj^ X2l ^Li( x ) ^ -^3- 

As G ^ does not contain only zeroes (in fact, it contains no zeroes) step 
6 requires us to increment g to 3 and to go to . . . 

Step 4. As shown in Fig. 21-3c, we choose our third anchored K-set to 
be 1C i 



^xiix 3 an d its associated gate-defining set as = lC^ lx& \ (G^ UG^)- 
Step 5. The inputs to the NOT-AND gate of Q ^ are Xi — due to 
x G JC Xl \ Xa ^i 1 ix 3 ( x ) ^ — and the outputs of the gates 1 and 2, 

specified by G^ and . 

Step 6 . Here, the algorithm terminates because Q ^ contains all the 
zeroes and only zeroes . 



To understand how the connection of the gates is governed by (21.19a), 
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Fig. 21-3 An example illustrating algorithm (21.19) 



note that 



jc<?> \ ( g ig,) u g i3 " ) u • • •) = n g^') u £(»") u • • •, 

which allows us to rewrite (21.19a) as 

g(g) = jc(t) n g< 3 "> n g (9 " ] n • • ■ . (21.196) 

This formula, written for gate number 3 of Fig. 21-3c, 

e m = <*>,„ \ («<■> u s< ! >) = n 5 (1> n s™, 

is a replica of the connections to that gate. Let us now rework the above 
example as shown in Fig. 21-4. The only difference is the way the gate- 
defining set is chosen: Q = X^ X2l \Q^ . By this choice, see Fig. 21-4b, 
the output of gate number 1 is used as input to gate number 2. Now the final 
step, although formally the same as for Fig. 21-3c, leads to the slightly more 
complex solution of Fig. 21-4c. You can verify the circuit by the following 
calculation: 
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Fig. 21-4 Reworking the example of the previous figure 



The last example in this section (see Fig. 21-5) is only marginally more 
complicated than the previous one. Yet the solution is almost intricate. In 
the following discussion, let (a), (b), etc., refer to the equally named parts of 
Fig. 21-5. 

The K-map (a) shows our choice for YC ^ and thus for Q ^ = JC^\ In (b) 
the dashed loop represents 1C^ 2 \ and as we wish to use in determining 
we obtain this set as Q ^ \ and with it the circuit of (b). In 

(c) we choose to use none of the previous gate-defining sets Q ^ or so that 
equals the anchored K-set )C^ 3 \ i.e., = 1C ^ . Now, by choosing KS- 4 ^ 

— as shown on (d) — without or £ (3) , we get = fC {4) \ (£ (1) U Q^). 
Now note that the sets and together contain all the zeroes and only 
zeroes, the termination condition we are looking for. But, while we cannot 
describe their union directly, we can describe their complement — which we 
do in (e). Choosing 1C ^ as the universe (i.e., all cells of the K-map) we 
define as JC^ without and Q^\ so that Q ^ \ U Q^). 

Complementing as shown in (f) provides us with the final result. 

If you feel it necessary to verify the circuit of Fig. 21— 5f, evaluate its 
algebraic equivalent: 



Y (X1X2 X ± X 3 ) (X 2 X 3 X 2 X^JQ, 

gW gw 

V v /V V ' 

0( 2 ) 0( 4 ) 

noting that the top two negations (the double negation) are due to and 
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to Dropping the double negation and carrying out the negations of the 
parentheses leads to 

Y (X1X2 V XiVXz) (X2X3 v x 2 yx 1 x 2 ) 

V —— — v— — — / ” " / 

X1VX2 X 2 vX 3 

x 3)^X2 v x 2 yx z ) 

N " 1 " ’"'Sr ‘ 

Xi vX 2 

Y^(X 1VI2V X 3 )(Xi vl 2 v x 3 ) 

As the above expression is the conjunctive normal form that can be read 
directly from a K-map of Fig. 21-5, the circuit of Fig. 21— 5f is verified. 

21.4 Multilevel NOT-OR Circuits 

A slightly modified form of the map-factoring method of the previous 
section can be used to obtain a multilevel NOT-OR circuit. Firstly, we need 
to redefine anchored K-sets so that they are anchored around the n-tuple 
( 0 , 0 ,. .., 0 ). 

(21.20) An anchored K-set is a K-set of which the n-tuple 

(0, 0, . . . , 0) — consisting exclusively of 0s — is an element. 

Then, we need to re-specify steps 2, 5 and 6 of algorithm (21.19) as stated 
here: 

Step 2. Draw a NOT-OR gate with the inputs of the gener- 
alised maxterm D lpi (#! , . . . , x n ) VT=i ( x * 7^ ¥>») * n which 
tpi G {0,1, Xi}, according to (17.13), giving the NOT-OR gate a 
gate number of 1. 

Step 5. Draw a NOT-OR gate (associated with the gate-defining 
set £0)) whose input variables are determined as follows. Firstly, 

the variables that define vfyP (with V ^ <=> x 6 <£> V*=i ( x i 7^ 

V>*)) are inputs to the NOT-OR gate. Secondly, the output of 
every gate assigned to a gate-defining set Q^ 9 \ Q^ 9> \ etc., used in 
\ (G^ U G^ 9 ' ^ U • • •) is taken as input to the NOT-OR 

gate. 

Step 6. If the loop specifying the gate-defining set C 
chosen in step 4 has at least one symbol inscribed that is not 1, or 
does not contain all the ones of the K-map, then increment g by 1 
(g <—> g + l) and go to step 4. If the loop contains all the ones of 
the K-map and only ones , terminate the algorithm. 

The connection of gates, as expressed in the above step 5, is governed by the 
negation of (21.19b), 



(f 9) = ua (ff,) u g (9 " } u •••. 



( 21 . 21 ) 
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Fig. 21-6 Applying the map-factoring method to a multilevel NOT- 
OR circuit 
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If you have worked through the NOT-AND examples of the previous section, 
you should have no difficulty in following the NOT-OR example of Fig. 22-6. 

An alternative method (of at least theoretical interest) to obtain a multi- 
level NOT-OR circuit is to develop the NOT-AND circuit for the dual func- 
tion F. Then, by replacing the NOT-AND gates by NOT-OR gates you 
obtain the desired NOT-OR circuit of the given function F. In Section 7.6 
you can find a detailed discussion on how to obtain the K-map of the dual 
function F, given the K-map of F. 




Chapter 22 



Composition of Circuits * 



In a bird’s-eye view, the synthesis methods discussed so far require each new 
circuit (each new ‘molecule ’) to be put together from elementary gates (from 
‘atoms’). In Chapter 14 the ‘ atoms’ were AND, OR, and NOT gates, in 
the previous chapter they were NOT- AND gates or NOT- OR gates. Yet, 
just as in nature new molecules are put togrther, or composed , from already 
existing ones and from atoms, it would seem reasonable to develop an analo- 
gous strategy in synthesising circuits. Composing a circuit in this way, i.e., 
designing it by combining previously developed (and usually well-tested) sub- 
circuits, and elementary gates (when necessary ), is the topic of this chapter. 
Alternatively, see Ashenhurst’s [1957] decomposition method. 

As simple as the composition method is, its practical application relies 
(at present) completely on your intuition, insight and experience. Obviously, 
further development of the method is necessary to make it practicable for 
computer use. 



22.1 The Basic Concept 



To keep things simple to start with, we consider using only a single function 
as an ‘atom ’. As our main considerations turn on this function, I choose to 
call it a hinge function. For example, say we want to develop a circuit that 
realises the EQUIVALENCE specified in Fig. 22-la. Using NOR as a hinge 
function, we could (with luck) develop the circuit pictured in Fig. 22-lb. 
On the other hand, taking the normally closed pneumatic valve as a hinge 
function, we could realise the EQUIVALENCE as shown on Fig. 22-lc. Of 
course, using a single hinge function is only possible if no other functions 
are needed to realise a circuit (as discussed in Section 15.6). For simpler 
representation of the procedure and easier verification of the results we shall 
follow-up the use of NOR as a hinge function. 

The basic idea is to develop the circuit from the output to the inputs. This 
is emphasised in Fig. 22-2a where the specified function / is decomposed 
into the hinge function h at the output of the circuit, and the so-called 
generic function g the outputs of which are used as inputs to the hinge 
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Fig. 22-1 Realisations by single hinge functions 



function. The name generic function is chosen to remind us that there is not 
a singe, uniquely defined function g that we need only calculate or determine, 
but rather, g is a function we can choose from a whole class of functions that 
together with the hinge function h are a realisation of the specified function 
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Fig. 22-2 Decomposing the specified function / into the hinge func- 
tion h and the generic function g 



The generic function g is a multiple-output function. In fact, it always 
has as many outputs as the hinge function h has inputs. The output values 
of the generic function g of our example are specified in the table of asserted 
events (the TAE) of Fig. 22-2. We shall later consider each output yi , y 2 
of the partial generic function independently, so that each output represents 
an individual (generic) function which in turn can be decomposed using the 
chosen hinge function. 

The mathematician refers to the functions h and g of Fig. 22-2 as being 
catenated , or chained together, to create the function /. Catenation can be 
pictured very descriptively using mappings so that we can do all our reasoning 
graphically. 




22.2 Catenation 
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The word catenation originates from C catena\ the Latin word for chain . As 
a technical term, catenation refers to the chaining together of two functions. 
To get a feeling for this chaining together of functions consider the example 
shown in Fig. 22-3. The functions we wish to catenate (not identical with the 
equally named functions of the previous section), g : X t-> y and h : y t-> Z, 
are defined in Fig. 22-3a, this representation being possible because y is 
simultaneously the co-domain of g : X y and the domain of h : y Z. 
While Fig. 22-3a visualises the process of catenating, Fig. 22-3b shows the 
result of the catenation, the composite function hg : X i— > Z . The composite 
function hg is constructed by following the arrows from X via y to Z. For 
instance, if we follow the arrow in Fig. 22-3a from x\ we come to y<i, and 
from here via the next arrow to z\. The composite function hg summarises 
these successive mappings, simply stating that x\ maps to z \ . 





Fig. 22-3 An example demonstrating the catenation of functions 



In a formal definition of catenation, we want to make sure that arrows 
are correctly chained by only using those elements of y that are images of g, 
i.e., those y for which y = g(x) holds. We thus formulate 

(22.1) Given arbitrary functions g : X y and h: y i— ► S, their 
catenation hg: X Z {hg being read as L h follows g ’) is specified 
as the set hg of ordered pairs (x, z) such that 

(x, z)£hg \j (( x,y)eg A ( y,z)eh ) (22.1 a) 

y€y 

for any substitution instances x £ X and z £ Z. 
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The whole definition (22.1) is often abbreviated by the picturesque notation 

Z = X Z, (22.2) 

which emphasises that y is simultaneously the co-domain of g and the domain 
of h. Without further proof, let me state that the above definition allows us 
to deduce the following explanation for the conventional notation h(g(x)): 

h(g{x)) = ( hg)(x ). (22.3) 

The principle property of catenation is associativity , without which the 
catenation of circuits would not work. Associativity means, given three func- 
tions such that 

X A y A z >4 w, 

the sequence in which catenation is carried out is irrelevant: 

rhg = r(hg) = ( rh)g . (22.4) 



22.3 Choosing a Generic Function 

As a step towards understanding how to obtain a generic function < 7 , let us 
draw our example circuit of Fig. 22-2 as a catenation diagram, Fig. 22-4. 
This diagram pictures the catenation 

x£z = x& y£*z. 

The arrows are drawn according to the table of asserted events of Fig. 22-2. 
The diagram contains more information than the TAE of Fig. 22-2. The 
TAE does not say what the output z would be if (yi,y 2 ) = (1,1), but this 
information is contained in Fig. 22-4 in the form of an arrow pointing from 
(1,1) G y to 0 € -2^. This reflects the necessity to specify a value in the co- 
domain for each element of the domain of a function. Most importantly, the 
catenation diagram puts the finger on the fact that the co-domain y of the 
generic function g is a set of ordered tuples, and that we are not at this stage 
working with individual generic functions each with its own single output. 




Fig. 22-4 Catenation diagram of the circuit of Fig. 22-2 
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In the next step we choose an output value z E Z to be able to define 
equivalents X z and y z of the specified function / : X i— > Z and the hinge 
function h : y Z, 

X z = {x|/(x) = z), y z = {y|/»(y) = z}, (22.5) 



and use them as the domains of partial functions 

fz : Xz •-> {*}, and h t : y z i-> {z}. (22.6) 

Consider the case in which z * 0. Restricting our view to those arrows 
of Fig. 22-4 that have their source in the equivalents Xo and To leads to 
Fig. 22-5. This figure contains the partial generic function #o • Xq t-> To 
which results from the analysis of the circuit of Fig. 22-2. But, quite clearly, 
any of the 3 2 = 9 functions Xq To will have the desired property of 
mapping all x E Xq via To to 0 £ Z. This can be stated more formally: Any 
partial generic function qq : Xq *-» To satisfies the catenation <?o^o = /o, or, 
for any z E Z 

9z • T z i ■> y z =y" g z h z — fz • (22.7) 

From an algebraic point of view, there are no preferences for any of the 
partial generic functions g z j that fulfil the catenation g z jh z = f z allowing us 
to choose the destinations g z j(x) E T independently from one- another and 
quite arbitrarily. 




Fig. 22-5 Catenation diagram of the circuit of Fig. 22-2 
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22.4 Hinge Sets 



By (22.7), the equivalents y z = {y |/i(y) = zj of the hinge function h together 
with the equivalents X z = {x|/(x) = z} of the specified function / define the 
partial generic functions g z . To emphasise the importance of y z we give it a 
name, calling it a hinge set because it is defined by the hinge function h. 

Hinge sets can easily be determined from the K-map of a given hinge 
function. Those cells y which contain a 0 belong to the hinge set 3^0, while 
those cells containing a 1 belong to hinge set 3^. To illustrate, consider the 
K-maps of Fig. 22-6 which represent the hinge functions for the NOR gate 
and the normally closed valve used in the circuits of Fig. 22-1. From these 
K-maps we deduce for the NOR gate: 

y 0 = {(o,i) 1 (i,o),(i,i)}, 

= {(o,o)}, 



and for the NC- valve 

y <> — {(0,0,0), (0,1,0), (1,1,0), (1,0,0), (1,0,1)}, 

M = {(0,0,1), (0,1,1), (1,1,1)}. 
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a) Hinge function for NOR 



b) Hinge function for the 
normally closed valve 



Fig. 22-6 K-maps of the hinge functions used in Fig. 22-1 



22.5 Composing a Circuit: Example 1 



The introductory example of this chapter, Fig. 22-1, shows how the EQUIV- 
ALENCE function can be realised using normally closed valves. We now take 
a detailed look at this example. The NC- valve is a realisation of a composite 
logic function of slightly enhanced complexity. What I want to show with 
this example is the use of a hinge function of above normal complexity. Not 
the valve is of interest, its logic function is. Nevertheless, Fig. 22-7 shows the 
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Fig. 22-7 The NC-valve, its K-map and composite logic symbol 



valve, its symbol, and its input-output behaviour in the form of a K-map. 
This valve is a slight extension of the NC-valve discussed in Section 2.1. The 
K-map of Fig. 22~7c leads to the logic formula Z <£> (Y^ V Y^Y^ and this to 
the composite logic symbol (the packed logic symbols) pictured in Fig. 22-7e. 




Yi <=>Xi Y 2 <=>X 2 Y 3 <=>X!vX 2 



Fig. 22-8 From specified function (a) via y Q and Yi to circuit (f) 

The process of composing the EQUIVALENCE on the basis of the hinge 
function of Fig. 22-7c is developed in Fig. 22-8. We start with the K-map 
of the function to be synthesised, Fig. 22-8a, and with the hinge sets Yh and 
Ti. The Is in the K-map of Fig. 22-8a are replaced, independently from 
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one-another, by n-tuples of the hinge set Ti • Likewise, the Os in the K-map 
of Fig. 22-8a are replaced, independently from one-another, by n-tuples of 
the hinge set To- By this replacement process we transform the K-map of 
Fig. 22-8a into that of Fig. 22-8b which represents the generic function. 
This triple-output K-map is split into the three K-maps of the last row. 
The K-maps assigned encircled numbers represent composite logic symbols 
allowing us to draw the circuit of Fig. 22-8f. 

Actually, the above example was terminated prematurely. The process- 
ing of a K-map should continue unless the K-map represents an IDENTITY 
or a constant, i.e., FALSITY or TRUTH. The K-map of Fig. 22-8e repre- 
sents an IMPLICATION, so, why terminate processing? Clearly, because 
our composite logic function can realise the IMPLICATION. Nevertheless, 
let us continue the process in a formal way where it was interrupted, using 
the opportunity to take a closer look at how one might choose n-tuples from 
the hinge sets To and Ti . 




Fig. 22-9 Discussing the choice of n-tuples from To and Ti 
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In Fig. 22-9 we continue developing the function specified in the K-map 
of Fig. 22-8e. In the following paragraph, (a), (bl),. . . , (e) refer to the thus 
specified sub-figures of Fig. 22-9. The composition procedure requires us to 
replace the Is of (a) by elements, i.e., ordered triples, of 3^1- As each triple 
has 1 as its last element, we have no choice but to begin with a K-map for 
the generic function as the one shown in (bl). If we could place a 1 in the 
third position of cell number 1 of (bl), we would be able to express Y 33 as 
TRUTH. The triple to be inscribed in cell 1 of (bl) must be taken from 3^o 
(why?). There is only one such triple which has 1 as a last element, (1, 0, 1), 
which brings us to (b2). Now having a 1 in position 1 of cell 1, it would be 
advantageous to also have a 1 in position 1 of cell 3. We could then describe 
531 as an INDENTITY (i.e., F31 X 2 ) — assuming, of course, that we 

could place Os in the first positions of cell 0 and 2. These aspirations are 
expressed in (b3) where the second position of cell 3 by necessity becomes 1. 
This leads to the desire to describe Y32 as an IDENTITY, i.e., as Y32 Xi, 
which necessitates us to fill the K-map as shown in (b4). This triple-output 
K-map is then split into the single-output K-maps of the last row of Fig. 22-9. 

22.6 Composing a Circuit: Example 2 

Suppose we want to compose a circuit specified in Fig. 22-1 Oa. As a hinge 
function let us accept either an OR or the composite function Z <=> (Y \ VY 2 )Y$ 
of the NC- valve used in the previous section. After the explanations of that 
section, I leave you to pondering the possible solution shown in Fig. 22-10. 
The following calculation, which models the circuit of Fig. 22-10k, verifies 
the composed circuit because the result of the calculation can be read directly 
from the K-map of Fig. 22-10a. 

Z & (Y 1 V Y 2 )Y 3 

^ (X x V Y 3 V (Xx V X 2 )V 23 )(X 1 V x 3 ) 

(XX V (X V X)(X vX))(X V x 3 ) 

& (XXXo V XX vljl, V XX)(X V X) 

0 

XXX V XXX V XXX V 
XXX V XXX V XXX 
o 1,1, v I,I 2 v XXX v XXX 
<£> XX v XX V XXX 

22.7 Composing a Circuit: Example 3 

To finish on a simpler note, you might like to see how to obtain the NOR 
circuit of the EQUIVALENCE shown in Fig. 22-lb. If so, follow the devel- 
opment laid out in Fig. 22-11. 
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Fig. 22-10 Example 2 
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Fig. 22-11 Example 3 














Chapter 23 



Hazards 



Contrary to gates , which are idealised switching devices, the output values of 
real-world switching devices are always delayed with respect to any changes in 
input values. Such delays can, under certain circumstances, cause illegitimate 
or unwanted — i.e., spurious — output values which by their very nature 
are of limited duration and are thus called transient. The chance or danger 
of a transient spurious output-value occurring is called a hazard. 

transient spurious output- values are usually of little or no importance 
in combinational circuits when their outputs are used as inputs to actuators 
such as valves or motors. Due to the inertia of an actuator it cannot react to 
fleeting input fluctuations. But, whenever the outputs of combinational cir- 
cuits are used as inputs to circuits with memorising abilities, such as latches 
and sequential circuits, a transient output value may unwantedly be memo- 
rised thus perpetuating an incorrect output value. Considering this danger, 
it is not surprising that it was Huffman [1957] who, after initiating the the- 
ory of sequential circuits, was the first to analyse the causes and effects of 
hazards. 



23.1 Hazards on Stationary Signals 



An a-equi valent £ a = {x\ f(x) = a) (as introduced in Section 17.5), in which 
a is either 0 or 1, is of course the set of those input events x which the 
switching function / maps to the output value a. Changing the perspective 
slightly, we emphasise that the output value a, be it 0 or 1, remains invariant 
when switching from an input event x € £ a to any other input event x* 6 £ a 
of the same equivalent. The output value a of the equivalent £ a is therefore 
said to be stationary*^ or a steady-state output-value. 

*) Referring to a as static seems inappropriate as static implies an unchanging 
position in space . Stationary, on the other hand, implies an unchanging value 
or property in time. The mutual antipode of static and stationary is dynamic 
— this referring equally to a changing position in space or to a changing value in 
time. 
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We only consider idealised forms of transient spurious output- values such 
as the pulse and trough of Fig. 23-la, b. The summary expression for a 
pulse or a trough is salient which refers to a brief projection in an otherwise 
steady-state. In our idealised model, a salient begins when an input event 
x E S a changes to some other input event x* € £ a of the same equivalent. 
The salients last for only a relatively short period of time, say, for At. The 
chance or danger of a pulse occurring is called a O-hazard, while the chance 
or danger of a trough occurring is called a 1- hazard. 

x*eZ 0 



pulse 

(a) O-hazard 

Fig. 23-1 Idealised description of salients 

In reality, salients are comprised of skew signals, and often enough consist 
of runt pulses or troughs. A signal that does not ‘jump’, but ‘creeps’, from 
one value to the other is said to be skew. A skew signal that is forced to 
change its value prematurely, forms a runt (i.e., undersized and skewed) 
pulse or trough. The cause for skew signals are delays in switching devices 
as well as in transmission lines. 



xeEi x*e£t skew signal runt pulse 




trough (c) (d) 

(b) 1-hazard 



23.2 Single-Input Hazards 

A single-input hazard (conventionally called a static hazard) is a hazard 
on a stationary output caused by a single input-variable changing its value. 
The methods that have been developed for finding and eliminating hazards 
in fact apply only to single-input hazards. These, therefore, are the only ones 
we consider. 



X 3 



b) 

Fig. 23-2 Specifying a circuit to be analysed for hazards 

To get a feeling for the mechanism that leads to a single-input hazard, let 
us design and analyse example circuits derived from the K-map of Fig. 23-2. 
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The minimal disjunctive and minimal conjunctive forms 

Y X{X* V M 3 , Y (X 1 V X 3 )(X 3 V X 2 ), 

are obtained from the minimal covers of Fig. 23-2a,b — i.e., omitting the 
loops drawn with dashed lines. The circuit for the minimal disjunctive form 
Y X 1X3 V X2X3 is shown on Fig. 23-3. Before taking a detailed look at 

the circuit’s behaviour, note that the expression X1X3 has been realised by 
1 extracting ’ the negation, i.e., by realising a NEGATION N (X 3 Z) the 

output of which is fed into the AND A1 (X\Z). This gives us the possibility 
to consider the circuit’s behaviour under the assumption that the output 
of the NEGATION is delayed with respect to its input. It is precisely this 
assumption on which we shall subsequently build the theory of analysing 
circuits for the occurrence of hazards. 



X 






X 




Y 



Fig. 23-3 Analysing the minimal disjunctive form 

The analysis shown on Fig. 23-3 depicts the case in which input event 
7 — (1, 1, 1) switches to input event 6 = (1, 1,0). The thick lines for X\ and 
X 2 are meant to indicate that the value of these two variables is 1 before and 
after the transition from input event 7 to 6. Let us refer to the instant in 
which the transition takes place as to- Then, a short time interval At later, 
at ti, the output of the NEGATION N will have responded by switching to 
1. X3 and its delayed and inverted form, Z, propagate through the circuit as 
indicated in the figure, causing a trough (or at least the danger of a trough, 
i.e., a 1-hazard) at the output Y during to to t\. 

It is important to realise that, in the model of the circuit of Fig. 23-3, 
a transition from 6 = (1,1,0) to 7 = (1,1,1) will not cause a 1-hazard. I 
strongly encourage you to draw the signal transitions for this case to see the 
truth of the statement. 

There are other single-input transitions that can occur within Z\ — 
between 4 and 6, and between 3 and 7. When switching between 4 = (1, 0, 0) 
and 6 = (1,1,0), only X 2 is required to change its value. A pondering glance 
at the circuit of Fig. 23-3 will convince you that during a transition from 4 to 
6, or back, the output of A1 and thus of the output Y remain unwaveringly 
at 1 without the slightest danger of a trough. Similarly, no hazard exists 
when switching between 3 and 7 because the output of A 2 is permanently 1. 

The insight obtained above in analysing the transitions 4 and 6, and 
3 and 7 shows that we can avoid 1-hazards in disjunctive forms for 
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those single-input transitions that are covered by K-sets. In our 

example, we would add a third AND gate AS for the realisation of X 1 X 2 
feeding its output into the OR gate. The AND gate AS effectively eliminates 
the 1-hazard when switching between 7 and 6. 

The next step in our analysis is to check for single-input 0-hazards in 
the circuit of Fig. 23-3. This means we must check the transitions between 
0 = (0, 0, 0) and 1 = (0, 0, 1), 0 = (0, 0, 0) and 2 = (0, 1, 0), and 1 = (0, 0, 1) 
and 5 = (0,1,1). In all these cases, the outputs of A1 and A2 remain 
unwaveringly at 0 so that the circuit is free of 0-hazard. We shall pick up 
this train of thought in a subsequent section. 

You should now have no difficulty in developing the same kind of analysis 
for the conjunctive form Y (Xi V Xz)(X$ V X 2 ) read from Fig. 23-2b. 

23.3 Gates and Delays 

Gates are graphic symbols for logic connectives and as such show no delay in 
transmitting a signal from a gate’s inputs to its output. Real-world switching 
devices do show such a delay. It is customary to model a switching device 
by placing an idealised delay element at the output of an appropriate gate 
or logic circuit, as pictured in Fig. 23-4, thus averaging the delays of the 
inputs. 




Fig. 23-4 Delays are always placed at the output of a gate 

Brzozowski & Seger [1994] discuss a number of delay models of which 
we consider only the fixed inertial delay-model. Its basic properties are 
visualised in Fig. 23-5. 




a) Symbol for 
a delay 




Fig. 23-5 Characterising the fixed inertial delay-model 
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In the fixed inertial delay-model the leading and trailing edges of an input 
signal are delayed equally by the constant delay-time At. Inertial refers to 
pulses and troughs shorter than the delay time At having no effect on the 
output. In this respect you can view a delay element as an energy buffer 
compensating brief and/or runt salients. 

Any primed logic variable X 1 is the delayed version of the Unprimed 
variable X. In other words, if X is the input to a delay element, then X 1 
denotes the delay’s output. Considering a N EGA TION with input X, how 
should we write the output: as (X)', or as ( X ')? The former expression, 
(X)', refers to the delay element being placed at the output of the NEGA- 
TION, while ( X ') refers to the delay element being placed at the input of 
the NEGATION. As both models behave identically, which is expressed as 
(X)' (X'), we shall simply write X * for either (X)' or (X'): 

x' (X)', X 4* (X). (23.1) 

23.4 Detecting Single-Input Hazards 

Any theory of single-input hazards (however limited its scope) is based on a 
model used to explain the hazard’s occurrence. Such a model is pictured in 
Fig. 23-6 and is expressed by the following 

(23.2) Postulate on the occurrence of single-input hazards 

(a) A 0- hazard occurs at the output of an AND gate the inputs 
of which are (or may be reduced to) an input signal X and its 
delayed and inverted form X . 

(b) A 1-hazard occurs at the output of an OR gate the inputs of 
which are (or may be reduced to) an input signal X and its 
delayed and inverted form X . 

Note that this postulate states the only cause we are willing to accept for the 
occurrence of hazards. It is due to this stringent restriction that we are able 
to develop a theory determining whether a circuit develops hazards. Let me 
also point out that X 2 and X^ are independent of one another, so that neither 
XiX\ 0 nor X 2 VX- h 1 are tautologies, meaning that these formulas do 
not hold for all t. 

Actually, it is quite straight forward to apply the above postulate to the 
output Y of a switching function / : {0, l} n {0, 1}. To this end, consider 
the multiple input-event 

® X{ (ei,...,e 2 _ j,(Tj,e 2 _j-i,...,e^) (23.3) 

which stands for the two adjacent individual events 

(e^ , . . . , e 2 — i , 0, e 2 -)-i , . . . , e, n ), and (ei, . . . , e 2 _i, 1, e 2 -f-i , • • * , Cn ) * 
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a) Input signal 

b) Inverted and delayed 
input signal 



c) Pulse (or O-hazard) 



d) Trough (or 1-hazard) 



Fig. 23-6 The model explaining single-input hazards 



in which each t \ , . . . , e;_ i , e«+i , . . . , e n is a constant, either 0 or 1. The in- 
dividual value we choose for each of the e \ , . . . , e{_ i , , . . . , e n is, at the 

moment, not up for debate. With the multiple input-event (23.3) we refor- 
mulate (23.2) to be read as: 

(23.4) Theorem on the existence of single-input hazards 

in a logic formula and its circuit. Given a switching function 

/ : {0,l} n {0,1}, let Y(x) refer to its logic formula. 

(a) The logic formula Y (x) and its associated switching circuit have 
a single-input 0- hazard iff a multiple input-event ex, exists 
for which the logic formula F(x) reduces to Y(ex { ) = X{Xp 

(b) The logic formula Y (x) and its associated switching circuit have 
a single-input 1- hazard iff a multiple input-event ex, exists 
for which the logic formula Y (x) reduces to Y (ex t - ) = X{ V Xp 

Next, consider the following theorem which halves the burden of calculation 
when searching for single-input hazards in two-level circuits: 

(23.5) Theorem on single-input hazards in two-level cir- 
cuits. 

(a) A disjunctive formula or circuit, as would be obtained from 
the evaluation formula 

r(x) (1 4# a) \f cv(x), 

is always free of single-input 0-hazards (whether the formula or 
circuit has a 1-hazard or not). 

(b) A conjunctive formula or circuit, as would be obtained from 
the evaluation formula 

y( x ) /\ D v (x), 

<p-'P<p€'P(£o) 
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is always free of single-input 1-hazards (whether the formula or 
circuit has a 0-hazard or not). 

Let us prove (23.5a). According to (23.4a) the formula Y(ex { ) or its circuit 
can only have a 0-hazard if Y(ex t ) can be reduced to X{X i for some multiple 
input-event (ei , . . . , ej_i, ej+i , . . . , e n ). Such a hazard-causing expression 
XiX i would have to come from one of the generalised minterms, which is im- 
possible because no generalised minterm contains a variable and its negation. 
Thus, no disjunctive form can be reduced to XiX i hereby proving (23.5a). 

(23.6) Theorem on hazard-free circuits. A disjunctive or con- 
junctive formula or circuit is completely free of single-input hazards 
iff it is developed using a full cover Vmax(£i) or 'Pmax(£ o)> whichever 
is appropriate when applying one of the evaluation formulas (17.30) 
or (17.31). 

By using full covers , the above theorem (proved in Brzozowski Sz Yoeli 
[1976]), allows us to design two- level disjunctive or conjunctive circuits that 
are completely free of single-input hazards — thus qualifying the importance 
of minimisation . 



23.5 Hazard-Detecting Formulas 



Theorem (23.6) does not help us decide whether a (multilevel) circuit, de- 
signed by the methods put forth in Section 20.4, or in Chapters 21 and 22, 
is free of single-input hazards or not. A general method for detecting single- 
input hazards is based on the analysis of what I choose to call a hazard- 
detecting formula. The hazard-detecting formula is obtained in its three 
guises Y#(x), Yh£>(x), Yhc(x) &s explained in the following constructive 
definition. 

(23.7) From the logic formula F(x) of a switching function you 

obtain various forms of the associated hazard-detecting formula 

Y#(x), Fhc(x), L//£)(x) in the following steps: 

(a) Using only DeMorgan, and double negation, P(x) 4^ P(x), 
transform any negations (if necessary) so that they are re- 
stricted to single variables. 

(b) To obtain the hazard-detecting formula Y# (x), write each 
inverted variable X in its delayed form X . 

(c) From Y#(x), you obtain the hazard- detecting formula in its 
disjunctive form — denoting it as Yhd(x) — by employing 
logic theorems appropriately to obtain a disjunction of pure 
conjunctions. 

(d) From Y#(x), you obtain the hazard-detecting formula in its 
conjunctive form — denoting it as Yhc(x) — by employing 
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logic theorems appropriately to obtain a conjunction of pure 
disjunctions. 

We make practical use of the disjunctive and conjunctive hazard-detecting 
formulas Y/jd(x) and Yhc( x) by way of the following 

(23.8) Theorem on hazard-equivalent formulas. 

(a) The formulas F(x) and Fhd(x) behave identically with respect 
to O-hazards. 

(b) The formulas F(x) and Yhc(x) behave identically with respect 
to 1 -hazards. 

By the above theorem (see Brzozowski & Yoeli [1976]) we can, according 
to (23.4), use Yhc(*) to determine 1-hazards, and Yhd(x) to determine 
O-hazards. But contrary to disjunctive and conjunctive forms, for which 
(23.5) holds, arbitrary multilevel circuits can have 0- as well as 1-hazards. 



23.6 Hazards in a NOT-AND Circuit 

Let us use the circuit of Fig. 23-7b as an example circuit by which to demon- 
strate how to detect hazards in a multilevel circuit. 




Fig. 23-7 A NOT-AND circuit developed in Fig. 21-5 

To analyse the circuit, we cannot develop the logic formula as a disjunc- 
tive or conjunctive form derived from the K-map of Fig. 23-7a specifying the 
circuit. Instead, we must read the logic formula directly from the circuit of 
Fig. 23-7b: 

Y (X^X^Xz) (X^X 2 X^). (23.9) 

We now apply double negation, A <=> A and DeMorgan, as required in (23.7a), 
to restrict the negations to single variables: 

Y & (XX 2 Vli V Z 3 ) (X 2 X 3 Vl 2 V X 1 X 2 ) . (23.10) 

By writing any inverted variable X* in its delayed form, X-, we obtain the 
hazard- detecting formula 
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according to (23.7b). Now, applying AB V C (A V C)(B VC), and X 2 X 3 V 
XiX 2 X 2 (Xi V X 3 ), we get 

Yh & {Xx V Xi V x'j) (x[ V X 2 V X 3 ) (X 2 (Xx v x 3 ) v X 2 ) . 

Transforming this into the conjunctive hazard-detecting formula, 

Yhc (Xx V x[ V X')(X' Vl 2 v X 3 ) (X 2 V X 2 ) (Xj V X 3 V X 3 ) , (23.12) 

allows us to detect 1-hazards. Let us first look for a multiple input-event 
(xi,e 2 ,e 3 ) that will reduce (23.12) to Yhc & Xi V The notation 

(x\ , e 2 , e 3 ) refers to the variables X2 and xs being stable, meaning that their 
values 62 and e 3 remain unchanged when x\ changes its value. For a stable 
variable X the value of X is that of X, allowing us to drop the primes for 
stable variables (note that X 2 V X 2 ^ 1): 

Y HC {x 1 ,e 2 ,e 3 )^(X 1 V X'j vX 3 ) (X^ VI 2 V X 3 ) (X 2 V X 2 ) (X x V X 2 V X 3 ) 



Yhc(x i,e 2 , e 3 ) ^ (X x V X[ V V X 2 V X 3 )(Xx V X 2 V X 3 ). 

To be able to obtain Yhc(%u e 2 , e 3 ) X\ V X 1 from the above formula, we 
must choose e 2 1 and e 3 1. Then, according to (23.8b), the circuit 
in Fig. 23-7b and its logic formula (23.9) have a 1-hazard for the multiple 
input-event (Xi, 1,1). An analogous analysis for X 2 leads to 

Yhc{ 1^2,0) Y H c( 0,x 2 ,1) X 2 V X 2 , 

showing that there are two further multiple input-events, (1,X 2 ,0) and 
(0, X 2 ,l), for which (23.9) has a 1-hazard. But, there is no 1-hazard for 
a multiple input-event (ei, e 2 ,£ 3 ), as you can immediately see, because none 
of the disjunctions of (23.12) contain the expression X 3 V X 3 . 

To detect 0-hazards systematically , it is advantageous to use the disjunc- 
tive hazard- detecting formula. This we can develop from 

(23.11) Y h & (XjX 2 vXiv X* 3 ) (X 2 X 3 V X 2 V X a X 2 ) 

by distributing AND over OR: 

y hd &x 1 x 2 x 3 v X' 1 x 2 x 3 v x 2 x 3 x; 

v x,x 2 X 2 v X^Xj v x' 2 ~)? 3 

V XiX 2 V XxXix 2 V X 1 X 2 X'. (23.13) 

To see if a multiple input-event (^i,e 2 ,e 3 ) can cause a 0-hazard, we 
have to find a conjunction in (23.13) containing XiX 7 . The penult 
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is such a conjunction. Thus, if (aq,e 2 ,e 3 ) causes a hazard, it is caused by 
( 21 , 1 , 63 ), for which (23.13) reduces to 

Yhd(x 1 , 1 , ^3 ) (X 1 X 3 V X 1 Xs V 0 ) V (0 V 0 V 0 ) V ( X\ V X\X a V X 1 X 3 ) . 

Now testing this formula for both possible values of e 3 , we get: 

Yhd(x 1 , 1,0) <£> Xi V X 1 X[ <=> Xi, . . .no hazard 

Yhd(x i,1, 1) Xi V X[ VliV JfiJCi ... a 0-hazard 

No other 0 -hazards exist in (23.13), as you are invited to verify: 

(Yhd{ 1, ^ 2 ) 0) ^ X 2 VI 2 ), ^hd(M 2 5 1) ^ V -^ 2-^ 2 ^ -^ 2 - 

Y H d( 1, 1, x 3 ) ^ 1, T//d(0, 1, 23 ) X 3 V X 3 % ^ X 3 . 



23.7 Hazards in a Composed Circuit 

As the results of the example of the last section were not encouraging, let us 
look for hazards in another multilevel circuit, that of Fig. 23-8. 




Fig. 23-8 The circuit composed in Section 22.6 

After having been quite explicit in the explanations of the previous sec- 
tion, forgive me for merely presenting the results of the hazard analysis by 
stating the following formulas. These formulas are of course only meant as a 
guide for your own paper and pencil calculation. As you can see, this circuit, 
interestingly, has no hazards. 
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You first write the formula associated with the given circuit, 
Z(x u x 2 ,x 3 )& (Xi VX 3 V(X 1 VX 2 )(X 1 VX 2 ))(X 1 VX 3 ), 
transforming it into its hazard-detecting form according to (23.7ab), 

z h (x u x 2 ,x 3 ) & (x;x; v (x[ v x 2 )(Xi vi;))(i; v xo. 

The 1-hazards are determined from the conjunctive hazard-detecting formu- 
las Zhc developed from Zh as stated in (23. 7d), 

z HC (x i , * 2 , Xz ) & (x; v x 2 )(x[ v x v x;xx vi;v x;xx; v x). 

As demonstrated in the previous section, we let only one input variable at a 
time change its value, giving the other variables stable values: 

z H c(x i ? i,o) ^ (x; v xxx v i)(x; vo)^ x; . 

z H c(x 1,1, i) ^ (x; v xxx v o)(x; v i) Xt. 

To determine the 0-hazards, you develop the disjunctive hazard-detecting 
formulas Zhd from Zh as stated in (23.7c), 



Zhd(x u x 2 ,x 3 ) ^X[X ' 3 VX'x Vl'X VX'xx' 

\JX y X 2 X 3 v x 2 x' 2 x 3 . 



Here too, letting one input variable after another vary, allows you to deter- 
mine any hazard. 

z H d{x i,o,o) <s>xi vliii v ~x\ VO VO VO , 

Zhd( x i , 0, 1) 0 V X j Xi VX 1 V0V0V0^Xj, 

Zhd(x i, 1,0) VX'^i VOVOVOVO«4 

Zhd(x i ,1,1) OV X^X\ V 0 V 0 V X V 0 X\. 

Zhd( 0 , 2 : 2 , 0) 1 VO vl'j vx 2 x' 2 VOVO^l, 

Zhd(o,x 2 ,i) <»ovov jc' 2 V x 2 Jt 2 v 0 v x 2 ~x' 2 &x' 2 , 

Z h d(1 1 x 2 , 1) 4^0V0V0V0V X 2 V X 2 X 2 x 2 , 

As there are no multiple input-events ex { for which Ync{ e Xi) reduces to 
XiVX^ or I / hd(ox,- ) to X{X ^ the given circuit of Fig. 23-8b and its formula 
Y are completely free of hazards. 
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There are two kinds of circuits, combinational and sequential, the former 
having no memorising ability, the latter having such an ability to various 
degrees. Those sequential circuits with the least memorising ability are called 
latches. 

There are two good reasons to consider latches in depth. Firstly, memo- 
risation is a phenomenon apart from everything we have encountered in com- 
binational circuits. So, if we want to understand how memorisation works, 
and how to describe it mathematically, we are well advised to examine it in 
its most elementary form — the latch. Secondly, latches play a similar role 
in building sequential circuits to that of the elementary logic functions in 
building combinational circuits. That is, the memory of a sequential circuit 
consists of (multiple) latches that work in unison. In this respect, latches, 
together with elementary logic functions, are the building blocks of sequential 
circuits. 

Chapter 24 is an introduction not only intended for the novice, for it is 
the quintessence of this chapter that enables us to formulate the definition 
of a latch in Chapter 25, a chapter containing an essential minimum of latch 
theory. Chapter 26 takes a more in-depth view on how to optimise latches 
with feedback, concentrating on a hazard-free design. In Chapter 27 a system 
of symbols, analogous to gates, is developed to represent all 28 (or 36, if you 
wish) elementary latches. This will be of little interest to most readers, and 
can simply be skipped. The last chapter, Chapter 28, on how to design a latch 
on the basis of a given (elementary) latch develops an important technique 
to be used with sequential circuits. 




Chapter 24 



Memorising by Feedback 



Latches are usually introduced as cross- coupled NOR and NAND gates (such 
as the circuits shown in Figs. 27-10 and 27-11). These circuits are, at best, an 
approximation of a general principle of memorisation. To make such a general 
principle theoretically and practically applicable it must be formulated as a 
function. This we do in the next chapter where we define it as a function we 
call memory. In the present chapter we collect the information that allows 
us to formulate the definition of memory, information necessary to get an 
intuitive grasp of the concept of memory as used in switching systems. In 
this presentation, the word latch refers to a technical or logical realisation 
of a specific memory (i.e., a specific function). 



24.1 What is Memorisation? 

A memory has a quality not present in a (combinational) switching function: 
At least one input event exists for which the output value is sometimes 1 and 
sometimes 0. This statement is rather ambiguous, for, it does not mean that 
while an input event of the stated property is stationary, the output value is 
allowed to switch back and forth between 0 and 1 (if it could, it would not 
be well behaved ). Nor does it mean that it is uncertain or even unpredictable 
which of the output values, 0 or 1 , will be present. This is discussed for a 
typical sample memory the transitional behaviour of which is shown in the 
diagram of successive events (DSE) of Fig. 24-1. 

First of all, you will notice that the DSE of Fig. 24-1 depicts a well 
behaved circuit, i.e., one whose output will only change if an input event 
changes. Next, to the details. The input event (1,0) — for which we can 
conveniently write the minterm it defines: (aq,^) = ( 1 , 0 ) <£► ( aq = l)A(aq = 
0 ) XjX 2 — occurs only once (during the time interval Ti), as does the 
input event X\X 2 (during T 3 ). If an input event occurs only once in a DSE, 
it is assumed that the output value assigned to such an input event would be 
the same whenever the input event were to occur again. It is customary to 
call an input event that always causes the output to be 1 a setting input 
event, while a resetting input event always causes the output to be 0 . 
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Fig. 24-1 The basic behaviour of a sample memory 



The input event X\X 2 -> on the other hand, occurs multiple times (during 
T 2 , and T 4 ), the associated output values varying. Nevertheless, we can state 
unequivocally when the input event X 1 X 2 causes the output to be 1 , and 
when it causes the output to be 0 . 

To find the rule by which the output value is 1 during T 2 , and 0 during 
T 4 , compare the output values during these time intervals with the output 
values occurring during the (immediately) preceding input events, i.e. , with 
those present during Ti and T 3 , respectively. The mutual explanation for 
the differing output values is: The output value incurred by the input event 
X 1 X 2 is identical with the output value caused by the immediately preceding 
input event , whichever input event may have been the preceding one. As the 
input event X 1 X 2 maintains the previous output value, it is said to be a 
memorising input event. 

*<t)=o 

Fig. 24-2 Picturing the sequence (0,1, 3, 2 ) of input events x(i) 

To facilitate further explanations, we introduce the concept of successive 
input events. Consider the arbitrary sequence (0,1, 3, 2) of input events x(t) 
pictured in Fig. 24-2, written as the decimal equivalents of (#i (t), X 2 (£)) , with 
x\ (t), X 2 (t) G {0, 1}. Let us agree to view the input events 0 and 1, as well as 
1 and 3, or 3 and 2 in the above sequence (0,1, 3, 2) as being successive. But 
in contrast, let us take the input events (0,3), (0,2) and (1,2) of the sequence 
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(0,1, 3, 2) not to be successive. The concept behind this example is formalised 
in the following 

(24.1) Definition of successive input events x(£i) and x(£ 2 ) in 
which t\ < £2 and x(£) = (a?i (t), . . . , x n (t)) : 

(a) If x(£i) x(£ 2 ) » then there exists exactly one instant £* so that 

_ / x(*i) for £1 < £ < £*, 

U \x(£ 2 ) fort* <£<£ 2 . 

(b) If x(ti) = x(t 2 ), then x(t) = x(ti) for an arbitrary t for which 
£1 < t < t 2 . 

x(£i) is called the previous, x(t 2 ) the present input event 1 \ 

and £* the instant of transition. 

Characteristic for a memory is that a memorising input event x(£) will cause 
the output y(£) to take on a value according to the 

(24.2) Postulate of memorisation and stationarity. Assume 
x(£) to be a memorising input event, and y(£) to be the output it 
invokes. 

(a) Given successive and distinct input events x(£ — A£) and x(£), 
memorisation ensures that the present output y(£) of a memory 
(or latch) will equal the value y(£ — A£) caused by the previous input 
event x(£ — At): 

x(£) ^ x(£ — At) ==> y(£) = y(£ — At). 

(b) Given successive and equal input events x(£ — A£) and x(£), 
stationarity requires that the present output y(£) equals the value 
y(£ — A£) caused by the previous input event x(£ — At), as long as 
the present input- value x(£) remains unchanged: 

x(£) = x(£ - At) => y(£) = y(£ - At). 



The above postulate is visualised in Fig. 24-3 for our sample memory. Apply- 
ing the theorem (A — » B) A {A — > B) 4=> B to (24.2a) and (24.2b) enables us 
to state that for a stationary and memorising input event x(£) the associated 
output value y(£) equals y(£ — At): 

y(t) = y(t - At). (24.3) 



^ But it is common in the literature to use the adjectives present and next for 
x(£i ) and x(£ 2 ), respectively. 
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Fig. 24-3 Visualising memorisation and stationarity 

24.2 The Feedback Model of Memory 



The concept of memorisation, as laid down in (24.2) stating that the output 
y(t ) of a memory equals the delayed output y(t — At) for a stationary and 
memorising input event x(t), gives a strong hint as how to define memory as 
a function or how to realise a latch: By using the delayed output y(t — At) 
as a further input to the memory. 

Let us take the delayed output y(t — At) as an idealised description of an 
inertial delay 1 ) as introduced in Section 23.3, its symbol and transitional 
behaviour pictured in Fig. 23-5. In other words, not taking inertia into 
account, we describe the delay’s output y'(t) as equalling the time-delayed 
version y(t — At) of the delay’s input y(t). 

y'(t) = y(t - At). (24.4) 

If we introduce y 1 as a further input, as in Fig. 24-4, we must make sure 
that this is compatible with the original declaration of the latch: Irrespective 
of any value of the delayed output y', the effect that the input values X\,X 2 
of an input event (x\,X 2 , y') have on the output y of the extended DSE 
(Fig. 24-4) must be identical with the effect the same input values X\,X 2 
have on the output of the original DSE of Fig. 24-1. 

Specifically, the multiple input-event (1,0, y 1 ) causes the output in the 
extended DSE to be 1, just as (1,0) does in the original DSE. Likewise 
(0,1, y') and (0,1) cause 0-outputs in the extended and the original DSEs. 
The same principle holds for the memorising input event (0,0) of the original 
DSE (Fig. 24-1) and the multiple input event (0,0, y') of the extended DSE 
(Fig. 24-4): Both cause the output y to be either 0 or 1. But while in the 

^ A delay is inertial if its output does not respond to input changes shorter 
than A t. 
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(mo) (oil) 



xi(t) x»(t) ( 0 , 0 , 0 ) | dm) (om) | (o,i,o) (o,o,o) 




Fig. 24-4 Explaining the behaviour of the sample latch by introduc- 
ing y'(t) — y{t — A t) as a further input 

original DSE the single input event (0, 0) maps to both output values, 0 and 
1, the multiple input event (0,0, y') stands for two distinct individual input 
events, one of which — (0, 0, 0) — maps to 0, the other — (0, 0, 1) — to 1. 

Thus, by introducing the delayed output y l as a further input, we obtain 
the memory as a function / : {0, 1 } 3 •— ► {0,1}, each element (xi,X 2 ,y / ) of 
its domain {0, 1 } 3 mapping to exactly one value, either 0 or 1. We call the 
elements (xi , x 2 , y') of the function’s domain {0, l} 3 the (input) condition 
of the memory, as contrasted with (x\,X 2 ) which we call the input event of 
the memory. Expressing memories as functions of the form {0,l} n t-* {0,1} 
opens the door to using all results pertinent to combinational circuits. As 
a first such step, we express the extended DSE of Fig. 24-4 in a standard 
K-map — see Fig. 24-5a. 




Fig. 24-5 Specification and evaluation of the sample latch 



The latch pictured in the extended DSE of Fig. 24-4 is incompletely 
specified, as, the diagram contains neither of the input events (1, l,y'). Ob- 
viously we don’t care what output values are assigned to ( 1 , 1 , y' ) giving us 
the liberty to choose them, say, as in cells 6 and 7 of the K-map of Fig. 24-5a. 
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Using the input variable y' as a map -entered variable we can transform the 
K-map of Fig. 24-5a into the reduced K-map of Fig. 24-5b. This K-map 
has the intuitive advantage of placing only the so-called ‘independent’ input 
variables rq, x<i on the perimeter of the map, while y', being the time-delayed 
version of the output and thus ‘ dependent \ is used in the prominent position 
of a map-entered variable. 

Both K-maps let us calculate a like logic formula for the latch: Y <=> 
X\ V X 2 Y* . The circuit obtained is shown in Fig. 24-5d. One input to the 
AND-gate is Y f . This input is obtained by feedback — a connection from 
the output Y , via an inertial delay At, back to the K'-input of the AND-gate. 

Using the above example, let me point out a marked difference be- 
tween memory and latch. Memory, referring to the function specified 
in Fig. 24-5a, has a domain the elements of which are the ordered triple 
(# 1,22 ,y0* The logical realisation of the memory, the latch of Fig. 24-5d, 
is a circuit that is said to have only two input variables, x\ and x 2 (as con- 
trasted with the three input variables x\,x% ,y' of the memory), for we can 
choose the values of only these variables at will. The third variable, y', on the 
other hand, is called the state variable, and any of its values an (internal) 
state, the word e internal ’ indicating that we have no direct influence on its 
value. In fact, it is the hallmark of the feedback model of a latch that 
y'(t) = y(t — At) in every instant and independently of any present input 
event (xi,^) whether setting , resetting , or memorising. 

Although any memory with the three inputs x±, X 2 , y 1 and one output 
can be described by one of the 2^ 3 ^ = 2 8 = 256 functions / : {0, l} 3 {0, 1}, 

only 36 of these describe latches (as we discuss in a later chapter). What 
earmarks a K-map for three inputs — x \ , X 2 , y' — as the K-map of a memory? 
We must be able to partition the set £ of input events (jq , X 2 ) into set, reset, 
and memory equivalents £ 1 , £ 0 , and £ qi respectively: 

£1 = {(^1 > *2)1 , x 2>y') = 1)}, 

y' 

£0 = {(x u x 2 )\ /\(f(x 1 ,x 2 ,y') = 0)}, 

y' 

£q = {(^ 1 ,X 2 )\ f\ (f(x 1 x 2j y') = y')}. 

v ' ; ' 

These equivalents are visualised in Fig. 24-6a for our sample mem- 
ory. The cells of £\ contain only the value 1 for the output variable y = 
f(xuX 2 ,y') irrespective of the value of y 1 . Similarly, the cells of £ 0 have 
only Os inscribed for an}' value of y'. Each cell of the memory equivalent 
Sq 1 ^ contains an output value y identical to the previous output value y'. 



(24.5a) 

(24.5ft) 

(24.5c) 



^ The index q (or Q) is used to characterise the memory equivalent £ q because 
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The equivalents Si, So, and S q are most conveniently depicted in a reduced 
K-map where all cells of S q have Y 1 (or y 1 ) inscribed. 



X u Xg=QO 0,1 1,1 1,0 X i 




E q E 0 Ei E 0 E t 

Fig. 24-6 Picturing set, reset, and memory partitions 



24.3 Transient versus Stationary Behaviour 

The extended DSE of Fig. 24-7b (basically a repetition of Fig. 24-4b) ex- 
presses the behaviour of our sample memory, Fig. 24-1, as a function / : 
{0, 1 } 3 {0,1} which maps each triple (x\,X 2 ,y') to the output y. This 

function / is specified in the standard K-map of Fig. 24-7a (basically a rep- 
etition of Fig. 24-5a) from which the latch or circuit pictured in Fig. 24-5d 
was calculated — only the encircled output values are part of the analysis to 
follow. 



0 4 5 1 3 2 0 




To T t T 2 T a T 4 T 5 T e 



Fig. 24-7 Analysing the transient behaviour 

Let us start the analysis of the circuit by setting the latch. The associated 
signal flow is shown in Fig. 24-8a: The moment X\ becomes 1, this signal 
passes through the OR-gate (remember, gates are assumed to have no delay ) 
to the circuit’s output, and to the delay At. This situation remains stationary 
during At, i.e., during T\ of Fig. 24-7b. After At has elapsed (Fig. 24-8b), 
the 1-signal entering the delay, passes through it, entering and traversing the 

it is quite common to refer to the internal state y f (or Y f ) by q (or Q) so as to 
be independent of the name of the output variable. If you choose, you can even 
substitute (the bound variable) x/ of (24.5) by, say, q. 
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AND-gate to enter the OR-gate. This situation remains unchanged during 
the rest of the setting input-event X 1 X 2 . The circuit in the condition pictured 
in Fig. 24-8a is said to be in a transient condition, meaning that after At 
elapses the internal flow of signals will change autonomously, i.e., while 
the values of the input variables remain unchanged. Fortunately, our circuit 
enters a stationary condition (one in which no internal signals change any 
more) after At has elapsed — this is not always the case for some sequential 
circuits. 






X X 2 



X X, 



X X, 




a) Y b) Y 

The instant the At least A t 

latch is set after setting 



c) Y d) Y 

Memorising the The moment the 
set output latch is reset 



Fig. 24-8 The first steps in analysing the sample latch 



The transient condition pictured in Fig. 24-8a corresponds to the signal 
flow during Ti, Fig. 24-7b, and to cell 4 of Fig. 24-7a. The stationary 
condition pictured in Fig. 24-8b corresponds to the signal flow during T 2 , 
Fig. 24-7b, and to cell 5 of Fig. 24-7a. In the K-map, cells in which the 
output is encircled represent stationary conditions — these are characterised 
by y 1 and y having identical values. Cells in which the output is not encircled 
represent transitory conditions — these are characterised by y ' and y being 
distinct. 

The next step is to switch from the setting input-event XiX 2 , pictured in 
Fig. 24-8b, to the memorising input-event XiX 2 , the signal flow for which is 
pictured in Fig. 24-8c. While the OR-element is now fed a O-signal from X \ , 
the output Y remains 1, this value coming from the closed feedback loop. 
Note that it is necessary in the practical realisation of a feedback design, that 
at least one of the gates in the closed loop is an active device — i.e., it 
must have its own power supply, and it must act as a power amplifier. 

Switching from the stationary setting input-event XiX 2 , Fig. 24-8b, to 
the memorising input-event X 1 X 2 , Fig. 24-8c, corresponds to switching from 
cell 5 to the stationary cell 1 of the K-map of Fig. 24-7a. 

To reset the latch, X 2 must now be switched to 1 (Fig. 24-8d). The 
moment this happens, the output of the x\ND-gate is turns to 0, and with it 
the output of the OR-gate (i.e., the circuit’s output K), and the input to the 
delay At. But, do note that the output Y 1 of the delay still remains 1 during 
the time interval At. (This is the complementary situation to the one shown 
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in Fig. 24-8a). Resetting the latch by switching from Fig. 24-8c to Fig, 24-8d 
corresponds to switching from cell 1 to the transient cell 3, Fig. 24-7a, where 
the output y immediately becomes 0. After A t the delayed output y* is 
turned to 0 so that we are then autonomously moved on to the stationary 
cell 2 (this last step not pictured in Fig. 24-8). 

When speaking of memories in later chapters, we mainly specify them 
in reduced K-maps in which the internal state y ' is used as the map- 
entered variable. The reduced K-maps are easier to read (i.e., interpret) 
than their counterparts, the standard K-maps, if we take the reduced K-maps 
to express only the stationary conditions of a memory as demonstrated 
in Fig. 24-9. The only question is: How is the value of the map-entered state 
variable y ' determined? 
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Fig. 24-9 Expressing the stationary behaviour in a reduced K-map 

By the postulate of memorisation and stationarity, (24.2), the state vari- 
able y’ft) for any given instant t equals the output y(t — At) caused by the 
previous input event x(t — At). Thus, in a reduced K-map, y' takes 
on the output value contained in the cell describing the previous 
input event. For instance, if the previous input event was X\ X 2 , described 
by cell 2 of Fig. 24-9a, then its output value, the 1 inscribed in cell 2, is 
the value which y f takes on when switching from X 1 X 2 to the present input 
event X 1 X 2 (cell 0). 



24.4 Latches without Feedback 



The foregoing sections give the false impression that latches are necessarily 
realised by feedback circuits, as in Fig. 24-4a. To counteract this impression, 
note that the following devices are latches, but that they do not contain 
feedback: a thyristor (electronics), a polarised electrical relay, a pneumatic 
spool valve without a return spring. 

Let us look at just one of these devices, the spool valve pictured in 
Fig. 24-10a. To set the latch, a pressure pulse is applied to input x\ pro- 
pelling the spool to the right, and connecting the air supply with the output. 
When both inputs, x\ and £ 2 , are pressureless, the spool remains static, 
thus maintaining (memorising) the output value just set. A pressure pulse 
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applied to x<i will reset the latch. You will notice that the valve has two 
memorising input events — X 1 X 2 and X 1 X 2 , as in both cases the spool is 
in equilibrium. 




Y<=>X 1 X 2 v(X 1 vX^Y i Y 

Fig. 24-10 A spool valve without a return spring as an example of a 
latch without feedback 



The stationary behaviour of the spool valve is conveniently described in 
a reduced K-map, see Fig. 24-1 Ob. X 1 X 2 is clearly the only setting input- 
event so that cell 2 (and only this cell) has the output value 1 inscribed. 
The only resetting input-event is X 1 X 2 so that cell 1 gets 0 inscribed. The 
two input-events X 1 X 2 and X 1 X 2 must be memorising input-events because 
the spool, being in equilibrium, ensures that the previous output value is 
retained, i.e., memorised. 

If we calculate a logic formula Y <=> X 1 X 2 V(Xi VX 2 )Y' from the reduced 
K-map of Fig. 24-10b, we can express it as the feedback circuit of Fig. 24-10c 
the stationary behaviour of which is identical with the stationary behaviour 
of the spool valve. Thus, a great advantage of the feedback model is to 
enable us to study the stationary behaviour of a latch without having to know 
its physical design. Furthermore, the feedback model allows us to design 
a latch by physically employing gates, a time delay and a feedback. The 
advantage of such designs is that the feedback formulas we develop from the 
K-maps tell us unequivocally how to design any desired latch as a feedback 
circuit. 

24.5 Is a Delay in the Feedback necessary? * 

The opinion is sometimes voiced that reducing the time delay in the feedback 
of a latch to zero leads to a contradiction. The argument in support of this 
opinion is simple and, superfluously viewed, persuasive. Consider our sample 
latch of Fig. 24-5 the equation of which was determined as 7 Xi V X 2 Y 1 . 
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For At = 0 we can set Y f = Y so that the logic formula for the latch reduces 
to Y X\ V J 2 Y. Now, if we subject this formula to a truth-table analysis 
for each of the triples (Xi , X 2 , Y), as in Fig. 24-11, you immediately see that 
the formula is not tautological, or to be more precise, forthe triples (0, 1, 1), 
(1,0,0), (1,1,0) of (Xi ,X 2 ,y) the formula y X 1 VX 2 Y is contradictory. 
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Fig. 24-11 This truth-table analysis is not valid. But why? 



One problem with the above argument is that proving Y & X\ VX 2 Y is 
not tautological does not infer that its time-delayed version, Y <£> X\ V 
X 2 y', is tautological. In fact, a truth-table analysis for all quadruples 
(Xi,X 2 ,F, Y') of the time-delayed formula equally shows this formula to 
be non-tautological. Generalising, we could by this approach, and this is the 
crux of the argument, even falsify the normal forms and all formulas derived 
from them (the latch formulas among them). At this point, you might like 
to try for yourself to disprove the validity of the truth-table approach taken 
in Fig. 24-11 before I attempt an answer . . . 

For a formal explanation, we must reach back to the theorem of identical 
functions , 

(13.33) (#!,.. .,3? n ) = (ei, . . . , e„) ^ /(iCi,...,ir n ) /(^ 1 , • • • , ^n)? 

from which the normal forms were derived. This theorem assumes that the 
value f(x 1 , . . . ,£ n ) of a function / is uniquely determined by the ‘indepen- 
dent’ variables x \ , . . . , x n . In other words, the function’s value f(x 1 , . . . , x n ) 
cannot be chosen, it is specified by the mapping /. The symbol y is only used 
as an abbreviation for f(x 1 , . . . , x n ). Unhappily, using y without arguments, 
i.e., writing y instead of y(x 1 ,. . . ,£„), falsely gives the impression that y is 
an ‘independent’ variable the value of which we can choose (independently of 
.Ti, . . . ,£ n ). Keeping this in mind, the logic formula Y Xi V X 2 y must 
be understood as y(Xi,X 2 ) Ah V X 2 y(Xi,X 2 ) in which the value of 
y(Xi,X 2 ) is determined by the formula as shown in the table of Fig. 24-12. 

The evaluations carried out in the table of Fig. 24-12 assign constants 
to Y(X u X 2 ) for all pairs of (Xi,X 2 ) other than for (Xj,X 2 ) ^ (0,0). 
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In this case, Y(X i,X 2 ) is undetermined — i.e., Y( 0,0) F(0,0) — 

but not contradictory. (There is only one evaluation result we would 
accept as contradi ctory in this case, and that would be if we were to obtain 

y(o,o)^F(o,o)). 
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Fig. 24-12 Evaluating Y(X i,X 2 ) for all pairs (Xi,X 2 ) 



Reconsidering the above result, I wish to state quite frankly that there 
is no algebraic need for a delay in the feedback, but to avoid an 
undetermined output value for a memorising input event we must have 
a delay with At > 0 in the feedback loop of a latch that is realised 
according to the feedback model of a memory. 

For a memorising input event, the output Y(X i,X 2 ) of any latch will 
reduce to Y(X i,X 2 ) <£» Y'(X i,X 2 ) in which Y'(X i,X 2 ) is a variable the 
value of which is chosen freely. I leave it to you to argue why Y'(X i,X 2 ) 
may, in fact must, be chosen independently of X\ and X 2 . 




Chapter 25 



Basic Theory of Latches 



Any formal discussion of latches must start with a definition of a latch, i.e., 
must state formally what a latch is. The challenge is greater than one might 
think, for it is not a question of not having a generally accepted definition — 
the problem is that no definition has yet been proposed. This is astonishing 
because a latch is the basic binary memory element, and is thus conceptually 
and materially needed in designing and building sequential circuits. 

Only after having defined the general concept of a latch is it possible to 
find an adequate way of specifying individual latches, my choice quite clearly 
being a reduced K-map the map-entered variable of which is the internal 
state. One advantage of this choice is that (in Section 20.3) we have already 
developed a general procedure for evaluating circuits specified in reduced 
K-maps. All we now need to do is to adapt this procedure to the evaluation 
of latches. 

We compare latches by three different criteria as expressed in the fol- 
lowing questions: firstly, ‘when are latches identical? \ secondly, ‘ when are 
latches isomorphic? \ and thirdly, ‘when are they complementary ?\ 



25.1 What is a Latch? * 

If you were to ask ‘what is a combinational circuit \ I would hardly expect 
you to accept an example of a combinational circuit as the general concept. If 
you search the literature for an explanation of the concept latch , you will find 
platitudinous phrases such as ‘a latch is a circuit with memorising ability \ 
or c a latch is a circuit of the following kind’, and you will be referred to 
an example. The definition given here is the quintessence of the intuitive 
approach to latches given in the previous chapter. 

(25.1) Defining a latch. A latch with n inputs xi,,..,x n and 
one output y is a function / from the (n + l)-fold Cartesian product 
{0, l} n+1 of the (n -f l)-tuples (a?i, . . . ,x n \ q) into {0, 1}, 

/:{0,ir +1 ~{0,l}, 
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y(t) = f(xi(t),.. . ,x n (t);q(t)) 

which has the following two properties: 

(a) The n-plus-first input value q is called the internal state 
of the latch and is postulated to equal the function’s time-delayed 
output, 

q(t) = y'(t), y'(t) = y(i - At). 

(b) The set £ of input events (aq , . . . , x n ) is partitioned into 
the so-called set, reset, and memory equivalents <?i(/), £o (/), 
£q(f) and only into these, i.e., £ = £i(/)U£ 0 (/)U£ g (/), and neither 
of the equivalents may be empty: 



£i (/) = {(*!,.. 


•>*n)| A (/(*!’ •• 
96(0,1} 


• »*«;?) = i)} 


S>(/) = {(Si,. . 


•>*»)! A (/(* 
96(0,1} 


II 


*«(/) ={(*!,• • 


96(0,1} 


■,Xn,q) = </)} 



In most circumstances it will suffice to write £ 1? £ 0 , £ q instead of £i(/), 
£o (/), £q{f)-> respectively. Due to the postulate q(t) = y'(t ), (25.1a), the 
above definition (25.1) is said to be that of the feedback model of a latch. 
The equivalents £i, £ 0 , £ q defined in (25.1b) are mutually disjoint, 

£i n £o = 0, £iD£g = 0, £ 0 fl £ q = 0, (25.2) 

which is important to point out, as discussed in the next section. Here, we 
prove only £o ft £ q = 0, asking you to prove the other two along the same 

lines. Using x = (aq , . . . , x n ), and rewriting the definitions for £ 0 and £ q of 
(25.1b), 

x ^£o^ f\ (/(x; q) = 0) (/(x; 0) = 0) A (/(x; 1) = 0) , 

xe£ q & y\ (/(x;$) =q) O- (/(x;0) = 0) A (/(x;l) = l), 

?€{ 0 , 1 } 

we can express the intersection £q fl £ q as 



x G (£o D £ q ) 4==^ (x G £o) A (x G £ g ) <£► 

(/(x; 0) — 0 A /(x; 1) = O ) A (/(x; 0) = 0 A /(x; 1) = l ) ^ 0. 
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The intersection £o fl£ g is 0 due to the underbraced expressions, above, being 
contradictory: /(x; 1) = 0 A /(x; 1) = 1 0. 



25.2 Specifying Latches in Reduced K-maps* 



The definition of a latch, (25.1), as a function f : {0, l} 71 "*" 1 i— > {0, 1} enables 
us to use any specification appropriate to combinational circuits, such as a 
Table of Asserted Events (TAE) for n + 1 inputs, a (standard) K-map for 
n + 1 inputs, and a Reduced K-map for n inputs, preferably with the internal 
state as the map-entered variable. I advocate the reduced K-map which uses 
the internal state as the map-entered variable as the most appropriate way 
to specify a latch. 

Using the example of an arbitrary latch with four (independent) inputs 
aq, ^2, £3, 24, see Fig. 25-la, let us see how the reduced K-map corre- 
sponds to the definition of a latch, (25.1). As the definition requires, the 
area £ of the reduced K-map is partitioned into the equivalents £1, £0, 
£ g , meaning that their union covers the whole area of the reduced K-map, 
and that the areas representing the equivalents £1 = {3,5,7,14,15}, £0 = 
{0,1,2,4,6,8,10}, £ q = {9,11,12,13} do not overlap, these aspects being 
stressed in Fig. 25-lb. 
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Fig. 25-1 Specifying a latch in a reduced K-map 



Equally important is the fact that the reduced K-maps for latches 
are easy to read. Let us look at only one (albeit, non-trivial) example 
by asking ‘what value the present output y(e) will have for the memorising 
input-event X1X2X3X4 of cell 12’. Assume the previous input-event, call it 
e', will have been an adjacent one, either 4, 8, 13, or 14, i.e., differs in the 
value of only one input variable from those of the present input-event 12. 
For a transition to the present input-event 12 from previous input-events 4, 
or 8 — which we write as the ordered pairs (12,4) or (12,8), or, generally, 
as (e,e') — the present output y( 12) takes on the value 0. The transition 
(12,14) leads to y(12) becoming 1. But the transition (12,13) only leads to 
the question ‘what output value or internal state was present in cell 13’. To 
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answer questions like this, you need to go back in the sequence of transitions 
until you come across a setting or resetting input-event. For instance, y(12) 
is 1 for the transitions (12, 13, 15), whereas y(12) would be 0 for (12, 13, 9, 1). 



25.3 Evaluation Formulas and Generic Latches * 



At this point, you might find it advantageous to reread Sections 18.3 and 18.4 
to bring to mind the notations for don’t cares , as well as Section 20.3 on the 
Evaluation of Reduced K-maps. The general evaluation formulas (20.9) to 
(20.12) assume that there are one or more map-entered variables Yj.. The only 
map-entered variable we are presently considering when speaking of latches 
is the internal state Q. So, to obtain evaluation formulas for latches, all we 
need to do is to adapt (20.9) to (20.12) for the internal state Q, or Y f if you 
choose. 

Let us start with the disjunctive and conjunctive evaluation for- 
mula for a non-in verted output, say, Y: 



r(x)^£M*)viw(x)r, 


(25.3a) 


^i;*( x ) ^ V C v (x), 

v.v v ep(e x ;£ ss ) 


(25.3b) 


Uq., 16 * (x) \J C v (x). 

<P'-'P<p€'P(£ q ;£is i J£6s* ) 


(25.3c) 


F(x) Vo- s (K)(V qi os-(x) V Y‘), 


(25.4a) 


Vb ; «(x) /y D v (x), 

V.V v €V(e 0 \£ss) 


(25.4b) 


VgjOi* (x) D v (x). 


(25.4c) 



' P'-'Pip €V(€ q \€os u£ 6S * ) 



Do note that £\ in the above formulas is the 1-nucleus £\ v , and £ 0 the 
0-nucleus £ 0l/ of Section 18.3. As before, the index S indicates a subset so 
that Sis Q £i and £ 0 s Q £o- Two different indices, S and 5*, are used in the 
case of two mutually independent subsets, as for £$s Q £s and £ss* Q £$• 
Furthermore, the subsets £ss and £ss* in (25.3) are — if you will please 
forgive the inadequacy of the notation — independent of equally denoted 
subsets in (25.4). 

All latches calculated according to (25.3) have a common design, that of 
Fig. 25-2a. Each latch consists of three distinct circuits. The actual feedback 
circuit is common to all latches , and as its output is a disjunction I call it 
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the generic disjunctive latch. The generic latch is a two-input latch, and 
is solely responsible for the memorising behaviour of the given latch. The 
two inputs of the generic latch come from two combinational circuits which 
I refer to as the prelogic to the generic latch, or as the prelogic of the given 
latch. The output of the setting prelogic realises the function E7i ; a(x), 
while the output of the memorising prelogic is U q -u*(x). An important 
aspect to note is that two different latches / and g, as specified by two 
different reduced K-maps, can never be identical in their setting prelogic AND 
their memorising prelogic. The terminology generic conjunctive latch and 
resetting prelogic apply to latches derived from (25.4). 



input input 
variables variables 




§ t 

Sjd 'Q 



7 



input input 
variables variables 




.o 

I 

I 



Y 



Fig. 25-2 The generic disjunctive and conjunctive latches 



The above formulas, (25.3) and (25.4), refer to non-inverted outputs 
of latches, that is, they answer the question ‘when is the numeric output y 
one? 9 . If we concentrate on the question ‘ when does the numeric output y 
equal zero?’, we have to develop formulas for Y. That means writing (20.10) 
and (20.12) for the single map-entered variable Y which is the delayed version 
of the latch’s output Y(x). 



F(x) <£> £/o ; 6 (x) V U q . Q6 *(x)Y', (25.5a) 

U 0 . s (x) \J C v (x), (25.5b) 

v:V v ev(eo;e,s) 

Uq ; os* (x.) & y C v {x). 

y.V v €V{£ q -,£o S u£ ss ,) 



(25.5c) 
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y(x)«F lif (x)(vWvr'), 


(25.6a) 


^i;«( x ) ^ A ^W> 


(25.6b) 


<-P''P lp E'P(Ei;£ss) 




Vq\\8* (x) 4^ ^ Z)^(x). 


(25.6c) 


^P’Vtp £V{£ q \£\sU£6s* ) 




This is an all too formalistic approach, so we shall take a more 
at inverting latches in a later section. 


detailed look 



25.4 An Evaluation Example 



Given the latch in Fig. 25-3a (see the next section), let us calculate a disjunc- 
tive feedback circuit, using (25.3), which satisfies the input-output behaviour 
of the given K-map. As the K-map contains no unassigned input events 
(£& = 0), the equations (25.3) reduce to 



UW ** £Mx) V c/ ?;1 (x)r;, 


(a) 


tfi(x) V 


(b) 


f.-p v ev(£ 0 




tl 9il (x) * V C%(x). 


(<0 


y.V v eV(£,-,£ ls ) 





To evaluate Y}(x ) by equation (a) we need to determine the set inclusion 
?7i(x), and the memory inclusion U q -i(x.). To calculate the set inclusion 
£7i(x), which is done according to equation (b), we have to determine a set 
of prime sets, the cover T(£\), that cover Z\. In our example, there is only 
one such prime set, i.e., 

P(£i) = {7W, 

as T^oxo = £\ . Remembering that p> : € V{£\) is read: ‘ those p for which 

Vtp G V{£\)\ as introduced in (17.25), we can now calculate 

Ui(x.) 4^ \/ C v( x ) ** C o*o(x) O XiX 3 . 

<p:V<p€'P(£ i) 



Calculating a memory inclusion U q; i(x) according to (c) requires us to 
determine a cover V{£ q \£\s) for which we can choose £\s arbitrarily to be 
0 £ £\s £ £\- Visual inspection of the K-map of Fig. 25-3a shows that by 
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choosing S\ s = S\ we can maximise the prime set that covers the memorising 
cells 1 and 3. As the loops of the K-map show, the memory cover is then 

V(£ q ]£is) = {Vqxx-, ^xOl}, 

enabling us to calculate 

tf #;1 (x)44 V C v (x) ^Co«(x) VC X 0 i(x) X! VX 2 Xz. 

<p-.r v €V(£ q -,£ is) 

We can now write the formula for the feedback circuit as 

Y)(x) Ui(x) V U q;1 (x)Vj & X 3 X 3 V (X 3 V X 2 X 3 )Y}. 

The circuit implied by this formula is shown in Fig. 25-4. 



25.5 Identical and Isomorphic Latches * 

Algebraically, latches are functions, functions are sets, and sets are identical 
if they contain identical elements. Latches are special functions, functions 
which partition the set of input events, £, into the equivalents £j, So , £ q 
specified in (25.1b). As it is assumed that none of the equivalents are empty, 
that their union equals £, meaning £ = S\ U So U £ g , and that they are 
mutually disjoint, (25.2), any two of the equivalents specify the third. The 
above considerations allow us to formulate the 

(25.7) Theorem on the identity of latches. Two latches, 

/ : {0, l} n+1 i-> {0,1}, from the (n + l)-fold Cartesian product 
{0,l} n+1 of the (n + l)-tuples (aq , . . . , x n ] q) into {0,1}, and g : 

{0, l} n+1 {0, 1}, from the (n-f l)-fold Cartesian product {0, l} n+1 

of the (n 4- l)-tuples (#*, . . . , x* ; q) into {0, 1}, are identical iff their 
set equivalents £\ (/) and £i(g) are equal, and their reset equivalents 
So (/) and So(g) are equal, 

f = 9&ei(f) = Si(g)K£o(f) = £o(g). 

Clearly, the latches specified in the K-maps of Fig. 25-3 are not identical, 
for, £i(/) and £i(g) are not equal (£i(/) = {0,2} and Si(g) = {0,1}) — this 
being sufficient to show the inequality of the latches. 
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Fig. 25-3 An example of isomorphic latches 
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Nevertheless, the latches / and g of Fig. 25—3 hold a minor surprise for 
us. If we calculate the circuits using, say, the disjunctive formulas of (25.3) 
by employing the loops shown in the K-maps, we get 



Y f (X u X 2 ,X 3 ) ^ (X^ X 2 X 3 )Q, 

Y g (A u A 2 ,A 3 ) <=$ Ai A 2 V (Ai V A 2 As)Q. 



These two formulas demonstrate a striking similarity which is emphasised by 
drawing the associated circuit (note the singular: circuit , not circuits) as in 
Fig. 25-4. 



Ab, 
A3 , 
At, 



A 2> 

At, 



X 3 

X 2 

x ; 




Yf (X lt X 2> X 3 ) 
Y g (Ai , A 2 , A 3 ) 



Fig. 25-4 A circuit common to both latches of Fig. 25-3 



Two latches / and g are said to be isomorphic if you can develop a com- 
mon circuit for both latches; only the ways their input variables connect to 
the input terminals of the circuit differ. One refers to g as being an isomorph 
of / (and vice versa). The noun ‘isomorph’ literally means equal- structure, 
as the two combining forms imply: ‘iso- ’ meaning equal or identical , while 
‘-morph’ indicates form or structure. 

You can quite easily transform a given latch / into a latch isomorphic to 
it. Firstly, develop all latches identical to / by permuting the K-map of /, see 
for instance Fig. 25-5. Permuting a K-map refers to rearranging the input 
variables around the perimeter of the K-map, and entering an output value 
y(e) of the original K-map into an equally numbered cell of the permuted 
K-map. Secondly, rename the input variables of the permuted K-map so 
that their positions coincide with the positions of the original input-variables 
(thereby also returning to the numbering of the cells as used in the original 
K-map). By this procedure, as there are n! permutations of n input variables, 
you easily see that for any given latch with n inputs there are n!-l isomorphic 
latches. 

As an example for finding a latch isomorphic to a given latch, consider 
the given latch to be specified by the K-map of Fig. 25-3a. Rearrange the in- 
put variables and the cells with their contents according to Fig. 25-5b. In this 
permuted K-map rename the input variables, (Xi,X 2 ,X 3 ) (A 2 ,Ai,A 3 ), 

and renumber the cells to coincide with the placement of the new input vari- 
ables Ai, A 2 , A 3 — see Fig. 25-3b. 
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Fig. 25-5 Permuted K-maps represent identical latches 



25.6 Inverting a Sample Memory- Circuit 

There are two ways to invert a combinational circuit, either by appending an 
inverter to the output of the circuit, or by designing a new circuit the output 
of which is the negation of the given circuit. The same principle is true for 
latches as a simple example demonstrates. 

A thyristor (a silicon rectifier controlled by the gate voltage X 2 ) — see 
Fig. 25-6a — behaves as the diagram of successive events (DSE) for x \ , X 2 
and y of Fig. 25-6d indicates. This is the DSE of a latch (with X 1 X 2 as 
the memorising input event), its K-map pictured in Fig. 25-6b. Appending 
an inverter to the output y of the thyristor allows us to augment y to the 
DSE. This, too, specifies a latch, again with X 1 X 2 as the memorising input 
event, its K-map pictured in Fig. 25-6c. Not surprisingly, the output values 
in equally placed cells e of the two K-maps are inverted. 




T, % T a T 4 T s Te % Ta 



Fig. 25-6 Inverting the output of a latch 
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Next, let us calculate a feedback circuit equivalent in its behaviour to the 
thyristor latch, specified in the K-map of Fig. 25-6b, by using the conjunctive 
formulas (25.4). As the loops in the K-map show, we may write 

Vo(x) A>(x) ^ A)z:( x ) (x\ 7 ^ 0) V (X2 7 ^ X 2 ) & X\, 

v.v v e{v 0t } ' 0 " 



V ?;0 (x) f\ D v (x) D x0 (x) & X 2 , 

¥>:'P< p €{7 ? x 0} 

Y(x) & V 0 (x)(V q;0 (x) V Y 1 ) & X x {X 2 V Y 1 ). 

This thyristor-equivalent feedback- circuit Y X\{X 2 V Y 1 ) is pictured 
in Fig. 25-7a. Fig. 25-7 shows how to obtain the inverted latch in a semi- 
graphical way. First invert the given circuit by appending a negation to 
the output (...b). Then, transfer the feedback to the inverted output Y, 
inserting a negation into the feedback to make sure that the signal fed back 
remains unchanged (. . . c). Finally, perform the negations (. . . d, and . . . e). 




Fig. 25-7 Inverting the output of a latch semi-graphically 

The same result (i.e., Fig. 25-7e) is, of course, also obtained algebraically: 

F(x) 4* Xi(X 2 VK') (see Fig. 25-7b) 

^IiV (X 2 V Y') (see Fig. 25-7d) 

F(x) 44- Xi V X 2 Y'. (see Fig. 25-7e) 

This formula, Y(x) <£> X\ V X 2 Y\ is also directly obtainable from the 
K-map of Fig. 25-6c using the disjunctive formulas (25.3). When first working 
with latches, it is quite common to be a bit shy of applying algebra to their 
formulas. Therefore, I would like to encourage you to take the time to work 
through all aspects of this example. In the next section, we shall consider 
the topic more formally. 




25.7 General Negation of Latches * 



277 



25.7 General Negation of Latches * 

In the context of this section, the prime question is ‘ When are two given 
latches (mutually) inverted ?\ Prompted by the example in the previous 
section, we answer the question by 

( 25 . 8 ) Defining when latches are inverted. Two latches / : 

{0, l} n+1 i — >■ {0, 1} and g : {0, l} n+1 i-> {0, 1} are said to be inverted 
iff£i(f) = £o(g) and £ 0 (/) = £ 1 ( 0 ), while their memory equivalents 
are then of necessity equal (£ q (f) = £ 3 ( 0 )), 

(f = 9 )# (Si(f) = £0(9)) A (So (/) - Si(g)). 

By this criterion, the two K-maps of Fig. 25-6 specify inverted latches. 
Clearly, it is not important which symbols are used in defining the mem- 
ory equivalents. 

As latches are defined as combinational circuits (albeit, special ones — 
see (25.1)), all rules of switching algebra are applicable to them, especially 
those on negation. For actual calculations, we need to know how the inclu- 
sions £7s(x) x G £ 5 , (17.27), and exclusions Vs(x) <£> x £ £ 5 , (17.29), 
interact. We first detail these formulas for each of the setting, resetting, and 
memorising equivalent E \ , £q, £ q : 



E7i(x) <£> xG£i, 17o(x) x G £ 0 , U q (x) <=> x G £ g , (25.9) 

Vi(x) ^ xg£ 1? Vo(x) <=> x££ 0 , V q (x) 4* x £ £ q , (25.10) 

allowing us to state the following relationships: 

Th(x) Vi(x), t7o(x) ^ Vo(x), U q (x) & V q (x). (25.11) 
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(25.13) 
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(25.14) 
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Fo(x)F 9 (x) 
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(25.15) 


Cf 1 (x)f7 0 (x) 
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(25.16) 
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Fo(x) V V'j(x) 




1, 


(25.18) 


us take at least a 


cursory look at some of the 


proofs. Firstly, to prove 


x) V f7 0 (x) V U 




O 1 of (25 


.12) we use £ = 


Si 


c 

c 


(25.1b), to 



write 

(x_G_£) ^ ( x G ^ 1 ) v ( x ^ £ 0 ) V (x G £ q ). 

1 tMx) U 0 (X) Ug (x) 
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Secondly, to prove Ui(x) V Uo(x) O V q (x) of (25.13) we again remember that 
£ = £iU£oU£ q , and that the equivalents £i, £o, and £ q are mutually disjoint 
so that we may write 

Z\ U £q = £ \ £ q , 



XtCl VXtCO^Xt^ /\ * Lsq . 

Ui(x) Uo(x) 1 v 9 (x) 

Finally, J7 1 (x)C/o(x) 0 of (25.16) follows directly from £i and £ 0 being 

mutually disjoint, as stated in (25.2). 

Now, writing the evaluation formulas (25.3a) to (25.6a) in their basic 
form, i.e., for £\ s = 0, £o s — 0, £ss = 0, £ss* = 0? 

Y(x) Ui(x) V U g (x)Y', (25.19) 

Y(x) (2 4£ } V 0 (x)(V q (x)VY'), (25.20) 

F(x) U 0 (x) V U q (x)Y' , (25.21) 

F(x) ^ Vi(x)(V g (x)vF'), (25.22) 



the above relationships between inclusions l/i, £/o, and exclusions Vi, Vo, 
V q9 (25.11) to (25.18), allow us to calculate the two inverted formulas of any 
given latch formula, e.g., 

F(x) ^ !7i(x) V U q (x)Y ' . . . (25.19) 

Vf) 

^KiVqV ¥)...( 25.22) 

( ^ } (C7 0 vtr g )(F 9 vF') 

([/ 0 V U q )(Uo V Ui V F') 

•<=» C/ 0 (Fo V Ux V F') V C/ g ([/ 0 V V F') 

<=> £/ 0 V C/ 0 Fi VF 0 F' V v I7i 17, VC/ g F' 

0 0 0 
C/ 0 V UoY 1 \JU q Y' 
u 0 

*=* U 0 \JU q Y’ ... (25.21) 
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Optimised Latches 



Optimising a feedback-latch designed according to either of the evaluation 
formulas (25.3) to (25.6) reduces to optimising the prelogic to the generic 
latch — see Section 25.3. Essentially, optimisation covers two aspects, firstly, 
obtaining a minimised circuit , and secondly, obtaining a hazard-free circuit. 
To limit explanations, we concentrate on latches with a standard or non- 
inverted output Y. These are designed according to the evaluation formulas 
(25.3) and (25.4). 

To express formally how optimisation is carried out, we need the concepts 
of minimal covers < P m irc(£ i), Vmin{£ o) as developed in (17.21), and of minimal 
irredundant covers (as £«s), or V^iE^Exs U Ess*), 

r^nin.{Eq ; Eqs U Ess* ))j a concept developed in Section 18.3, and specifically in 
(18.1) to (18.3). 

26.1 Designing Minimised Latches * 



Minimised latches are obtained by minimising a latch’s prelogic: 



L(x) & U liS (x) V tf J!l4 .(x)y', (26.1a) 

EM*) V CV(x), (26.1b) 

U q -u*(-x) \/ C v {x). (26.1c) 

V-'P v eV^ in (£,-,£ 1 sU£ ss .) 

y(x) Vod*)(V r Mx) V Y'), (26.2a) 

V 0 .s(x) /\ I> v (x), (26.2b) 

f>-'P v €Vl Un (£o ;£ss) 

Vg; 06 *(x)& /\ D v (x). (26.2c) 
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If the set of unassigned input events £s is empty, £$ = 0, then the above 



formulas reduce to 

Y(x) 44- Ui(x) V U q -i(x)Y', (26.3 a) 

Ui(x) <3> \J CV(x), (26.36) 

V:P v eT>mi»(£i) 

P } ;i(x)^ V C v (x). (26.3c) 

F(x) y 0 (x)(V 9 ;o(x) V y'), (26.4a) 

F 0 (x) -£> A v(x), (26.46) 

<P-'P v eV m i n (£ o) 

Fg;o(x) “4=^ A s ^(x). (26.4c) 



The above formulas of this section, of course, give you complete freedom 
as to the method you employ in determining the necessary minimal covers 
Vmm(- • •)• The two methods discussed in previous chapters are minimisation 
by K-map , Section 18.5, and tabular minimisation considering don’t cares , as 
discussed in Section 19.5. 

Further note that the disjunctive formulas (26.1), and the conjunctive 
formulas (26.2) usually provide circuits of differing degrees of minimisation. 
As it is not possible to predict which of the formulas provides the simpler 
circuit, you need to evaluate both formulas and choose the simplest result. 



26.2 A Minimised Latch — an Example 



The latch we wish to design is specified in the K-maps of Fig. 26-1. As 
they contain no unassigned input events A, we use the evaluation formulas as 
expressed in (26.3) and (26.4). 

To calculate U\(x) of (26.3a) according to (26.3b) we need to deter- 
mine a minimal (irredundant) cover Vmm{£ i). For our example, such a cover 
— {'Poxii’, / Poi x i 1 Viiix} is determined in Fig. 26-la, and for this 
cover we may write 



Ui(x) <£> C 0a? n(x) V Coi*i(x) V C 11 1 a;(x) 
^ XiXzXi V XiX 2 X 4 V X x X 2 X 3 . 



(26.5) 
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Fig. 26-1 Two latch- evaluation examples 

We next need to calculate U ql i(x) of (26.3a) which is done according to 
(26.3c). In this formula, we note that Sis Q Si is an arbitrary subset of Si, 
the cover V{S q \£is) — {^(i)? • • • •> 'P<p(L)} being a set of prime sets which 
cover S q U Sis meaning that . . . , — S q U Sis • All 1-cells, i.e., 

all input events x of Si are used analogously to don’t cares (how to cover don’t 
cares with prime sets was discussed in Section 18.3). In our case, the subset 
{14, 15} of Si, of all possible choices of subsets, leads to a set S q U Sis that 
has the smallest cover possible £is) = {Vn xx , Vi xx i} — no other 

choice of a subset Sis leads to a smaller cover of S q U Sis- The inclusion 
?7g ; i(x) of this cover is, according to (26.3c), 

t/g ;1 (x) Cn xx (x) V C lxxl (x) ^ X a X 2 V M 4 . (26.6) 

Our evaluation formula for latches, (26.3a), then leads to 
Y(x)^Ui(x)WU q] i(x)Y f 

(XiX 3 X± V XiX 2 X 4 VXiX 2 X 3 )v(XiX 2 V XiXi)Y'. (26.7) 

The above formula gives rise to the disjunctive circuit of Fig. 26-2a. 
The conjunctive circuit of Fig. 26-2b is obtained from the same specification, 
but applying to it the formulas (26.4). To calculate Vo(x) we first determine 
T\nm.(£ o) — {'PooQxi'PoxxQi'PxOxo} as indicated m Fig. 26— lb. 

Vb(x) Doqo x (x)D 0xx o(x.)DxOxq(x) 

& (Xi VI 2 V X 3 )(Xi V X 4 )(X 2 V X 4 ). (26.8) 

As visual inspection of Fig. 26-lb shows, we obtain a smallest possible cover 
of S q by choosing T^(£ g ; S os ) = {'PixOxi'PiOxx} for which 



Vg ; o(x) DixQ x(x)Dio xx (x) (Xi V X 3 )(Xi V X 2 ). 



(26.9) 
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Fig. 26-2 The latches specified in Fig. 26-1 



Having determined Vo(x) and V^ ; o(x), we can now write (26.4a) as 

Y(x) & V 0 (x)(F g;0 (x) V Y') (26.10) 

^ (X x VX 2 VX 3 )(Xx VX 4 )(X 2 VX 4 )((Xx VX 3 )(Xx VX 2 ) VY') 

^ ' -v- 1 ' ' V S y 

Vb(x) VqM*) 

which is pictured in Fig. 26-2b. Seldom are circuits, which are designed 
according to (26.3) and (26.4) (or (26.1) and (26.2), to state it generally), 
minimised to the same degree. In the example of this section, (26.4) provides 
the slightly simpler solution as shown in Fig. 26-2b. 



26.3 Designing Hazard-Free Latches * 

It is far more important to design latches that are free of hazards than to 
design minimised latches. To explain hazards in latches, we must slightly 
extend the concept of hazards as developed for combinational circuits in 
Section 23.1. There, we concentrated solely on switching from one input- 
event to another with both belonging to the same equivalent. 

With latches the problem is this: When switching from an arbitrary set- 
ting, resetting, or even memorising input event to a memorising input event 
(or a new memorising input event, in the latter case), the output, the value 
of which should remain unchanged, may develop a hazard. Such a hazard 
poses a serious danger because its erroneous value can be memorised thus 
leading to a stable but incorrect output. To view the mechanism in detail, let 
us consider the signal flow in the generic disjunctive latch of Fig. 26-3. 

Assume we have designed a combinational circuit for U\ (x) and another 
for U q (x), and that a 1-hazard with a duration of Ant smaller than At 
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occurs when switching from x E S\ to x G S q — this is the situation the 
input signals J7 0 , I7i, and U q of Fig. 26-3a depict. As you can deduce from 
the signal flow in the generic circuit of Fig. 26-3c, the trough ends after Ant 
because Y f is still 1 (and would remain so until the feedback delay-time At 
were to elapse). In itself, this situation is no more serious than a hazard in a 
combinational circuit. 

A permanently wrong output value is realised if the duration A //t 
of the 1-hazard is larger than the delay At in the feedback. As the signal flow 
in Fig. 26-3b shows, Y l will have already switched to 0 before U q becomes 
1 letting the output Y falsely remain 0. An awkward situation arises when 
Ant and At are roughly equal — it is then a matter of chance whether a 
hazard is perpetuated or not. 
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Fig. 26-3 



Occurrence of a l-hazard and its possible perpetuation 



To avoid hazards of the kind discussed above, we obviously need to 
ensure a hazard-free design of circuits for the unions £\ U £ q and fo U 
But, we need not cover the whole union £\ U £ q or for, those prime 

sets of V(£ q ] £\) or V (£ q ; £o) that, contain only input-events x £ £\ or x £ So 
need not be considered, i.e., can be dropped. We thus define the concept of 
hazard-free memory- covers: 

(26.11) A hazard-free memory-cover V ] f^{£ q \£\) is the full 
cover of £ q U S\ from which those prime sets have been omitted 
that contain only elements of £\. 

A hazard-free memory-cover V^ rmx {S q \So) is the full cover of 
S q U Sq from which those prime sets have been omitted that contain 
only elements of So. 

With these concepts, we can specialise the evaluation formulas (26.1) to (26.4) 
to obtain evaluation formulas for hazard-free circuits. Rewriting (26.1) 
and (26.2) we get: 
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r(x)otMx)viW(x)r, 


(26.12a) 


Ui ; s(x) <S> y c v (x), 


(26.12b) 


U q . >is *(x) \f C v (x). 

V'PveV J ua (£ q -,£isO£ ss .) 


(26.12c) 


Y(x) Vo ; «(x)(V g; o 5 * (x) V Y 1 ), 


(26.13a) 


^m(x) o /\ D v (x), 

V-'P v ^'Pl m (e 0 ;£ss) 


(26.13b) 


v g; o s*(x) yy d v (x). 

V : ’V€*>L,(£«;£osU£, s *) 


(26.13c) 



How hazard-free are hazard-free latches that are calculated by the 
above evaluation formulas (26.12) or (26.13)? Let me answer this question 
in two steps, firstly stating the following 

(26.14) Theorem on partially hazard-free latches. 

(a) Any disjunctive latch calculated by (26.12) is per se free of single- 
input O-hazards (whether it has a 1-hazard of not). 

(b) Any conjunctive latch calculated by (26.13) is per se free of 
single-input 1-hazards (whether it has a O-hazard of not). 

Let us verify (26.14a). Take x to be a resetting input-event. Then, not only is 
x e S 0 1, x G £\ 0, and xe£ g ^0, but also x E {£ q U £ 1S ) «=> 0. With 

£/s(x) ^ x e £s, (17.27), the above expressions show the inclusions to have 
the following values: U 0 (x) 1, Ui(x) 4^ 0, U q (x) & 0, and U q;1 (x.) <£> 0. 

Using the values for Ui(x) and U qil (x) in (26.12a), the output Y is 0, as is 
Y'. When switching to a memorising input-event x* 6 for which U g (x*) 
is 1, and therefore also U q; i(x), the conjunction [7 g; i(x*)y' remains 0, as 
Y* is 0- The output Y remaining 0 excludes the existence of a pulse thus 
proving that the circuit is per se free of 0-hazards. 

Secondly, an immediate consequence of the above theorem is the impor- 
tant 

(26.15) Theorem on completely hazard-free latches: 

(a) A disjunctive latch evaluated by (26.12) so as to be free of single- 
input 1-hazards is also completely free of single-input hazards as it 
is per se free of single-input 0-hazards. 

(b) A conjunctive latch evaluated by (26.13) so as to be free of 
single-input 0-hazards is also completely free of single-input hazards 
as it is per se free of single-input 1 -hazards. 
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To see that (26.15a) is correct, we need only show that switching from a 
setting input-event x £ £\ to a memorising input event x* £ £ q does not 
cause a 1-hazard. If x £ £\ 1, then Li(x), U q; i(x), Y, and Y f are all 1. 

When switching to a memorising input-event x* £ £ q , for which U q (x*) is 
1, and therefore U q; i(x*), the conjunction U q ^{y^)Y l remains 1 as Y* is 1. 
The output Y remaining 1 excludes the existence of a trough which means 
that no 1-hazard occurs when switching from a setting to a memorising input 
event. No doubt, you will have no difficulty in proving (26.15b) along the 
lines sketched above. 



26.4 A Hazard-Free Latch — an Example 

It is instructive to follow the signal flow in an example latch to see how a 
hazard- free output-signal is brought about. In the example latch specified in 
Fig. 26-4 the full cover 

'Pmax{£ l)= {'Poxlll'Poixl'i'Pxllx}', (26.16) 

by which to calculate U\ or Vi, is determined in the K-map of Fig. 26-4a by 
visual inspection. 




Fig. 26-4 An example latch, (a) V wax {£\), (b) V^(£ q ] £\) 

The hazard- free memory-cover 'P£ ac (£ g ; £\) is comprised of the prime sets of 
Fig. 26-4b, 

'Pmax(£q')£ l) = {'Plxxu'Pllxxi'Pxlxu'Pxxll} - (26.17) 

Each prime set contains at least one F'-cell thus allowing for all possible 
single-input transitions from a 1-cell to a Y'-cell to take place within a prime 
set encompassing both cells. This explains why the 1-cell {6} need not be 
an element of a prime set contained in £ 1 ): Hazard-free behaviour 

refers to single-input transitions, i.e., transitions between adjacent cells, and 
there is no adjacent Y'-cell to the 1-cell {6}. 
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The covers 'P mac (£ 1 ) and 'P% iax (£q\Si)i from (26.16) and (26.17) enable 
us to write the hazard-free formula 



y(x) ^ ^(x)vc/ g;1 (x)r 



<=* (X 2 X 3 V X!X 3 X 4 V X 1 X 2 Xt) 

V { X x X2 V X l X 4 yX 2 X 4 V X 3 X 4 ) Y l . (26.18) 

minimal hazard— free 



The circuit which is equivalent to this formula is shown in Fig. 26-5. The 
K-map of Fig. 26-4, specifying the latch, allows us to recognise all transitions 
from any 1-cell (or setting input-event) to adjacent F'-cells (or memorising 
input-events). These are the single-variable transitions (3-to-ll), (5-to-13), 
(7-to-15), (14-to-12), (15-to-ll), (15-to-13) which might cause hazards — 
hazards that could be perpetuated. 







these gates 
make the 
latch 

hazard-free 



Fig. 26-5 The hazard-free circuit of Fig. 26-4 according to (26.18) 

We take a closer look at the signal flow for the transition from (3-to-ll). 
The signal flow for the setting input-event (3)io = (0,0, 1,1)2 is shown in 
Fig. 26-6a. The latch is set via the AND-output A 2 . But the thing to note 
is that the AND-output Aj is also 1 , this making U q; i(x) 44 1 . The output 
value 1 is fed back via the delay to the loop’s AND-gate, the output of which 
now becomes 1 (U q; i(x) A Y* 44 1). One says c the loop has been closed 

Now, additionally, letting X\ become 1, as pictured in Fig. 26-6b, we 
note that the latch’s setting signal, !7i(x), is no longer 1. But, as this has no 
influence on the value of the signal in the closed loop, the output value of the 
latch remains unfalteringly 1, guaranteeing that the output is hazard-free. 
The 1-signal circling in the closed loop when a memorising input event is 
present, is said to have been pre-established, meaning it was established 
during the presents of the preceding setting input-event. 
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Pre-establishing a closed feedback-loop theoretically enables a latch to re- 
act immediately and correctly to a memorising input-event of arbitrarily short 
duration. Allow me to expound this. Suppose you have designed a disjunc- 
tive latch according to (26.12) making it free of 1-hazards. Then, applying a 
setting input-event for longer than A t (the time lag of the delay element in 
the feedback), you will have a 1-signal circling in the closed feedback- loop. 
This signal is maintained or memorised the moment you switch to a mem- 
orising input-event thereby providing a correct output value, however brief 
the duration of the memorising input is. An analogous behaviour holds for a 
conjunctive latch designed according to (26.13). Let us refer to this behaviour 
as rapid reaction. 



















Chapter 27 



Elementary Latches 



An elementary latch is a latch with two inputs and one output. There are 
36 such latches, as compared with 10 combinational functions of two inputs 
and one output. It seems wise to discard 8 of the 36 latches as too risky to be 
technically feasible, still leaving us with 28 elementary latches. Any of these 
can appear in the realisation of sequential circuits — how many and which 
ones depends, for instance, on the so-called ‘word-recognition tree ’ specifying 
the circuit. 

This chapter presents an overview over the elementary latches, first clas- 
sifying them, and then developing a system of latch symbols. The few latch 
symbols standardised in IEC 117-15 simply don’t cover the problem. 



27.1 Classification of Elementary Latches 



A latch can be described by a table of asserted events (TAE). The header of 
a TAE for an elementary latch, see Fig. 27-1, contains the two binary inputs 
x\ and X 2 - The table has four columns which we number by the decimal 
equivalent x of the input event The columns are weighted from left 

to right by decreasing powers of 2. The output values y( 0), y( 1), y( 2), y( 3) 
assigned to the four columns stand for one of the symbols 0, 1, or g, i.e., 
y(x) 6 {0,1, q}. As each symbol 0, 1, or q must occur at least once in any 
given row, one of the symbols must occur exactly twice. A row containing 
two Is is said to describe a predominantly setting latch. A row with two 
0s describes a predominantly resetting latch while a predominantly 
memorising latch is described by a row in which the symbol q occurs twice. 

Each latch / s>r , and its output y s>r (x), is specified by two indices. The 
first index, denoted as s and called the set index, describes the position of 
Is (i.e., the columns containing the Is), while the second index, the so-called 
reset index r describes the columns containing 0s. They are determined as 
follows: 



2—1 






- 1 )— £ 



X = 0 



S* - 1 if y{x) = 1 
Sx = 0 if y(x) ^ 1 



(27.1) 
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Fig. 27-1 The full header of a TAE for two inputs 



2 2 — 1 



( r x = 1 if y(x) = 0 
\ r x = 0 if y(x) ^ 0 



(27.2) 



The predominantly memorising latches are summarised in the two ta- 
bles of Fig. 27-2. The latches in equal rows are mutually inverted. Using 
the set and reset indices together with definition (25.8), we can state that 
two latches are negated if the set and reset indices of one latch equal, 
respectively, the reset and set indices of the other: 



fs,r — / 



r,s 



(27.3) 
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Fig. 27-2 The predominantly memorising latches 

Latches marked with equal alphabetic letters ‘a’ to T in Fig. 27-2 are 
isomorphic (see Section 25.5). When considering only two inputs, as with el- 
ementary latches, we can equally well refer to isomorphic latches as trans- 
posed latches — latches you obtain by interchanging the input variables to 
the circuits. 

The predominantly setting and resetting latches are summarised in the 
two tables of Fig. 27-3. Here too, the latches in equal rows are complemen- 
tary. The isomorphic latches that are predominantly setting are marked c al’ 
to ‘dl’, those of the predominantly resetting latches are marked ‘aO’ to ‘dO’. 




290 



Chapter 27 Elementary Latches 



Predominantly 
setting latches 



Predominantly 
resetting latches 



Xi = 


0 


0 


1 


1 




Xl = 


0 


0 


1 


1 


= 


0 


1 


0 


1 




x 2 = 


0 


1 


0 


1 


X = 


0 


1 


2 


3 




X = 


0 


1 


2 


3 


(1/6,1 0) =) 


Q 


1 


1 


0 




(2/1, 6(3) =) 


q 


0 


0 


1 


II 

TT 

o' 

r-l 


1 


q 


1 


0 


al 


2/1,10(3) = 


0 


q 


0 


1 


2/12,1(3) = 


1 


1 


q 


0 


al 


2/1,12(3) = 


0 


0 


q 


1 


2 / 5,2 (a:) = 


q 


1 


0 


1 


bl 


222,5(3) = 


q 


0 


1 


0 


(yvM =) 


1 


q 


0 


1 




(222,9(3) =) 


0 


? 


1 


0 


2/12,2(3) = 


1 


1 


0 


q 


cl 


2/2,12(3) = 


0 


0 


1 


9 


2 / 3 , 4(3) = 


q 


0 


1 


1 


bl 


224,3(3) = 


q 


1 


0 


0 


(i/ 9 , 4 ( 3 ) =) 


1 


0 


q 


1 




(224,9(3) =) 


0 ! 


1 


q 


0 


2 / 10 , 4 ( 3 ) = 


1 


0 


1 


q 


cl 


2 / 4 , 10 ( 3 ) =3 


0 


1 


0 


q 


y 3 ,s( 3 ) = 


0 


q 


1 


1 


dl 


228,3(3) = 


1 


q 


0 


0 


2/5, 3(3) - 


0 


1 


q 


1 


dl 


223,5(3) = 


1 


0 


q 


0 


(2/6, 8(3) =) 


0 


1 


1 


q 




(223,6(3) =) 


1 


0 


0 


q 



Fig. 27-3 The predominantly setting and resetting latches 



Those latches — / 6| i, / 9>2 , /g, 4 , /e.s, and /i >6 , .A, 9 , A.g, /a, 6 — whose 
outputs y 3)r (x) are written in parentheses lead to risky circuits as explained 
for the examples and of Fig. 27-4. Consider the predominantly 
resetting latch of Fig. 27-4a. Its characteristic property is that the only 
setting input event, cell 3, is not adjacent to the (only) memorising input 
event, cell 0. 




Fig. 27-4 Technically risky elementary latches 



To memorise the output value of 1, caused by the setting input event 
(1,1), both input variables must change their values simultaneously from 1 
to 0. If simultaneousness is not achieved, then switching from (1, 1) to (0,0) 
does not occur directly, rather (3)io = (1,1)2 switches via (l)io = (0,1) 2 to 
(0)io = (0,0) 2 if changes its value first (lower path), or (3)io = (1,1) 2 
switches via (2)io = (1,0) 2 to (0)io = (0, 0) 2 if x 2 changes its value first 
(upper path). The input events (0,1) and (1,0) are both resetting input 
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events and when previous to the present and memorising input event (0, 0) 
for longer than A t cause the output value of 0 they invoke to be memorised 
and not the value of 1 invoked by the setting input event (1,1). 



27.2 Two Systems of Symbolic Latches * 



Remember that gates were introduced as graphic symbols that represent logic 
connectives (such as NEGATION, AND, OR), or, more precisely, certain logic 
functions. Graphic symbols for latches have not been given a class name, so I 
take the liberty of referring to them as symbolic latches. That is, a symbolic 
latch is a graphic symbol that represents a switching function that is a latch 
according to (25.1). Gates and symbolic latches thus stand for an idealised 
behaviour that can be approximated by physical realisations. 

The two systems of symbolic latches put forth in the following sections 
apply only to elementary latches. Extending them to three or more inputs is 
theoretically possible but leads to unwieldy symbols. The systems of symbolic 
latches proposed here are an open criticism of the symbolism put forth in IEC 
117-15. 

To get a first impression, let us consider a symbol for the latch /i^o 
the latter represented by the reduced K-map of Fig. 27-5a. The associated 
symbolic latch has two input lines (numbered 1 and 2) and a single output 
line. Simply as a matter of choice, let input line 1 carry the value of input 
variable X \ , and input line 2 carry the value of input variable X 2 . The output 
line is associated with the setting input event (1, 1). The input events (0,0) 
and (1,0), dissociated from the output line, comprise the resetting input 
events. Numbering the input lines is essential in defining the input events 
used in the symbolic latch: The value in the first position of an input event 
is the value of the variable carried on input line 1; the value in the second 
position of an input event is the value of the variable carried on input line 
2. The symbol of Fig. 27-5b can be simplified if the two individual resetting 
input events (0, 0) and (1,0) are replaced by the generalised input event ( x , 0) 
leading to the symbolic latch of Fig. 27-5c. 
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Every symbolic latch represents two mutually isomorphic (or possibly 
self-isomorphic) latches obtained by transposing the input variables. You 
can verify this for our example by comparing Figs. 27-5 and 27-6. 



b) input-lines 1 Sc 2 




(here: value of X 3 ) (here: value of X, ) 

Fig. 27-6 Transposing the input variables leads to isomorphic latches 

We now expand the basic concept for symbolic latches by introducing a 
second output. In the first model the two outputs are taken to be comple- 
mentary , see Fig. 27-7a. This is a consequence of the fact that the setting 
input events £\ (/) of a latch / are the resetting input events £o(g) of a com- 
plementary latch g , i.e., £o(g) = £\ (/), and vice versa , the resetting input 
events £q (/) of / equal the setting input events of g , i.e., £i(g) = £o (/). 
Then, associating the output Yf of f with £\ (/), and the output Y g of g with 
So (/) ensures that Yf = Y g . 



model 1 model 2 

Symbolic latches with Symbolic latches with a common (input) event 

complementary outputs ' * 




Fig. 27-7 Two basic models for symbolic latches 



The second model is not as obvious as the one discussed above. It re- 
quires combining two specific, non-negated latches. First of all, it applies only 
to latches with a 1-element memory-equivalent £ ? (/), i.e., to predominantly 
setting and resetting latches (under omission of the risky latches discussed 
in connection with Fig. 27-4). The outputs Yf and of the second model 
(see Fig. 27-7b,c) are related in the following way. The (single) input event 
associated with Yf sets this output and resets the second output Yh\ the 
(single) input event associated with Yh sets this output and resets the first 
output Yf. The third and also non-memorising input event either sets both 
outputs (as in the basic latch of Fig. 27-7b), or resets both outputs (as in 
the basic latch of Fig. 27-7c). These symbolic latches, as is shown later, can 
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be approximated by so-called cross-coupled feedback circuits , which is the 
actual reason for introducing this model. 

The c internal functionality’ of a symbolic latch (just as with any gate) 
is not changed by inverting any inputs or outputs. 



27.3 Symbols with Complementary Outputs * 

All the 16 predominantly setting and resetting latches summarised in the 
two tables of Fig. 27-3 (excluding the risky ones written in parentheses) are 
represented by one of the four symbolic latches of Fig. 27—8. That is, each 
symbolic latch can represent four latches. For instance, the symbolic latch 
in the first row is shown to represent the two latches and If the 

input variables X\ and X 2 are transposed, the same symbol represents the 
isomorphic latches / 2) 5 and /5 )2 . In this case, the input event (0,1) — the 
first value (the 0) now standing for X 2 , the second (the 1) standing for X\ 
— would set the output Y^s and resets Ys >2 . Or, viewing it conversely, the 
generalised input event (l,ar) would set Ys j2 , and reset Y^ 5. You might like 
to sketch the situation isomorphic to the first row of Fig. 27-8 so as not to 
become confused. 




Fig. 27-8 Four symbolic latches that represent all 16 predominantly 
setting and resetting latches 
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There are no risky latches in the sense discussed in Fig. 27-4 among 
the memorising latches listed in the table of Fig. 27-2. The four symbolic 
latches of Fig. 27-9 represent all 12 memorising latches. The symbolic latch 
in the first row, when used as shown, represents the latches and /i t 2 ; 
transposing its inputs, it represents i and /i } 4 as Fig. 27-2 shows. In a 
like manner, the symbolic latch in the fourth and last row represents /g ,2 and 
/ 2,8 when used as drawn, and represents 4 and /^g when the input variables 
are transposed (as you can see from Fig. 27-2). Thus the two symbols just 
discussed allow us to represent 8 of the 12 memorising latches. 

The remaining latches — with / 2 , 4 , and /g^ with fi t g — are self- 
isomorphic. This means, transposing the input variables likewise causes the 
output variables to be transposed. Thus, the symbolic symbols in the second 
and third rows of Fig. 27-9 each represent only two latches, the ones shown. 




Fig. 27-9 Four symbolic latches that represent all 12 predominantly 
memorising latches 



27.4 Symbolic Latches with a Common Event * 

In this section we consider model 2 of the symbolic latches introduced in 
Section 27.2 and Fig. 27-7. It is characteristic to both models of symbolic 
latches presented in this chapter that any input event associated with one 
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of the outputs sets that output and resets the other. The symbolic latches 
discussed in this section associate exactly one input event to each of the two 
outputs of the symbol while a third input event is not associated uniquely 
with a single output in the way just discussed, but, rather, is assumed to 
either set both outputs simultaneously or to reset both outputs simultaneously. 
This input event is said to be the common (input) event because its effect 
is common to both outputs. 




Fig. 27-10 The symbolic latches with a common setting-event 



Let us first take a detailed look at the symbolic latches with a com- 
mon setting-event summarised in Fig. 27-10. Obviously, as the common 
event is a setting event, all the latches represented by the symbolic latches 
in the figure are predominantly setting latches so that the two outputs of a 
symbolic latch are not complementary. Now, look at the two K-maps in any 
given row. They both have identical memorising input-events, each flanked 
by an adjacent setting and resetting input-event, these being complementary 
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in the two K-maps. The input event non-adjacent to the memorising input- 
event is always a setting input-event — it is the common setting- event. The 
outputs of a symbolic latch are associated with an input event adjacent to the 
memorising input-event. The common event is dissociated from the outputs 
and marked with an ( s \ 




cross-coupled NOR-latch 




cross-coupled INH-latch 




Fig. 27-11 The symbolic latches with a common resetting-event 

The reason for introducing symbolic latches with a common event is that 
their theoretical behaviour is approximated by delay-free cross-coupled 
feedback circuits convenient to realise (electronically, by NOR and NAND). 
Let us calculate the circuit in the first row of Fig. 27-10 using (25.3). 

Yio,i X 2 V XiYio,i <£> X 2 V (XiYio^i) <£> X 2 V (X A V yio,i), 

^ 3,8 ^ X\ V X 2 Y^^ <=> X\ V (X 2 l / 3 ) 8 ) X 1 V (X 2 V ^ 3 , 8 )- 

Allow me to encourage you to compare the above formulas carefully 
with the circuit in the first row of Fig. 27-10. The circuit can only be drawn 
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because the time delays in the above formulas have been omitted. On the 
necessity of a delay in the feedback see Section 24.5. 

The symbolic latches with a common resetting-event are sum- 
marised in Fig. 27-11. A detailed explanation of this figure seems superflu- 
ous. Its circuits are evaluated using (25.4) as shown for the circuit of the first 
row. 



Yx.io * X 2 (Xi V Fi, 10 ) 4* XiiXi V Yi,i 0 ) 4* X^XtY^o). 

Ys, 3 44 Xx(X 2 v y 8 ,3) 44 Ii(I,vy 8lJ ) 44 X 1 (X 2 Va,i), 

Finally, you might like to note that the outputs Y s%r and Y r)S of the 
latches in equal rows of the Figs. 27-10 and 27-11 are complementary as 
follows from a comparison of their K-maps or from (27.3). 



27.5 Standard Symbols for Elementary Latches 



The IEC 117-15 standard has developed five symbols for latches with two 
inputs and two outputs. One such latch is given the name gated D -latch (in 
this text, simply called D-latch ), the four others are summarily called set-reset 
latches , or SR-latches. The IEC-symbols for these latches are the left-most 
symbols in the Figs. 27-12 and 27-13. For an explanation of the inscribed 
letters and numbers (which comprise the so-called dependency notation) I 
refer you to the IEC standard. 
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Fig. 27-12 The D-latch 



The D-latch, defined in the K-map of Fig. 27-1 2b, was originally con- 
ceived to synchronise input Data with the Clock signal of a synchronous se- 
quential circuit. The outputs of the latch are assumed to be complementary 
as is indicated by the negation symbol on the lower output of Fig. 27-12a. 

Characteristic for the SR-latches, listed in Fig. 27-13, is that the input 
event XiX 2 is the memorising input event. For convenience, the adjacent 
setting and resetting input events are taken to be identical for all four latches. 
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Fig. 27-13 The four set-reset latches 



The four SR-latches differ only in the output values invoked by the input 
event X\X 2 

The IEC standard 117-15 states explicitly that all output lines of an 
element that is not subdivided (such as an IEC latch element) carry iden- 
tical logic values except when otherwise indicated by associated qualifying 
symbols or labels inside the element. For instance, in the top two rows of 
Fig. 27-13 both output lines of a latch symbol are assigned the number 1 as 
a qualifying symbol indicating that the outputs are identical. To make the 

^ With the knowledge we have acquired about latches, I would be inclined to add 
a fifth latch to the list of SR-latches, i.e., the latch characterised by the symbol in 
the second row of Fig. 27-9 with the output variables Y^, For this latch, the 
input event X\X 2 is a memorising input event. Latches with exactly this function 
are common as pneumatic spool valves with two outputs. But, if I am not mistaken, 
this latch cannot be represented in the symbolism of the IEC standard 117-15. 
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outputs complementary, an inverter symbol (a circle) is assigned to one of 
the outputs. On the other hand, the output values of the bottom two latch 
symbols (Fig. 27-13) are unequivocally specified by the associated qualifying 
symbols 1 and 2 — adding an inverter symbol to one of the outputs (as is 
done in IEC 117-15) poses an error. 




Fig. 27-14 The generic SR-latch 

Frequently, one works with what I would call a generic SR-latch , symbol- 
ised in Fig. 27-14. Characteristic for the generic SR-latch is the assumption 
that the output values are not defined for the input event X\Xi. When using 
this latch in designing a circuit, the desire is that the circuit should function 
properly for any of the actual SR-latches. To achieve this, you need to make 
sure that the generic latch is never supplied the input event (1,1) crossed 
out in the symbolic latch of Fig. 27-14c. How to achieve requirements of this 
kind is one of the topics of the next chapter. 




Chapter 28 



Composition of Latches * 



Methodically, the composition of latches, as presented here, is identical with 
the composition of combinational circuits as developed in Chapter 22. I 
therefore dispense with any repetition of basic principles, referring you for 
these, as for points of terminology, to Chapter 22. 

When composing a given latch / it quickly becomes obvious that the 
hinge function h must be a latch, while the generic function g must be a 
(multiple-output) combinational circuit. In fact, any latch can be chosen as 
hinge function h — the composition procedure then enables us to develop- 
ment appropriate generic functions. 

The composition of latches provides a second method for their design, 
the first one being the evaluation of a latch as a feedback circuit. Whether 
a latch that is designed by composition is hazard-prone or hazard-free is a 
question that, to my knowledge, cannot (yet?) be decided generally. But, we 
can apply our knowledge of hazards in latches (see Sections 26.3 and 26.4) 
to decide if a specific latch designed by composition is hazard-prone or not. 



28.1 Catenation Diagram for Latches 



The problem we want to look at is ‘ how can we design a specified latch f on 
the basis of a given latch — a hinge latch — hV. This problem is elaborated 
in Fig. 28-1 for a given example. Don’t be deterred by the figure’s seeming 
complexity, I shall explain it step by step. 

First of all, consider the specified latch / represented by the arrows 
mapping the elements of X = {(0,0), (0, 1), (1, 0), (1,1)} to Z — {0,1, q}. 
This mapping expresses exactly the same as the reduced K-map denoted by 
the function name / and drawn below the mapping of /. The reduced K-map 
allows us to recognise the specified latch / as the D-latch. An input to the 
D-latch is an input event (.ri,^) € X, its output is z £ Z. 

Any composite function hg, where h follows g , i.e., hg : X A y A Z, 
and that equals a specified function f : X Z, i.e., f — hg, requires the 
following function’ h to have the same co-domain, Z, as the specified function 
/. By this token, if we want h to be a switching function it must be a latch , 
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Xi = 




Fig. 28-1 Composing the D-latch / on the basis of a SR-latch as 
hinge latch h 



while g must be a multiple- output combinational circuit. It is important to 
realise that h may in fact be any latch so that the composition procedure 
allows us to choose, for instance, an arbitrary elementary latch to be the 
basis on which to compose any specified latch /. Now let us look at the 
functions h and g in detail for our example of Fig. 28-1. 

The hinge latch h we choose to use — in our example, the SR-latch 
specified in the K-map named h — is represented by the arrows mapping the 
elements of y — {(0, 0), (0, 1), (1, 0), (1, 1)} to Z = {0,1, q). An input to the 
SR-latch is an input event (yi,?/ 2 ) £ y , its output is z £ Z. 

The prelogic, as we call the multiple-output combinational logic g , is 

any function from X into for wich X^Z=X^y^Z holds. In 
our example there are two such functions, one which maps (1,1) £ X to 
(1, 1) £ y (as pictured in Fig. 28-1), the other which would map (1, 1) £ X 
to (1,0) £ y. I know of no criterion by which to choose between these two 
mappings. We have to rely on a later analysis to decide which was the better 
choice. The prelogic defined in the mapping from X into y is pictured in the 
multiple-output K-map g. 

Analogous to the catenation of combinational circuits, the present hinge 
function, the hinge latch h :y Z, with Z — {0, 1, g}, allows us to partition 
its domain y into the equivalents, the so-called hinge-sets y z = {y|ft(y) = 
z} t with z £ Z. The hinge-sets for the SR-hinge-latch in the example of 
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Fig. 28-1 are 

3% = {(o,i)}, 
={( 1 , 0 ), ( 1 , 1 )}, 
3 >, = {( 0 , 0 )}. 



The hinge-sets y x = {y| h(y) ;= zj of the hinge latch are used to develop 
the K-map of the prelogic g from the K-map of the specified latch / by (a) 
replacing each 0-output in the K-map of h by an element of J^o? (b) replacing 
each 1-output in the K-map of h by an element of ^i, and (c) replacing each 
symbol q in the K-map of h by an element of y q . The two solutions that can 
be obtained for the example of Fig. 28-1 are developed in the next section. 



28.2 Composing the D-Latch using a SR-Latch 



It is long and well established knowledge how to compose a D-latch on the 
basis of a SR-latch, see Fig. 28-2. I only use this circuit as a running example 
for the rest of this chapter because it is so well understood allowing you more 
easily to check and compare the results. 




b) 

X 




D-latch 



prelogic g e SR-la tch 



D-la tch 



Fig. 28-2 The two possible generic or prelogic functions gi and g 2 
that let a SR-latch work as a D-latch 



To compose a latch by catenation as explained in the previous section, 
you must specify the K-map of the latch to be composed — in our case, the 
D-latch — and the K-map of the hinge-latch — in our case, the set-dominant 
SR-latch — see Fig. 28-3. The K-map of the hinge-latch is only used to be 
able to specify the hinge-sets y 0 , and y q . The K-map of the latch to be 
composed, the D-latch /, is transformed into the K-map of a multiple-output 
prelogic, say g\ by (a) substituting the 0-output-value of / by the element 
(0, 1) of y 0 , (b) substituting both symbols for the internal state Q of / by the 
single element (0, 0) of y q , and finally by (c) substituting the 1-output-value 
of / by one of the elements of ^ , arbitrarily choosing (1, 0) in the case of g 1 . 
To obtain (/ 2 , we alternatively substitute the 1 -output- value of / by (1, 1) of 
yi — the other element of JY You can read the logic formulas Yi X\X 2 , 
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Y 2 X 1 X 2 for the prelogic gi , and Yi XiX 2 , Y 2 X\ for the prelogic 
< 72 , from the K-maps for g\ and g 2 of Fig. 28-3. 
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Fig. 28-3 Developing the two prelogic functions g\ and g 2 used in 
Fig. 28-2 to compose the D-latch on the basis of the set- 
dominant SR- hinge- latch 



The circuits calculated in Fig. 28-3 are shown in Fig. 28-2. Viewing 
them, it seems quite valid to ask the following questions. How can we prove 
or verify that the composed circuits have the input-output behaviour of the 
D-latch? Are the circuits hazard-free? And finally: Can the set- dominant 
SR-latch be substituted by any SR-latch of Fig. 27-13? In the next section, 
we consider the first two questions together. 



28.3 Checking for a Hazard-Free Solution 

Checking the input-output behaviour of a latch obtained by composition goes 
hand in hand with the assessment of whether the obtained latch is hazard-free 
or hazard-prone. Consider, for instance, our running example of a D-latch 
as obtained in Fig. 28-3 and shown in Fig.28-2a,b. The D-latch is specified 
by either K-map of Fig. 28-4, these showing that there are two possible 
evaluation solutions — one hazard-free, the other hazard-prone. 

Z<#X 1 X 2 \t(Xi\tX 2 )Z l , 

z<*X!X 2 yx l z t . 



. . . hazard-free D-latch 
. . . hazard-prone D-latch 
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a) hazard-free D-latch 

Fig. 28-4 Two possible 



X 





0 > 


2 




Q 


0 


Xt 


{ Q 


CD 



Z<=>XX vXjZ 1 
b) hazard-prone D-latch 

solutions for the D-latch 



To obtain cohesive formulas for the D-latch from the circuits of Fig. 28-2ab 
requires us to express the SR-latches of those circuits by formulas. Let us 
first assume the SR-hinge-latch to be hazard-free — see Fig. 28-5: 

Z Yi V Y 2 Z t • ... hazard-free SR-latch 



Now, to verify the circuit of Fig. 28-2a, we substitute the input variables Y\ 
and Y 2 of the hazard-free SR-latch by Yi <£> X\X 2 , and Y 2 X\ X 2 of the 
prelogic g 1 , 

Z <&Y\\J Y 2 Z' & X t X 2 V XiX 2 Z' XiX 2 V (Xi V X 2 )Z\ 

verifying that the obtained solution is not only a D-latch, but also that it is 
a hazard-free D-latch. If we use the same hazard-free SR-latch together with 
the prelogic g 2 of Fig. 28-2, 

Z <=> Y\ V Y 2 Z 1 XiX 2 V X\Z f ... hazard-prone D-latch 



we again get a D-latch, but it is not hazard-free. 
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Fig. 28-5 The hazard-free 




To complete the analysis, we shall want to see how the two prelogic 
functions gi and g 2 work together with the hazard-prone version of the set- 
dominant SR-hinge-latch calculated and shown ^ in Fig. 28-6. 

^ Of course, nobody would dream of designing, buying, or using such a latch 
— for whatever purpose. Except, as here, to point out that hinge latches can by 
mishap be hazard-prone, especially, and more generally, when they are neither D- 
nor SR-latches nor even elementary. 
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Fig. 28-6 The hazard-prone set-dominant SR-latch 



We get the two following results for g\ and g 2 , respectively: 
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Both above results show that the two circuits of Fig. 28-2 are hazard-prone 
if the hinge latch is hazard-prone. On the basis of the above verifications 
allow me to conjecture that ‘for a latch f, obtained by composition , to be 
hazard-free, its hinge latch h must be hazard-free\ 

For all practical purposes, the above conjecture only states that a hazard- 
free hinge latch h is a necessity in obtaining a hazard-free composed latch /, 
but is not in itself sufficient. 



28.4 Avoiding Undesirable Input-Events 



Take a few minutes to ponder the circuit design of the set-dominant SR-latch 
/ pictured in Fig. 28-7. This latch, designed by composition, is based on a 
hinge latch h which is itself a set-dominant SR-latch. Why this redundancy? 
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set-dominant SR-latch f 



Fig. 28-7 A SR-latch on the basis of a SR-latch 



The idea behind a design as the one above is to avoid presenting a latch 
with input events that might lead to a malfunction of the latch. To illustrate, 
consider the situation pictured in the K-map h of Fig. 28-8. If you want to 
memorise the output value 1 invoked by the input event YiF 2 , both input 
values must switch simultaneously from 1 to 0. If Yi were to change its value 
before Y 2 does (illustrated by the bottom arrow), you would have a good 
chance of seeing the output turn incorrectly and permanently to 0. Now, 
referring to Fig. 28-1, you avoid the problem mentioned in the previous 
sentence if every x G £\ is mapped by g to the input event YiF 2 adjacent 
to the memorising input event YiY 2 . You can achieve this by retaining the 
setting input event (1,0) in Ti, and dropping (1, 1) from y lm 
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Fig. 28-8 Composing a SR-latch on the basis of a SR-latch 



As each of the equivalents y 0 , Fi , y q contain only a single input event 
(after (1,1) has been dropped from ^l), the K-map / of the latch to be 
composed — itself a set-dominant SR-la/tch — is transformed uniquely into 
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a single K-map a for the generic function. Evaluating this K-map, lets us 
write Fi &X U Y 2 <*X l X 2 . 

If you now take another look at the SR-latch of Fig. 28—7, you will notice 
that both input events (1,1) and (1,0) applied to / are passed on as (1,0) 
to h and that, for this input event, the feedback loop (of h) is pre-established 
so that h is hazard-free. Although we cannot prevent the undesirable input 
event (1,1) being presented to /, (1,1) is never presented to h so that for 
this latch the potentially dangerous transition from (1, 1) to (0,0) can never 
occur. The set-dominant SR-latch of Fig. 28-7 is thus the safest design that 
theory implies. 
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In 1938 Shannon initiated the use of propositional logic to calculate 
combinational switching circuits, creating quite a flurry. Despite this break- 
through in the theory of memoryless circuits, no headway was made in de- 
signing circuits with memorising abilities, the sequential circuits. It took 16 
years for the next quantum jump to occur: In 1954 Huffman presented his 
ideas on ‘The Synthesis of Sequential Switching Circuits’. His synthesis pro- 
cedure was exclusively concerned with so-called asynchronous circuits , but 
has put its stamp on all subsequent work in the field. As with combinational 
circuits, an asynchronous (sequential) circuit is one whose input signals 
are read continuously , and whose output can only change when an input event 
changes. With the advent of the integrated circuit in 1961 it became feasible 
to operate sequential circuits in a synchronous mode in which all parts of a 
circuit switch synchronously with an external clock pulse. More generally, 
a synchronous (sequential) circuit is one whose input signals are read 
intermittently , and whose output can only change when an input event is 
read. 

The reason for introducing the synchronous mode of operation was the 
belief that to organise large circuits, as were needed in computers, you had to 
make all their gates and latches switch simultaneously — a conception that 
prevails to this day as our giga-hertz computer chips show. But obviously, 
no synchronous circuit can work faster than the clock frequency allows which 
leads to ever higher frequencies. This has its drawbacks: Clock pulses tend to 
degenerate to runt pulses; relatively small differences in the distance between 
communicating sub-circuits can disrupt synchronisation; any sub-circuit op- 
erates every time a pulse comes even if its other inputs remain unchanged — 
this is a source of unnecessary energy consumption; high energy consumption 
in ever smaller chips causes problems of overheating. 

Asynchronous circuits (the topic of this division) pose none of the above 
mentioned problems — they have their own. But, nevertheless, they are po- 
tentially the fastest sequential circuits, and those with the smallest energy 
consumption. Especially the latter property is an asset when developing 
circuits for battery driven devices. Huffman’s synthesis procedure for asyn- 
chronous circuits is plagued by one major problem — how to design the 
circuit’s memorising ability. This is usually referred to by its technical term 
of ‘encoding the internal states of the circuit To this day there is no al- 
gorithmic solution to this problem making Huffman’s asynchronous design 
cumbersome. The synthesis procedure put forth in the first three Chapters 
(29 to 31) breaks with tradition to circumvent (but not solve) the encoding 
problem. The examples in Chapters 32 and 33 might be of general inter- 
est. Chapter 34, which introduces verification, will hopefully prove to be 
of principle importance. For comparison, Huffman’s procedure is discussed 
in Chapter 35 while Chapter 36 should give you an idea of the encoding 
problem. Chapters 29, 30, 31, 33, and 34 are based on Vingron [1983]. 
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As we already know, the prime characteristic of a sequential circuit is that 
at least one input event sometimes causes the output to be 0 and sometimes 
to be 1. Nevertheless there is a general principle that states what output 
value to expect whenever a new input event is entered. This principle is best 
explained by the behaviour of a simple tape-reading device (an ‘automaton’) 
that emits an output value (0 or 1) contained in a program line written on 
tape and being read, while the line being read is determined by an input event 
to the automaton, and by the program itself. Huffman [1954], who invented 
these programs, called them flow tables. In principle, each flow table defines 
a different sequential circuit whereas the automaton always remains the same. 

The rules for writing a flow table and the basic operation of the automa- 
ton are discussed in Section 1. In Section 2 we consider how to transpose the 
verbal specification of a sequential circuit into a flow table. The flow table is 
usually 1 encoded ’ more or less arbitrarily to obtain the logic formulas for the 
sequential circuit. In contrast, we shall use the flow table as a starting point 
from which to develop a tree representation of the circuit. This so-called 
word-recognition tree not only depicts a possible structure of the circuit, 
but also enables an ‘encoding- free’ synthesis. The word-recognition tree is 
discussed in Section 3, a synthesis example on its basis is presented in Section 
4. 

29.1 Continuously reading Automata 

A flow table consists of a finite number s of code lines written one below 
the other. Each of these code lines is referred to as an (internal) state of 
the automaton to be described. The symbols used to label the code lines or 
states (as we shall more often call them) are chosen arbitrarily, but we usually 
use positive integers {1,2,. .., 3 }, or letters of the alphabet {a, 6, c, . . .}. A 
calligraphic Q refers to the set of states, e.g., Q = {1,2, or Q = 

{a, 6, c, . . .}. A variable q € Q that stands for any element of Q is referred to 
as a state variable. 

Each line of code consists of 2 n + 2 cells. The first cell contains the line 
number or state label q , the last cell an output value y(q) £ {0,1}. The 
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2 n cells between the first and the last cell of a code line are each associated 
with one of the input events x £ £, with £ = { 0 , 1, . . . , 2 n — l} 1 ). These cells 
comprise the body of a code line, and each such cell contains a * GOTO line- 
number’ command — and nothing else. That is, in each such cell you will find 
a state label for mnemonic reasons designated as q + £ Q, and usually referred 
to as the next state — this name only being understandable in conjunction 
with the usage of a flow table as a program governing the behaviour of an 
automaton . 



line input events output 

number > A \ value present 




Fig. 29-1 Organisation of a flow table 



Our automaton is an abstract machine that accepts an input event 
x £ £ as input signal, and emits the binary output signal y £ {0,1}. The 
dependence of the output y on an input event x is governed by a program, 
the flow table, which the automaton reads and acts upon. Think of the flow 
table as having been written to a tape which the automaton can move back 
and forth under two reading heads aligned so as to read a single line of code 
(or row of the flow table). If the line presently being read is g, then the 
so-called output head reads and emits the output value y(q). The other 
reading head, the next-state head can, in principle, be moved to and fro 
across the body of the code line q being read. The next-state head is always 
positioned over the cell (g, x), whose elements q and x are called the present 
state and present input, respectively, and whose content is the next state 
G 2. When the next-state head reads the next state g + , the automaton 
moves the tape so that the code line labelled q ^ comes to rest under the 
reading heads of our automaton. 

To ensure that the automaton does not move the tape as long as the 
present input event remains stationary, the flow table must abide by the 

^ Any x £ £ is of course the decimal equivalent of the n-tuple (:ri, . . . ,£ n ) of 
binary inputs X{ £ {0, 1 }, i.e., x = Yli x *-2 n “* . 
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following principle (see Fig. 29-lb): If we are sent to a cell (#“*", z + ) due 
to a GOTO-# + command in a cell (#,z + ) of a present state q , with q ^ # + , 
then the cell (# + ,.t + ) must have # + inscribed so that the new code line q + 
remains static as long as the input event x + remains stationary. We now 
summarise the above concepts in the following definition. 

(29.1) A flow table is a program — with a finite number, s, of 
program lines — that governs the way the input events x E £ effect 
the binary output variable y E {0,1}. The program abides by the 
following rules: 

(a) An unique output value #(#), either a 0 or a 1 , is assigned to 
each program line q. 

(b) The program remains at any line q it may be in (referred to as 
the present line ) as long as the present input event x E £ remains 
stationary. 

(c) Whenever the present input event x E £ changes to a next and 
different input event x+ E £, the content # + of the new cell (#,£ + ) 
of the present program line q is read, the program going to the 
program line labelled # + . If # + = #, then ‘ going to the program line 
q + ’ means staying in program line q. 

(d) It is always possible to reach any line of the program in a finite 
number of input-event changes. 

The first problem we now face is to show how a verbal specification of the 
behaviour of a sequential circuit can be expressed by a flow table. 



29.2 Developing an Example Flow Table 



Developing a flow table, i.e., a program for our automaton, is an art, and not 
a science. The only guiding principle I can offer is to express any problem 
by a number of successive input events where each such sequence of input 
events uniquely defines an output value. If you are new to the field, please 
take your time in working through the example discussed in this section — 
it should help clarify how to employ the above principle. But, only after you 
have worked through a number of problems yourself will you start developing 
your own individual approach (or approaches) to the process. 

To facilitate explanations in connection with flow tables we use the fol- 
lowing terminology. While the rows of a flow table are generally called the 
(internal) states #, and the columns x are the input events, this text refers 
to the cells (#, x) of the body of the flow table as the conditions of the flow 
table. A stable condition is a cell (q,x) that has a ‘GOTO-#’ command 
inscribed, thus causing the tape to remain static under the reading heads of 
the automaton. A GOTO-# command in the cell or stable condition (#,x) is 
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often referred to as a stable state. It is common to emphasize the stable 
states by encircling or underlining them. You will see that this convention 
will help you navigate the flow table. 

The development of a flow table is often made easier if we develop it 
as a primitive flow table, i.e.', a flow table that has only a single stable 
condition per row. A non-primitive flow table can have a number of 
stable conditions per row. To see how to develop a (primitive) flow table let 
us proceed with a verbal specification of an example of a sequential circuit: 

Example The single output, y, of a sequential circuit with two 
inputs, x\ and is 0 when x\ is 0, and when x\ is 1 takes on the 
value X 2 had the last time xi was 1. 

While the above example fulfils no technical or practical purpose, it has the 
advantage that formulating its flow table is a non- trivial process. 

When you start drawing a flow table for a problem with a stated num- 
ber of inputs, you know how many columns the flow table must have, but 
generally you cannot say how many lines or rows you will need. Our example 
has two inputs, so the flow table must have 2 n + 2 = [n <*-> 2] = 2 2 + 2 = 6 
columns. As shown in the figures of this section, we shall always make a 
point of it to organise the input events according to a Gray code for later use 
with K-maps. 
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Fig. 29-2 A first attempt at finding the number of rows needed 

Fig. 29— 2a: The example states that whenever xi = 0 the output 

y — 0. The two input events (xi,x 2 ) for which xi = 0 are (0,0) and (0, 1), 
see columns 0 and 1. In these columns we arbitrarily choose rows, e and 
/, to contain a stable state to which we assign the output value 0. On the 
other hand the example specifies that when x\ — 1 the output y takes on the 
value x 2 had the last time x\ was 1. For the time being the only thing we 
want to deduce from this formulation is that whenever x\ = 1, i.e., in either 
of the columns 2 and 3, the output y will sometimes be 0, and sometimes 
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be 1, necessitating each column to have (at least) two stable states — one to 
output 0, the other to output 1. The number of stable states so far specified 
is not necessarily enough to express the above example in a flow table as we 
discuss next. 

Fig. 29— 2b: Still considering Fig. 29-2a, for the moment, let us ask 

which of the GOTO commands, GOTO-a or GOTO-6, should we enter into 
cell (e, 3)? Whichever we enter, we exclude the possibility of going to the 
alternative stable condition in column 3. As shown in Fig. 29-2b, if we 
choose to enter GOTO-a into cell (e,3) we need to introduce a second sta- 
ble condition in column 1, in our example the stable g , from which we can 
GOTO-6 when switching to column 3 — see cell (g, 3). These considerations 
necessitate the introduction of the states or rows g and h together with the 
GOTO commands a to d in the bottom right quadrant of the flow table of 
Fig. 29-2b. 
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Fig. 29-3 GOTO commands defined by direct and double transitions 

Fig. 29-3a: In this figure we consider the GOTO commands for the 

top right quadrant of the flow table where x\ = 1. For input transitions 
within this quadrant let us reformulate the original specification ‘when x\ = 1 
the output y takes on the value X 2 had the last time X\ was V to be read 
as ‘ when x 2 changes its value from 0 to 1 (x\ remaining 1), the new output 
value must be 0, this being the previous value of X2 \ and as ‘ when x,2 changes 
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its value from 1 to 0 (with x\ remaining 1), the new output value must be 
1, this being the previous value of X 2 \ Thus when switching from column 
2 to column 3 — written as the sequence (2, 3) of input events — we must 
GOTO-a, while when switching from column 3 to column 2 — written as 
(3, 2) — we must GOTO-d. 

Fig. 29— 3b: Let us now concentrate on the GOTO commands to be 

entered into the top left quadrant of the flow table. When considering only 
the direct transition from column 2 to column 0 it is not possible to decide 
whether to enter a GOTO-/ or a GOTO-ft command in the cells (c,0) or 
(d, 0) because both stable states, / and ft, correctly let the output become 0. 
But, considering the double transitions from column 2 to column 0 and back 
from column 0 to column 2 (or on to column 3), which we write as (2,0,2) 
and (2, 0, 3), we see clearly that GOTO -f (as contrasted with GOTO-ft) must 
be entered into both cells (c, 0) and (d, 0) to let the output become 0 when 
switching from column 0 to columns 2 or 3. The above considerations are 
documented by entering the double transition (2,0,2) into the cells (c, 0) 
and (d, 0) as ([2,0], 2). The brackets, [...], mark the direct transition being 
considered within the multiple transition. The subsequent direct transition 
in our example would be denoted as (2, [0,2]), and would be entered into 
cell (/, 2). But, transitions (whether direct or multiple transitions) are only 
entered into cells not containing a GOTO command, and only when the 
transition is used to motivate or explain a GOTO entry. Allow me to ask 
you to ponder the GOTO commands for the remaining cells of the top left 
quadrant with the help of the double transitions written into the cells. 

Fig. 29— 4a: The GOTO commands to be entered onto the bottom left 

quadrant cannot be defined by considering direct or even double transitions. 
For instance, if you try to specify the GOTO command for cell (e, 0) you 
must start in column 2 to be able to GOTO-e — i.e., the stable e in cell 
(e, 1) — from where you can switch to cell (e, 0). But whether we must enter 
a GOTO-/ or a GOTO-ft command into cell (e,0) cannot yet be decided. 
Considering as third transition — after (2,1) and (1,0) — the transition 
(0, 2), we know from the verbal specification of our example that the output 
y must be 0, this being Hhe value X 2 had the last time x\ was 1\ This third 
transition requires us to switch from column 0 to column 2. If we do so from 
the stable ft, the GOTO-d in cell (ft, 2) sends us to row d where the output 
y is 1, and 0 as required. On the other hand, switching from the stable / of 
column 0 to column 2 sends us to row c where the output y is 0, as desired. 
We must therefore enter GOTO-/ into cell (e,0). 

As cell (e, 0) defines the direct transition from column 1 to column 0, 
the triple transition (2, 1,0,2) when entered into cell (e,0) is denoted as 
(2, [1,0], 2). The transitions ([2,1], 0,2) would be entered in the cells (c, 1) 
and (d, 1), while (2, 1, [0, 2]) would be entered in cell (/, 2). Again, allow me 
to ask you to take the time to ponder the remaining entries in the bottom 
left quadrant. 
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Fig. 29-4 GOTO commands defined by triple transitions 

Fig. 29-4b: In the final flow table we usually enter only the GOTO 

commands, omitting all transitions that led to the GOTO entries. 

A remark is in place on the specification of the behaviour of a sequential 
circuit when two (or more) input variables change their values simultane- 
ously. When two or more input variables change their values simultaneously 
we speak of non-adjacent successive input events, i.e., successive input 
events 1 ^ whose hamming distance 2 ) is 2 or greater {hd > 2). It is usually 
argued that it is hard to impossible to guarantee that two (let alone more 
than two) input variables change their values simultaneously when desired, 
so that specifying a circuit behaviour for such cases is folly. On the other 
hand, I choose to argue that in those cases when two or more input variables 
change their values simultaneously — however small the likelihood for this 
may be — it may well be desirable or even necessary to specify the output 
value you want invoked. If this is not done, the process of merging — dis- 
cussed in Chapter 31 — may impose an unforeseen or even undesired circuit 
behaviour. 



*) On successive input events see Section 24.1 and definition (24.1). 

2 ) Hamming distance was introduced in the last paragraph of Chapter 3. But 
also see definition (19.3) on the adjacency vector. 
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29.3 The Word- Recognition Tree 



The primitive flow table completed in Fig. 29-4b is the specification par 
excellence of the example expressed only verbally in the previous section. 
The question now is: How can we employ the primitive flow table to develop 
a sequential circuit? Huffman’s [1954] solution to this problem (consisting 
in representing the internal states by binary state- variables which could then 
be encoded more or less arbitrarily) was so brilliantly simple and convincing 
that it impeded alternative developments (which was not his fault) but has 
left us with formidable encoding problems. To avoid them, allow me to break 
with tradition in presenting a tree representation of a sequential circuit: the 
word-recognition tree as I choose to call it. This tree is obtained by a 
simple and formal analysis of a flow table. But, as there are a number of 
different aspects to this analysis, we shall leave its presentation for the next 
chapter. In this chapter, let us assume we have done the necessary analysis 
for our example, obtaining from the primitive flow table of Fig. 29-4b the 
word-recognition tree of Fig. 29-5. 
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Fig. 29-5 The word-recognition tree for the flow table of Fig. 29-4b 
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A tree consists of nodes (the circles), and (directed) edges (the ar- 
rows). One distinguishes between an edge that leads to a node, a so-called 
input edge, and one that leads away from a node, an output edge. Each 
node has only one input edge, with the exception of a special node called 
the root which has no input edge. Some nodes, referred to as end nodes, 
or leaves, have no output edges. Those nodes that do have output edges are 
referred to as internal nodes. The root is an internal node. In actual usage 
the arrow heads are often not drawn, leaving us with simple lines instead of 
arrows. 

The edges of a word-recognition tree are associated with input events 
x € {0,l,...,2 n — 1). The number of output edges leading away from an 
internal node is 2 n , one for each input event. A succession of connected edges 
from the root to a leaf represents a succession of input events from present to 
past. Every node is specified by an unique input word i.e., the ^-tuple 
of input events whose edges lead from that node to the root. We look at the 
concept of a word more closely. 

As in previous cases, we use x (without a subscript) as an abbreviation 
for the input event (#!,...,#„) in which each Xi 6 {0, 1} is an input variable. 
To distinguish between input events, we use superscribed indices (mostly 
integers 1,2, . . .) writing them in parentheses to avoid interpreting them as 
exponents: 

X (}) = je{l,2,...} a:^ e {0,1}. (29.3) 

An input word is a concept used to characterise a succession of input 
events, 

w(£) = (x^ l \x^ 2 \. . . , x ^). (29.4) 

The length i of an input word specifies the number of its input events. Any 
two neighbouring input events, x ^ and are successive, in the sense 

of (24.1), the left one, x^\ always preceding the right one, ^O+i) The right- 
most input event is always the present one. For future use let us agree on 
referring to an arbitrary but fixed input event of a given input word 
(x^\ . . . , x^\ . . . , x^) as a reference input-word, the ones successively 
to its left as the prior, pre-prior, pre-pre-prior input events, etc., and 
the ones successively to its right as the next, post- next, post- post- next 
input events, etc. An input word of length 1 is identical with its (single) 

input event, w( 1) = (x) = x. For the input word w( 0) of zero length, the 
empty word, we define concatenation to be 0) = u>(£), and the 

output y w ( o) = y. 

Each node of the word- recognition tree is assigned a filtered output 
variable y w ^ E {0,1}, the word-index w(£) acting as the filter. These 
filtered variables are interpreted as follows: 
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is the output per $e, i.e., is the non-filtered output you can ob- 
serve at any instant and irrespective of the present input event x. 

is the output y invoked by any occurrence of the input event x. 
is the output y caused by only those occurrences of x ^ that are 
preceded by 

is the output y caused by those occurrences of x^ 3 ) that are pre- 
ceded by those occurrences of x ^ that are themselves preceded 
by an occurrence of x^K Or, if you prefer: 

is the output y caused by those occurrences of that are 
preceded by an occurrence of the input word (a^ 1 ), x^). 
is said to be the output y caused by the input word w(£). Or, 
more precisely: given that is the present input event of w(£) 
— i.e., w{£) — (w(£ — l),a:^) — y w {t) is the output y caused 
by those occurrences of x^ that are preceded by an occurrence 
of the input word w{£ — 1). 

To make sure you understand the above concepts, you might like to 
ponder the examples for the filtered outputs yi, y 3 j2 , and y 2j 0,3 shown in 
Fig. 29-5. Most of all, do note that the values of the variables are always the 
present values, i.e., those observed for the present input event. 

Every node (x, x, w) whose first two input events are identical is an end- 
node, and the associated output y X}X)W is identical with the output y XiW of 
node (x,w). In fact, to guarantee memorisation we define 

UXyXjW = Vx^w Yx,x,w ^ (29.5) 

Each end-node of the word-recognition tree represents an input word recog- 
nised — hence the name of the tree. But, note that word recognition is not 
interpreted as the word’s output being 1. It is interpreted as the associated 
output always reacting in the same way (either always being 0, or always 
being 1), or by the same rule (e.g., being equal or unequal to some other 
filtered output). 



y 

yx 

y*(i),z(2) 

y 

Vw(t ) 



29.4 Evaluating a Sequential Circuit 



The word-recognition tree lends itself to the direct evaluation of the sequential 
circuit it describes. To demonstrate this, consider Fig. 29-6. Its tree is that 
of Fig. 29-5 without the burdening details, and the variables and values are 
expressed in their logical form. As you can see, the only information retained 
is the numbering of the edges (without which the tree would be meaningless), 
and the specifications of the nodes. 
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To see how the word-recognition tree corresponds to a whole group of 
reduced K-maps, all four ‘elementary sub-trees’ of our example tree have 
been emphasized by triangular enclosures (but the concept sub-tree is not 
formally defined here — which you will hopefully excuse). Each such ele- 
mentary sub-tree corresponds in an obvious way to a reduced K-map: the 
edges of a sub-tree correspond to the cells of a K-map, the output values and 
variables associated with the nodes to which the edges are input edges are 
entered into these cells of the K-maps as values and map-entered variables; 
the output described by the K-map is the output associated with the root 
of the sub-tree. Before continuing, do make sure that you understand each 
entry into a cell of the reduced K-maps of Fig. 29-6. 




Fig. 29-6 Evaluating the word-recognition tree of Fig. 29-5a 



The advantage of these reduced K-maps is obvious: We can interpret 
them as latches using the equations (25.3) to (25.6), or, where appropriate, 
the equations (20.9) to (20.12) to evaluate them. Assuming that you are by 
now well acquainted with the evaluation procedure, allow me to write the 
evaluation results of the K-maps of Fig. 29-6b to 6e without any further 
explanations. 
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Yo,3 ^ AiA 2 V A 2 Yq 3 V AiY 0 ' j3 , (29.6a) 

y 0 ,3 (x, v a 2 )(a 2 v y 0 ',3)(*i v k 0 ' 3 ). ( 29 . 66 ) 

y 2 <=> X x X 2 V A 2 Fo,3 V AxFo.3 VX x Yl (29.7) 

^ - y 

? : Y 0 , 3 . ..(29.6a) 

y 3 ^ (A! v a 2 )(x 2 v Yo^jX! v ro^X Ax v r 3 '). (29.8) 

?: Y 0 ,3...(29.66) 

r ^ Ax(a 2 v r 2 )(X 2 v r 3 ). (29.9) 

But just in case you do not yet feel comfortable with the direct evaluation 
of the reduced K-maps of Fig. 29-6 let me point out that you can transform 
them for one map-entered variable after another into standard K-maps 1 ). For 
the internal latches Y 3 , Y 2 , and Yo ,3 this transformation is shown in Fig. 29-7. 
The equations (29.6a), (29.6b), (29.7), and (29.8) can then, if you prefer, be 
read from the standard K-maps of Figs. 29-7fdb, respectively. 



(a) X (c) A (e) Xi 




Fig. 29-7 Transforming reduced K-maps to standard K-maps 

The formulas for K 2 , (29.7), and Y 3 , (29.8), can be markedly simplified 
if the indicated substitutions can be proved to be valid. This is shown for 

You might like to refer to Sections 20.1 and 20.2. 
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one of them: 

y 2 XiX 2 V X 2 Y 0 , 3 VX 1 Y 0t3 \/ 

X1X2 V x 2 (x 1 x 2 V X 2 y 0 ' i3 V XjY 0 ' 3 )v 

" v 

y 0 ,3... (29. 6a) 

x l (x 1 x 2 V X 2 y 0 ' i3 V x,Y’ t3 ) V x a r 2 ' 

y 0 , s ... (29.6a) 

^ XjX 2 v (x x x 2 x 2 v x 2 x 2 y ^ 3 v XiX 2 r 0 ' )3 ) v 

(X 1 X 1 X 2 V X 1 X 2 Y ( ; t3 V X,X,y o ' 3 ) V XiY' 

XiX 2 V x 2 y 0 ' ( 3 V Xi y' 3 V x,x 2 y{ 3 vx^' 

' ^ 

*iV 0 ', a 

* XiX 2 V X 2 F 0 ' i3 V XiY^yXiY^ 

y 0|3 ... (29.6a) 

y 2 ^f 0 ,3 V^y' 

Employing the substitutions indicated in (29.7) and (29.8) allows us to use 
the following formulas to design the circuit — the circuit itself is shown in 
Fig. 29-8. 



r 0 ,3 ^ X x X 2 V (X, V X 2 )Y 0 ', 3 , 


(29.10a) 


y 2 &y 0 , 3 vx 1 yI 


(29.106) 


r 3 Yo^iXi V Yl\ 


(29.10c) 


y & Xi(x 2 v y 2 )(x 2 v y 3 ). 


(29.10 d) 



X 




Fig. 29-8 Circuit for Fig. 29-6, derived from equations (29.10) 

There is a noteworthy aspect to the equations for the internal latches Y 2 
and I 3 , (29.10bc): Neither can Y 2 <£> YqjV X iY£ be deduced from the K-map 
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of Fig. 29-7d, nor can V 3 Y 0 , 3(^1 V Yf) be calculated from the K-map of 
Fig. 29-7b. Likewise they cannot be calculated from the reduced K-maps 
Fig. 29-7ac. This is due to the fact that the variables arranged around the 
perimeter of the K-maps are not independent of one another — specifically: 
the value of the variable Yo, 3 > defined as Po ,3 X 1 X 2 V (X\ V 
(29.10a), depends on the values of X\ and X 2 . 

After this first impression of the usage of the word-recognition tree, we 
next take a close look at how to obtain the word- recognition tree by a process 
of formal analysis of a flow table. 




Chapter 30 



Word- Recognition Tables * 



The procedure for designing a sequential switching circuit can be summarised 
as follows: From a flow table which is the specification of the switching cir- 
cuit to be designed, you develop a whole set or cluster of interconnected 
‘word-recognition tables’. Each such table allows you to develop an associ- 
ated reduced K-map. The evaluation of the reduced K-maps provides logic 
formulas that, together, describe the circuit. 

The first section, Section 30.1, states what a word- recognition table is, 
and presents an algorithm for developing such a table from a flow table. 
The prime problem is how to terminate the successive development of word- 
recognition tables. A rather simple approach is presented in Section 30.2. 
The general case is discussed in Section 30.3. The procedures presented are 
formal processes, so that they can be programmed for a computer. 



30.1 Developing Word- Recognition Tables 



Each row of a word-recognition table corresponds to an internal state y, while 
each column corresponds to an input event x giving the word-recognition 
table the same arrangement of cells as that of the body of a flow table. In fact, 
the values entered into the cells (y, x) of a word-recognition table are obtained 
from the output column of an associated flow table. Let me refer to this 
output column as y w (£ ), and to the flow table as FT-y^p The corresponding 
word- recognition table WRT-y^) is then obtained by the following process: 

(30.1) Developing a word-recognition table WRT-y^) from a 
given flow table FT -y w (£). 

(a) Every cell ( q,x ) in a word-recognition table WRT -y w (£) that 
corresponds to a stable condition (y, a;) in the flow table FT -y w (£) is 
assigned the flow table’s output value y w (£)(q ). 

(b) In the flow table FT-y^) consider any cell (y, x) that contains 
a GOTO-y + command such that y + ^f=- q : Then the flow table’s 
output value y w (e)(q + ) of the target state y + is inscribed into cell 
(y,.T) of the word-recognition table WRT -y w (£). 
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The above procedure applies to primitive as well to non-primitive flow 
tables, and is illustrated in Fig. 30-1 where i is set to 0 (y^o) = y)* Before 
continuing, please do take the time to understand how the word- recognition 
tables of Fig. 30.1bc follow from procedure (30.1). 

(a) (x IlXs ) (b) WRT-y (c) WRT-y 



0 13 2 0 1 3 2 0 1 3 2 




FT~y Developed from (30.1a) Developed from (30.1b) 



Fig. 30-1 Illustrating procedure (30.1) for obtaining the primary 
word recognition table from a flow table 

The first word-recognition table you will want to develop will always 
be the word-recognition table WRT-y associated with the original flow table 
FT-y, and thus called the primary WRT. If the values, the 0s and Is, of 
a given column x of the primary word-recognition table WRT-y do not — 
to put it very vaguely for the moment — obey the law of causality, i.e., 
cannot be predicted or deduced , then the column x being considered is used 
to define a new flow table FT-y x which could be referred to as a secondary 
flow-table of FT-y. Such a secondary flow- table FT-y x will itself allow us 
to develop an associated secondary word-recognition table WRT-y x . As is 
easy to imagine, this process of going from primary to secondary to ‘ternary’ 
tables, etc., will continue as long as we encounter a column in a successor 
word-recognition table whose values do not abide by the law of causality. 
Only when no such columns are encountered does the process terminate. 
Let us refer to the set of flow tables created in this process (including the 
original flow-table FT-y) as a cluster of flow tables. Similarly, the set 
of associated word-recognition tables is referred to as a cluster of word- 
recognition tables. To express the above procedure in a formal way, we 
introduce the following auxiliary definition. 

(30.2) Defining column or output vectors. 

(a) The 0 or 1 of any row q of the output column of a flow table 

FT -y w (£) is an element y w (£)(q) of an output vector y The 

elements of the output vector y w (£) constitute the values, 0 or 1, of 

the filtered output variable y w 

(b) The 0 or 1 of any row q of a column x of a word-recognition table 

WRT-y^) is an element y XtW (£)(q) of an output vector y w (£). The 
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elements of the output vector y x , w (£) constitute the values, 0 or 1, 

of the filtered output variable y x>w (£). 

The value y w (£) of any output vector y w (£) is either 0 or 1 depending on the 
internal state q. When speaking of an output vector y w (£) we shall, for the 
sake of simplicity, often only write its value y w (£). 

In the formal presentation of the process for developing a cluster of word- 
recognition tables, (30.3), you will come across the as yet undefined technical 
term of determinateness. In a first reading, please take determinateness in 
the informal sense of causality mentioned above. The next two sections of 
this chapter are devoted to explaining various forms of determinateness. 

(30.3) Developing a cluster of word-recognition tables from 
a given mother flow table FT-y. 

Step 1. Set £ to 0. 

Step 2. Develop a word-recognition table WRT-y^) from a flow 
table FT -y w (£) according to (30.1). 

Step 3. Successively, each ( non- determinate’ output vector y X)W (£ ) 
of the word- recognition table WRT-y^) is used to substitute the 
output vector y w (£) of the flow table FT -y w (£) thereby creating a 
new flow table FT -y XyW (£) for each non- determinate output vector 

y x,w(£) * 

Step 4. Rename each new flow table FT -y XiW (£) developed in the 
previous step to FT-y WJ (^ 1 ) and go to step 2. 

Step 5. The procedure terminates when none of the new flow tables 
leads to a word-recognition table containing a ‘non- determinate’ 
output vector. 



30.2 Primitive Determinateness 



We now take a first look at the concept of determinateness. The simpler 
concept, discussed here, is a special case of the general concept discussed in 
the next section. 

(30.4) Primitive determinateness. A column or output vector 
y x , w {£) of a word-recognition table WRT -y w (£) is, as well as the 
filtered output variable y XiW (£), determinate 

(a) if all its elements y X)W (£)(q) are 0, in which case y X)W (£) itself 
is said to be 0, or if all its elements y XjW (£)(q) are 1, in which case 
Ux,w(£) i s said to be 1. 

(b) if it is either equal or complementary to an output vector y Wj (£.) 
of some other flow table FT-y^. ) — with 0 < £j < £ — of the same 
cluster. (Note that two binary vectors are equal or complementary if 
equally indexed elements are equals or complements, respectively.) 
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Fig. 30-2 Developing a basic or mother word-recognition table 



Let us now develop a cluster of word-recognition tables for our example 
of Section 29.2 the flow table of which (Fig. 29-4b) is repeated in Fig. 30-2a 
and referred to as FT -y. The primary word-recognition table WRT-y of 
Fig. 30-2b is obtained using procedure (30.1). Before continuing with this 
text, please do make certain you know how to obtain WRT-y from FT-y 
(Fig. 30-2) — if necessary, it might help to refer to Fig. 30-1. 
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(b) WRT-y 3 
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Fig. 30-3 Developing the word- recognition table for y 3 



According to the definition of determinateness, (30.4a), the filtered vari- 
ables yo and yi of WRT-y of Fig. 30-2b, both being 0, are determinate, while 
y 3 and y 2 are non-determinate, neither of them being either equal or com- 
plementary to y. For these two variables, y 3 and y 2 , step 3 of (30.3) leads 
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to the secondary flow tables FT-y 3 and FT-y 2 of Fig. 30-3a and Fig. 30-4a, 
respectively. 
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Fig. 30-4 Developing the word-recognition table for 1)2 

According to step 4 of procedure (30.3), each of the secondary flow tables 
FT-t /3 and FT-y 2 are again analysed (by going to steps 2 of the procedure) 
to obtain the secondary word-recognition tables, WRT-y 3 and WRT-y 2 re- 
spectively, shown in Fig. 30-3b and Fig. 30-4b. Again: Please make sure 
you know how these word- recognition tables were obtained using (30.1). Let 
us take a closer look at WRT-y 3 of Fig. 30-3b. Which of its filtered vari- 
ables y Xj 3 (i.e., y 0 ,3, yi,3, 2/3,3, and y 2 , 3) is determinate according to (30.4)? 
y 2,3 is determinate, as all elements y 2 , 3 (y) are 0 . y 3 )3 is determinate due to 
y 3,3 = y 3 , and by (29.5) we can even write y 3,3 = y$. y 0) 3 and yi >3 are non- 
determinate, as they are neither equal nor complementary to y, or to y 3 , or 
to 1 / 2 . But, as yo ,3 and yi } 3 are equal, it suffices to determine one of them. 
The word-recognition table WRT-y 2 can be discussed in a like manner. 

As the four non- determinate filtered variables yo } 3 , yi, 3 , yo, 2 > and yi^ of 
WRT-y 3 and WRT-y 2 are mutually identical, it suffices to use one of these 
columns, say yo, 3 , to create the next flow table: FT-y 0 , 3 , shown in Fig. 30-5a. 
You might like to argue, why yi,o ,3 of the associated word-recognition table 
WRT-yo ,3 can be equalled to y' Q 3 . All filtered variables y x , 0,3 of WRT-y 0> 3 
are determinate so that procedure (30.3) terminates. The obtained cluster of 
word-recognition tables is {WRT-y, WRT-y 2 , WRT-y 3 , WRT-yo, 3 }. 

A word-recognition tree is a good visual representation of a cluster 
of word-recognition tables. Each elementary sub-tree (see Fig. 29-6a) of 
the word-recognition tree is associated with a word-recognition table in the 
following way. The output variable y w (£) defining a word-recognition table 
WRT -y w (e) is the root of the elementary sub-tree, while each of its edges 
x leads to the node y x , w (£) taken from column x of the word-recognition 
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Fig. 30-5 Developing the word- recognition table for yo ,3 



table. Similarly, every word-recognition table WRT -y w (i) corresponds to a 
reduced K-map RKM-y^). The output of the reduced K-map is the vari- 
able y w (£), while the filtered variable y XfW (£) of WRT -y w (£) is entered into cell 
x of the RKM. The example used in this section is continued and completed 
in Section 29.4. 



30.3 General Determinateness 



The principle idea of primitive determ, inateness of an output vector y X)W (£ ) 
is that it can be ‘ related to ’ or be seen as being ‘dependent on’ a previously 
developed output vector of the cluster. In extension, the basic idea of general 
determinateness is that the output vector y X}W (£) can be ‘related to all ’ or be 
seen as being ‘dependent on all’ previously developed output vectors of the 
cluster. To give tangible form to this concept, let us take a second look at the 
possible determinateness of the output variable yo,3 of Fig. 30-5a writing it 
in a so-called table of output vectors (TOV) together with the previously 
developed output variables y, y3, and y<i — see Fig. 30-6a. 

The depedence of the output vector yo ,3 on the previously developed out- 
put vectors y, y 3 , y<i is functional , meaning that a triple of values (y,y 3 ,y 2 ) 
which occurs more than once (i.e., in more than one row) — such as the triple 
(0, 0, 0) — always maps to one and the same value of y 0) 3 . Generalising, this 
leads to the 

(30.5) Definition of General determinateness. An output vector 
yx,w(i) is determinate if its elements y x , w (£)(q) E {0, 1} are values 
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of some function 1 ^ that maps all ordered tuples (* • • , y w . (^.)(y), • • •) 
of one and the same state q of all non- determinate output vectors 
y w (i), with 0 < < £, to {0, 1}. The output vector y of the original 

or mother flow table FT-y is always taken to be non- determinate. 



To acquaint ourselves with the above definition, let us apply it to the table 
of output vectors of Fig. 30-6a: The output vector yo ,3 is determinate if its 
elements yo^(a) — 1, yo, 3 (&) = 1, yo, 3 (c) = 0, etc., are values of some function 
that maps all ordered triples (y(q), y-i{q), 2 / 2 ( 2 )) of one and the same state q 
— i.e., all the triples (0, 0, 1), (1, 1, 1), (0, 0, 0), etc. — of all non-determinate 
output vectors y, y 3 , y 2 to {0,1}. As a visual aid in deciding whether yo >3 
is determinate, i.e., whether the table of output vectors, Fig. 30-6a, is a 
function or a relation , take a look at the graph of the table of output vectors 
shown in Fig. 30-6b. 
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(a) Table of Output 
Vectors ( 70V ) 




Fig. 30-6 Testing for general determinateness 



Each unique triple (y(y), 2 / 3 ( 9 ), V2(q)) of the body of the table of output 
vectors is one element of the domain. Each unique element of the output 
vector y 0 ,3 is an element of the co-domain. As each element of the domain 
maps to one and only one value of the co-domain, as follows from the table of 
output vectors, the graph represents a function , so that y 0j 3 is determinate. 
Expressing Fo,3 <£> yo, 3 — 1 as a logic formula of the variables F, F 3 , F 2 , as 
indicated in the K-map of Fig. 30-6c, is discussed in the next section. 

In the above example, the variables y 3 and y 2 were asserted to be non- 
determinate. Normally, you would have started by testing whether this was 

^ which maps each element of its domain once and only once to an element of 
the co-domain, as contrasted with a relation which we take to map at least one 
element of the domain to two or more elements of its co-domain. 
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(a) j' 

a 0 

b _L 

c 0 

d JL. 

e _0_ 
f _0_ 

g A 
h _0_ 

Fig. 30-7 Testing for general determinateness of y 3 and y 2 

the case or not. This test is — belatedly — carried out in Fig. 30-7, and as the 
graphs represent relations, and not functions, y 3 and y 2 are non-determinate. 

30.4 Evaluation and Partial Mappings 

The function pictured in Fig. 30-6b is incompletely specified in that its do- 
main does not contain all ordered triples of (y, 2/3 ? 2/2 ), he., (0, 1,0)? (1,0,0), 
and (1,1,0) are missing. As these input events do not occur in our circuit, 
they can (and must) be assigned arbitrary values of {0, 1} — so-called i don’t 
cares >l K This allows us to choose the inscribed values shown in the K-map of 
Fig. 30-6c to evaluate Y 0) 3 as expressed in (30.6a). The formulas for Y 2j Y 3 , 
and Y of (30.6bcd) are equivalent to (29.7), (29.8), and (29.9), respectively. 



Yo,3 Y 3 VYY 2 , (30.6a) 

Y 2 <=> X\ X 2 V (X 1 VX 2 )Y 0t3 V X x Yl (30.66) 

V3 ^ (X x V X 2 )(X x X 2 V ro.aXXj V Y 3 '), (30.6c) 

Y 4* X x (X 2 V Y 2 )(X 2 V Y 3 ). (30 .6d) 



The circuit, shown in Fig. 30-8, is equivalent in its stationary behaviour 
to that of Fig. 29-7. To compare the number of gates employed in their 
designs, let us count a 3-input gate as two 2-input gates. Then, the circuit 
of Fig. 30-8 employs 9 AND-gates, 9 OR-gates, and 5 INVERTERs as com- 
pared with 6 AND-gates, 6 OR-gates, and 3 INVERTERs for the circuit of 
Fig. 29-7. Counting the number of signals that are fed back, the compari- 
son is as follows: In Fig. 30-8 five signals are fed back (Y, Y 2 , Y^\ Y3, and 
Y 3 ), while in Fig. 29-7 only three signals are fed back (Y 2 ; , Y 3 , Y 0 ' j3 ). But, 
do note that the number of signals fed back is distinct from the number of 




see Section (18.2). 
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latches needed to realise the circuits. While the circuit of Fig. 29-7 requires 
three latches (and no further feedback signals), the circuit of Fig. 30-8 can 
be designed with only two latches (for Y 2 and Y 3 — which internally make 
use of the feedback signals YJ and F 3 ), but the signals F, F 2 , and F 3 must 
still be fed back. 




Fig. 30-8 The circuit according to equations (30.6) 

A word of caution is appropriate: The result of the above comparison is 
not typical for a comparison of primitive with general determinateness. 



30.5 Testing for General Determinateness 



The purpose of the graph of a table of output vectors is only to visualise and 
clarify concepts: (a) Which elements belong to the domain of the mapping, 
and (b) does the mapping represent a function or a relation? But, whether 
the mapping is a function or a relation is just as easily deduced directly from 
the table of output vectors allowing us to omit the development of the table’s 
graph: 

(30.7) The output variable y X)W (e) of a table of output vectors is 
determinate if all mutually identical ordered tuples of the rows q 
of the body of the table are mapped to one and the same output 
value of y X}W (t). Vice versa , if two identical tuples exist that map 
to different values, then y X}W (£) is non-determinate. 
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For instance: y$ of the table of output vectors for y$ of Fig. 30-7a is non- 
determinate, as in row a, 0 maps to 0, while in row g , 0 maps to 1. On the 
other hand, y 0> 3 of the table of output vectors yo ,3 of Fig. 30-6a is determinate 
because all rows — c, e, and / — containing the ordered tuples (0, 0, 0) map 
to 0, and all rows — g and h — containing the ordered tuples (0, 1, 1) map 
to 1. 




Chapter 31 



Catenation Model * 



The explanation of a sequential circuit as an automaton that works in con- 
junction with a program called a flow table — which is the theme of Sec- 
tion (29.1) — is descriptive but not algebraic. The first attempts to formu- 
late algebraic models were put forth by Moore [1956], Mealy [1955] and 
Medvedev [1956]. Their models are contrasted with the stringent definition 
of a sequential circuit as a composite function f which itself is the catenation 
of two specified functions — the so-called transition function g (conform- 
ing to very special properties) followed by the so-called output function h . 
The main body of the chapter is then devoted to analysing and developing 
the catenation model of a sequential circuit. Especially the connections to 
the orthodox models, as well as to the methods centring around the word- 
recognition tables of the previous chapter are studied. 



31.1 The Moore and Mealy Models 



Huffman’s flow table (see, e.g., Fig. 29-1), being so successful, was used as 
the basis for an algebraic definition of a sequential circuit. The two values 
determined by a flow table are, on the one hand, the internal states 
entered into the body of the flow table, and on the other hand, the output 
values y entered into the output column. As before, we refer to the ‘GOTO- 
commands’, i.e., the internal states entered into the body of the flow table as 
</+, while the internal states labelling the rows of the flow table are denoted as 
q. Then, q ** is taken to be a function of q and the input event x, this function 
being called the transition function g. Moore [1956] took the output variable 
y to be a function only of the internal state g, while Mealy [1955] preferred 
to view a seemingly more general case in which the output y is dependent not 
only on the internal state q but also on the input event x. An example for this 
way of viewing the output dependence is the circuit of Fig. 30-8. The above 
concepts are usually expressed in a formal way (which seems to have made 
them more acceptable). Where it is necessary to distinguish between sets and 
functions of the following Moore, Mealy , and Medvedev models , the double 
indices ‘mr’ are used for Moore, ‘ml’ for Mealy, and ‘m,d’ for Medvedev. 
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(31.1) The Moore model of a sequential circuit is the ‘quintuple’ 

(£, 2mr,{0, l},</mr,M in which 

£ is the set of input events 0, 1, . . . , 2 n — 1, 

Q mr is the finite non-empty set of states 1,2,..., s mr , 

{0, 1} is the set of output values, 

g-mr is any function g m r : Qmr x £ Q mr , 

h mr is any function h mr : Q mr {0, 1}. 

As described in the paragraph above, the Mealy model differs from the Moore 
model mainly in the output function. But at this point it is still open whether 
both models necessarily have the same set of internal states — an unwar- 
ranted a priori assumption. 

(31.2) The Mealy model of a sequential circuit is the ‘quintuple’ 

(£, Qmh {0, 1 },gmh hml) in which 

£ is the set of input events 0,1,..., 2 n — 1, 

Q m i is the finite non-empty set of states 1,2,..., s m /, 

{0, 1} is the set of output values, 

9 ml is any function g ml : Q ml x £ t-+ Q ml , 
h m i is any function h m i : Qml x £ i— ► {0, 1}. 

Not quite understandably, the Moore and Mealy models define the so-called 
transition functions g mr and g m i , and output functions h mr and h m i 
independently of one another (neither influencing the other). The prime 
deficiency of the Moore and Mealy models is that, even if you accept that 
they describe sequential circuits, they do not do so exclusively: They also 
describe systems that no engineer would accept to be sequential circuits. 
This is mainly due to the lack of any restrictions imposed upon the transition 
functions. In the next section a more restrictive model is therefore proposed. 

The independence of the functions g and h led Medvedev [1956] to 
propose studying a model consisting exclusively of the transition function. 
The idea behind this approach is to study the class of sequential circuits that 
have the same transition function g in common. Harrison [1965], in his 
excellent book, introduced sequential circuits via the Medvedev model. 

(31.3) The Medvedev model of a sequential circuit without out- 
puts is the ‘quadruple’ (£, Qmd,g,qo) in which 

£ is the set of input events 0, 1, . . . , 2 n — 1, 

Q m d is the finite non-empty set of states 1,2,..., s m ^, 

g m d is any function g m d : Qmd x £ v-+ Q m d , 

qo is the ‘initial’ value of the state variable q £ Q m d . 

In contrast to these established models, you might want to consider the more 
restrictive catenation model presented next. 
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The algebraic definition of a sequential circuit /, given in (31.4) below, is a 
summary of Section 29.1. The main aspects of the definition are, firstly, that 
/ is the catenation of a transition function g followed by an output function 
h, and that, secondly, the transition function g cannot be an arbitrary 
function from its domain to its co-domain, but must abide by certain rules or 
restrictions. Each rule is expressed in three ways: a characterising phrase, an 
explanation in plain English, and finally, the logic formulation (this and only 
this being binding). Both above aspects (catenation, and imposing restricting 
rules on g) are missing in the Moore and Mealy models. 

(31.4) A sequential circuit is defined as the catenation f = hg 
of an output function k:Qn{ 0,1} — with y — h(q+) — whose 
arguments £ Q stem from a transition function g : Q x £ 

Q with the output = g(q,x). Thus, the composite function 
/: Qxf h { 0,1} maps Q x £ to {0, 1}. Q = {1, 2, . . . , s} consists 
of s states. The transition function g complies to the following rules: 

(a) Every row q must be accessible: Any row q of a table 
defining g has at least one ‘stable condition’ (<?,#), and at least one 
of these is accessible from some other row q *, 

V (sii, z) = q a \J g(q*,x) = <?) <£• 1 . 

*€£ ?*€S\{g} 

(b) No subset N of the states Q may be a sink. If all GOTO- 
commands of the rows q of a real subset 1Z of Q point exclusively 
to rows of 1Z , then 1Z is called a sink, 

q £ N & (K C Q) A (71 ^ Q) A (g(q,x) £ 7l). 

You can express the content of ‘No subset 11 C Q may be a sink 9 
positively by stating: In every real subset 1Z of states there must be 
at least one state q that for some input event x maps to a state q* 
not in 1Z , 

V (?(?>*) = ?*) A (q* &K)&1. 

gE'R' 

(c) Stability*^ : A GOTO-g + command in a column x of the table 
defining g always points to the ‘stable condition’ (q + >x) in that 
column, 

g{q,x) = q + =» g(q + ,x) = q + . 



* ) On stability also see ( 29 . 1 c). 
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The simplest sink is a subset 71 C Q consisting of a single state q\ Its GOTO- 
commands must all be q thus representing stable states. 

The above catenation model of a sequential circuit, (31.4), is dominated 
by the concepts of catenation and of stability . Let us first look at the cate- 
nation aspect as pictured in Fig. 31-1. Each sub-figure emphasizes the 
table which characterises one of the functions g, h and /. The transition 
function g : Q x £ h-» Q is specified by a table called a transition table — 
see Fig. 31-la — while the output function h : Q {0, 1} is specified by the 
output table — see Fig. 31-lb. The composite function f : Qx£ i — s- {0, 1], 
with / = hg, is then specified by the primary WRT as in Fig. 31-lc. That 
f is pictured by the primary WRT follows from the process described in 
(30.1b) — which in fact holds for all cells of the transition table, whether 
stable or not — of the previous chapter by which the primary WRT is devel- 
oped: ‘The flow table’s output value y(q+) of the target state is inscribed 
into cell (g,x) of the word recognition table WRT’. 



input input 

events x — states outputs events x — 




(a) Transition table g (b) Output table h 



I 


1 x 


— ■ — states q 
-ojl 




< 


mtputs 

/ 















(c) Primary WRT f 



Fig. 31-1 Picturing the catenation model of a sequential circuit 

(a) transition table describing g : Q x £ Q with q + = g(q , x), 

(b) output table describing h : Q >-> {0, 1} with y = /i(# + ), 

(c) primary WRT describing / : Q x £ i— > {0, 1} with / = hg, 

i- e > f(q,x) = h(9(q,x)) = % + ) = V- 



Just for the moment, take /, g, and h to be any functions such that 
xbz — X&y^-Z. By this token, / is developed from g and h by catenating 
these functions — f = hg. In this general case, in which f = hg, there is no 
way of finding h when / and g have been specified, and there is no way of 
finding g when / and h have been specified, as even the example of Fig. 22-3 
shows. Now, returning to the sequential circuit where /, g , and h comply 
to (31.4), we shall see that the restrictive rules that govern the transition 
function g allow us to find the output function h when the transition function 
g and the composite function / are specified. 

As a final remark on catenation, note that according to (31.4), a sequen- 
tial circuit is a function — and not a ‘quintuple’, or a ‘quadruple’, or even a 
‘computer program’, these concepts being too vague to build a theory on. 

The second dominating aspect is that of stability as pictured in the 
transition table of Fig. 31-2a: If q+ is the output value of the transition 
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function g for the arguments q and x , i.e., g{q,x) = g + , then the output q+ 
remains unchanged or stable for an invariate input event x if the ‘present’ 
state q of g(q,x) is replaced by the ‘next’ state q + : 

(31.4c) g(q, x) = q + => g(q + ,x) = q + . 




(a) Transition table g g( Q > x ) = <3+ ==> g(q + > x )=q* g( Q + > x ) = ^ 



Fig. 31-2 Introducing the concept of feedback for sequential circuits 

Suppose the ‘ black box’ of Fig. 31-2b expresses the input-output be- 
haviour of the transition function p, picturing that when we enter q and x 
the output value is q^ — according to </(g, ;r) = q + . Due to stability, we know 
that if g(q,x) = # + , we may validly write g(q+,x) = # + , this step being pic- 
tured in Figs. 31-2bc. As the input q+ and output q + in Fig. 31-2c are identi- 
cal we can connect them obtaining the feedback as shown in Fig. 31— 2d. Due 
to stability, g(q,x) — q + g(q+,x) = # + , the feedback model of Fig. 31-2d 
completely replaces the ‘open’ model Fig. 31-2b. This follows directly from 
modus ponens ‘If P 1 and P => Q, then Q 1’, (8.16), if we substitute 
P by g(q,x) = # + , and Q by g(q + ,x) = q + . The first premise, g(q,x) = # + , 
is true because by definition we are working with the transition function g. 
The second premise, g(q,x) = q + => g(q+,x) = is true due to the as- 
sumption of stability. Thus the conclusion, g(q+ ,x) = is true validating 
the feedback model of Fig. 31-2d. 

To realise binary sequential circuits, each state q of Q = {0,1,..., s} 
must be encoded binarily, meaning, we must introduce, say, p binary state- 
variables si , 32, . . • , s p £ {0,1} so that we can map each q € Q to exactly one 
of the binary numbers Si2° + S22 1 + . . . + s p 2 p ~ l . Just as q is fed back (see 
Fig. 31-2d) so is each Sj, j £ {1, . . . ,p}, of the binary number (si , . . . , s p ) 
representing q allowing us to interpret each Sj as the output variable of an 
internal latch. For instance, the three logic variables Y^^^Y^ of Fig. 29-8 
can be associated with three numeric variables si,S 2 ,S 3 as used here. The 
smallest number p m j n of binary state- variables (and thus of internal latches) 
needed to encode s internal states is the smallest integer p m i n to satisfy the 
inequality s < 2 Prnin . Drawing on our experience with the feedback model of 
latches (Section 24.2), and the discussion on the necessity of a delay in the 
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feedback (Section 24.5), it is obvious that each internal latch must contain 
an inertial delay in the feedback. In its general form this is expressed as 

Sj gj(xi , . . . , x n , Si , . . . , Sj— i , Sj , Sj- j_i , . . . , Sp) with j (E {1, . . . ,p} , 

only sj is delayed 

and pictured in Fig. 31-3a. The inertial time-delay may be arbitrarily small 
which means that it suffices to rely on the time delays of the physical feedback 
lines and/or on those of the switching devices in the feedback loop. 








Fig. 31-3 The catenation model of a sequential circuit 

Combining catenation and stability leads to the catenation model of 
a sequential circuit shown in Fig. 31-3. Note that in the binary case — 
where q = (sq, . . . ,s p ) — the feedback q of Fig. 31-3b is interpreted as in 
Fig. 31-3a for each binary state- variable Sj, and that due to catenation of g 
and h no delays are needed in the leads from gj to h. 

31.3 Moore and Mealy Flow Tables 

The flow tables used in the previous two chapters are called Moore flow 
tables to distinguish them from a second type called Mealy flow tables. Let 
me first bring the concept of the Moore flow table into context with the 
models of the previous two sections. 

A transition table, as the one in Fig. 31-la, can be used to specify any of 
the transition functions # mr , g m i , g m d , g of the Moore, Mealy, Medvedev, or 
catenation models. Due to the restrictions imposed on the transition function 
g of the catenation model, see (31.4abc), its associated transition table cannot 
be used as freely as with the other models. An output table, Fig. 31-lb, can 
be used to specify the output function h mr of the Moore model, just as well 
as the output function h of the catenation model. 

Combining a transition table, as the one of Fig. 31-la, and an output 
table, Fig. 31-lb, in a single table leads to a flow table as the one discussed 
in Fig. 29-1. In this text we use such a flow table in connection with the 
catenation model, but it can equally be used to specify a circuit according to 
the Moore model. For this reason, and to distinguish it from the next type 
of flow table to be discussed, we call a flow table that combines a transition 
and an output table a Moore flow table. Do note that a Moore flow table can 
be, but need not be a primitive flow table. 
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(a) Transition 
table g 



(b) Output 
table h 



(c) Primary 
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Fig. 31-4 On the way to developing a Mealy type flow table 



Commonly, a Mealy flow table is a table in which any cell (g, a:) con- 
tains the ordered pair (g + , y), where q + = g m /(g, x) and y = h m i(q , x) accord- 
ing to the Mealy model of (31.2). The catenation model, (31.4), also lends 
itself to being described by a Mealy type flow table when defining the circuit 
by its transition function g and its composite function /. As the composite 
function / is specified by a primary WRT, the Mealy type flow table for 
the catenation model (31.4) is a table each cell (q,x) of which contains the 
ordered pair (# + ,fr(g + )) with q + = g(q,x). 

To illustrate, let us develop a Mealy type flow table for the sequential cir- 
cuit specified by the transition table and output table of Fig. 31-4ab (usually, 
these tables, taken together, comprise the Moore flow table which defines the 
circuit). According to the catenation model the output values are determined 
by the primary WRT of Fig. 31-4c. 

Then, the Mealy type flow table for our example, see Fig. 31-5c, is 
obtained by combining the transition table and primary WRT (both repeated 
in Fig. 31— 5ab). As stated above, each cell ( q , x) of the Mealy type flow table 
contains the ordered pair (q+ ,h(q + )) with = g(q,x). For instance, cell 
(e, 3) of Fig. 31-5c contains (6,1) because b = #(e, 3), see Fig. 31-5a, and 
1 - h(b). 
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Fig. 31-5 Developing a Mealy- type flow table 
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The second element, /i(# + ), of the ordered pair (q+ih(q+)) inscribed 
into a cell (q,x) of a Mealy type flow table of the catenation model cannot 
be chosen freely — it is always determined via q+ = g(q , x). In contrast, the 
output value /i m /(g, x) of a conventional Mealy flow table representing a 
standard Mealy model can, in principle, be chosen freely. Thus, the Mealy 
model does not have the same output behaviour as the catenation model. 

31.4 Merging Moore and Mealy Flow Tables 

Frequently, a Moore flow table developed to describe the behaviour of a cer- 
tain sequential circuit contains a number of rows whose contents are identical 
Do note that . . . 

(31.5) Rows of a Moore flow table are equivalent if they have 
identical output values and column-wise identical GOTO-commands 
in the body of the rows. 

As equivalent rows are indistinguishable in their behaviour, we . . . 

(31.6) Substitute all occurrences of the names of equivalent rows 
by a common surrogate name not yet used in the flow table. 

Having chosen surrogate names where possible, you can now avoid ambiguous 
behaviour if you . . . 

(31.7) Delete duplicate rows of the flow table. This process is 
referred to as merging. 

To see how the merging of rows is carried out, consider merging the primitive 
flow table of Fig. 31-6a. This flow table is a repetition of Fig. 29-4b, the 
only difference being that the GOTO-commands of the stable states are not 
encircled so as to better be able to see which rows are equivalent. 
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Fig. 31-6 On the merging of rows of a Moore flow table 
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To facilitate in the process of merging, you can use the merger diagram 
introduced by Caldwell [1958], and shown in Fig. 31-6b. Each row of the 
flow table is represented by a node (drawn as a small circle). Those nodes 
that represent equivalent rows are connected. Note that equivalence is a 
transitive relation, so that if the contents of rows c and e, and the contents of 
rows c and / are identical, the contents of rows e and / must also be identical. 
Transitivity does not hold in the presence of don’t cares. Connections in the 
merger diagram are associated with surrogate names for connected rows. In 
our example, the line names g and h and all equally named GOTO-commands 
are replaced by G. Similarly, all occurrences of c, e, and / are replaced by 
C. This process leads to the flow table of Fig. 31-6c. 

Finally, dropping duplicate rows in Fig. 31-6c leads to the merged flow 
table of Fig. 31-6d. For your convenience, the stable states are emphasized. 
You have encountered this flow table in Fig. 31-4a, but also in Fig. 30-la 
where C and G of Fig. 31-6d have been replaced by c and e, respectively. 

Merging can make the process of developing the cluster of word recogni- 
tion tables from a given flow table simpler as there are less rows to consider. 
The word-recognition trees obtained are the same as those obtained prior to 
merging. 

When merging a Mealy type flow table we use the following equiv- 
alence criterion for the rows of the table. 

(31.8) Rows of a Mealy type flow table are equivalent if the con- 
tents (g + ,/i(g + )) of their cells are column-wise identical. 

To illustrate, consider merging the Mealy type flow table of Fig. 31-5c re- 
peated in Fig. 31-7a. By the above criterion, the rows b and e are equivalent. 
Using B as a surrogate name for b as well as for e leads to Fig. 31-7b. Then, 
dropping duplicate rows, according to (31.7) , we obtain the merged Mealy 
type flow table of Fig. 31-7c. 
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Merging a Mealy type flow table 



While any row of a Moore flow table is assigned one and only one output 
value, a merged Mealy flow table, on the other hand, can have (but does not 
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necessarily have) at least one row in which some stable conditions cause the 
output to be 0, whereas others cause the output to be 1. An example for this 
behaviour is shown in row 5 of Fig. 31-7c: The cells (5, 0) and ( B , 1) cause 
the output to be 0, but cell (#,3) causes the output to be 1. 

It should be pointed out that for certain circuits the fully merged Mealy 
flow table may have less rows than the fully merged Moore flow table. This 
difference can, under advantageous circumstances, lead to circuits that em- 
ploy less internal latches when using Huffman’s synthesis method discussed 
in later chapters. Let me further mention that, although most people prefer 
using the Moore flow table to specify a circuit, it is possible and sometimes 
more convenient to specify a circuit directly in a Mealy flow table. 



31.5 From Mealy to Moore Flow-Tables 



Transforming a Mealy type flow table (such as that of Fig. 31-8a) — in 
which each row contains one and the same output value in each of its stable 
conditions or cells — into a Moore flow table requires us to ‘extract’ all output 
values from the body of the Mealy type flow table and to write the output 
value that was associated with a stable condition of a row into that row of a 
separate output column. As Fig. 31-8b shows, this is the equivalent Moore 
flow table to the Mealy type flow table of Fig. 31-8a. 
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Fig. 31-8 When simple transition from Mealy to Moore is possible 



Now, consider transforming a Mealy type flow table (such as that of 
Fig. 31-7c) that has at least one row (in our case row B) in which some stable 
conditions cause the output to be 0 — cells (5,0) and (5, 1) — while others 
cause the output to be 1 — cell (5,3). First, each such row is duplicated — 
in our example, row 5 is duplicated as shown in Fig. 31-9a. Each of these 
rows are given surrogate names that do not yet occur as state names — the 
method of choice being to distinguish the identical rows by giving one of the 
row names the index 0, and the other the index 1. 




31.6 The Composite Word-Recognition Table 



345 



Xj,Xs 

0 . 1.3 



■ 


m 


Efl 


m 






(B.O) 


(B.O) 


(a.O) 


(d.l) 




(B.O) 


(B.O) 


(B.l) 


(d.l) 


B 


t 'B.O ) 


(B.O) 


EH3 


^0 




Bm 


(c.O) 


(a.O) 


I9E3 




(c.O) 


(c.O) 


(a.O) 


(d.D 



(a) duplicating row B 



x t ,x s 



q 


0,0 


0,1 


1,1 


1,0 


a 


(Bo,0)\ 


(Bo.O) 


(a.O) 


(d.l) 


Bo 


(Bo . o) 


(Bo.O) 


(B,.l) 


(d.l) 


B t 


(Bo, 0) 


(Bo.O) 


(B,.l) 


(d.l) 


c 


(c,0) 


(c.O) 


(a.O) 


(c.O) 


d 


(c.O) 


(c.O) 


(a , 0) 


(d.l) 



(b) renaming duplicate rows so that 
the stable conditions per row are 
assigned identical output values 



Fig. 31-9 The general transition from Mealy to Moore flow table 



In the row indexed 0, gather the stable conditions associated with the 
0-output, while in the row indexed 1, gather the stable conditions associated 
with the 1-output. For our example this leads to the Mealy flow table of 
Fig. 31-9b, the row names e (for B 0 ) and b (for B\) referring to the names 
used in Fig. 31 -5c. Finally, the table obtained is transformed into a Moore 
flow table as discussed in the paragraph above. 



31.6 The Composite Word- Recognition Table 



Word-recognition tables of one and the same cluster need not be drawn in 
separate tables. If you look back at the word-recognition tables of Figs. 30-2 
to 30-5, you will notice that they all are developed from one and the same 
transition table. Repeating the transition table every time you want to de- 
velop a new word-recognition table seems and of course is quite unnecessary. 
You can reduce the writing load if you use a composite word-recognition 
tables as the one shown in Fig. 31-10 its name reminding us that its con- 
stituent parts stem from the word-recognition tables. In fact, when using a 
computer to develop a cluster of word-recognition tables, the cluster is best 
organised in the form of a composite word-recognition table. 

The composite WRT, Fig. 31-10b, consists of a table of output vectors 
followed by n main columns — one for each input event. Both the table 
of output vectors, just as each main column consist of sub- or individ- 
ual columns — one for each WRT of the cluster. Equally positioned sub- 
columns kj are associated with one and the same WRT. It is best to draw a 
surplus of individual columns because the number needed is not known at the 
outset (unless you are transferring the values of already developed WRTs). 
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Fig. 31-10 The organisation of a Composite Word- Recognition Table 



We discuss the composite WRT using the cluster of WRTs developed 
in Section 30.2. The transition table contained in the flow table FT -y of 
Fig. 30-2a is repeated in Fig. 31-10a. The output vector y of the flow table 
is transferred to the first column of the table of output vectors (Fig. 3 1-1 Ob). 
The first sub-columns, all marked k \ , of the main columns of the composite 
WRT have the columns of the primary WRT, i.e. of WRT-y of Fig. 30-2b, 
inscribed. The names — yo > S/i 7 2/3 ? and y 2 — used in the primary WRT are 
assigned to the sub- columns k\ of the composite WRT. 
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Fig. 31-11 Developing a Composite Word-Recognition Table 
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The next step is to copy a non-determinate output vector, in our ex- 
ample choosing y 3 , from a sub-column k\ to the table of output vectors, see 
Fig. 31-1 lb, and use this output vector to develop the entries in the sub- 
columns & 2 - You continue in a like manner for each (new) non-determinate 
output vector (in our case for y 2 and y 0 ,3). 
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Fig. 31-12 A basic composite word-recognition table 



The basic form of the composite WRT, Fig. 31-12, is a special binary 
encoding of the transition table of Fig. 31-1 la. One characteristic aspect 
of this binary encoding is that its first element is the output vector y. This 
ensures that the composite WRT is a Moore and not a Medvedev model — 
as it still describes an unique circuit (and not a set of circuits that have a 
certain transition table in common). 
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Fig. 31-13 The non- merged composite word- recognition table 



A further aspect of the composite WRT is that simply dropping duplicate 
rows leads to a merged (transition) table — there is no need to introduce 
surrogate names. This makes the computer development of a composite 
word-recognition table an efficient computer merging-procedure. 




348 



Chapter 31 Catenation Model * 



(a) 0 1 3 2 (b) WRT-y 

( 0 , 0 ) ( 0 , 1 ) ( 1 , 1 ) ( 1 , 0 ) ^ 0 





* 


* 


* 


k. 7 




k 4 


kg 


k 3 


k 4 


kg 


ka 


k 4 


kg 


ka 


lu 






£ 


l 


u 

0,0 


1 

iQ2i 


iS 

u 


2 

1,0 


a 


0 


1 


1 


1 


i 


1 


1 


1 


1 


0 


— 

1 


1 


0 


1 


0 




0 


1 


1 


— 

0 


0 


0 


1 


b 


1 


1 


1 


1 


i 


1 


1 


1 


1 


1 


1 


1 


0 


1 


0 


= B 


1 


1 


1 


0 


0 


1 


1 


c 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


1 


1 


0 


0 


0 


i 


0 


0 


0 


0 


0 


0 


0 


d 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0 


1 


1 


0 


1 


0 




0 


1 


0 


0 


0 


0 


1 


e 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


i 1 


1 


0 


1 


0 


= B 


1 


1 


1 


0 


0 


1 


1 



Fig. 31-14 The Mealy model of the circuit 



Note that the merged composite word-recognition table of Fig. 31-13 
contains the primary word-recognition table WRT-y as one of its constituent 
parts. Extracting this table provides us with the two tables of Fig. 31-14 
which is a slightly modified way of writing a Mealy model. 
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Fig. 31-15 The merged Mealy model of the circuit 

Dropping duplicate rows of both tables of Fig. 31-14 leads to the merged 
form of the Mealy model pictured in Fig. 31-15. Huffman [1954] was the 
first to develop the binary encoding of transition and output tables, and their 
subsequent evaluation. We take up Huffman’s approach in a later chapter. 







Chapter 32 



Toggle Circuits 



Toggling is the basis for counting. A toggling command or toggling 
input-event is an input event the effect of which is to invert and then mem- 
orise the output value invoked by the previous and distinct input-event. A 
toggling input-event is said to toggle the output. Loosely spoken, I refer 
to a toggle circuit with two or more inputs as a circuit which (in a likeness 
to latches) has at least one setting, one resetting, one memorising, and one 
toggling input-event. In a K-map the respective cells will have the symbols 
0, 1, q,q inscribed (when using numeric variables), or 0, 1, Q, Q (when using 
logic variables). Especially the symbols q or Q have only symbolic and no 
algebraic meaning. The simplest toggle circuits, though, have only one input 
(and one output), and are called T-Flipflops. 



32.1 T-Flipflop — its Feedback Design 



While there is no latch with one input (you need at least one setting, one 
resetting, and one memorising input event), it is feasible to design a tog- 
gle flipflop which has only a single input. One input event (i.e., one input 
value) would be a memorising, the other a toggling input-event. A symbolic 
representation of the two possible flipflops is shown in Figs. 32-lab. If the 
output of a flipflop is called, say, y then the memorising input-event in the 
reduced K-map is marked by a cell containing the symbol y, and the toggling 
input-event is marked by a cell containing the symbol y. If the symbolic 
notation were taken at face value we would be able to read the logic formula 
Y XY V XY from the reduced K-map which, when X is true, leads to 
the contradiction Y Y. The actual meaning given the symbolic notation 
expressed in the K-maps of Figs. 32-lab is expressed in the flow table of 
Fig. 32-lc while the diagram of successive events (DSE) of Fig. 32-ld is a 
good visualisation of the circuits’ behaviour. 

The complete synthesis procedure for the circuit specified in Fig. 32-1 is 
shown in Fig. 32-2. We start with the defining flow-table FT-y which is the 
flow table of Fig. 32-2a without the right-most column for y \ . This flow table 
is used to develop the cluster of word-recognition tables according to (30.3) 
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Fig. 32-1 Describing the behaviour of the two T-flipflops 



of Section 30.1. The word- recognition table WRT -y of Fig. 32-2b is devel- 
oped as explained in (30.1) when setting i to 0. The only non- determinate 
output vector of WRT-y is y\ its values therefore being appended to the flow 
table FT-y of Fig. 32-2a and used to develop the next word-recognition table 
WRT-yi of Fig. 32-2c. Both output vectors, yo,i and y^x, are determinate 
according to (30.4), y 0) l being complementary to y, and being equal to 
yi allowing us to write y lf i <=> y[ according to (29.5). 



(b) WRT-y (c) WRT-y, 




Fig. 32-2 The complete synthesis procedure for a T-flipflop 



As explained in the last paragraph of Section 30.2 the word-recognition tables 
WRT-y and WRT-yi allow us to draw the word-recognition tree of Fig. 32-2d, 
each emphasized sub- tree corresponding to a reduced K-map of Figs. 32-2ef. 
Although it is not necessary, it is advantageous (especially for the novice) to 
redraw these reduced K-maps so that only the time-delayed output variables 
are retained as map-entered variables. This is done in Figs. 32-3 and 32-4 
(you might want to refer to Chapter 20). 



(a) X (b) X (c) X 




Fig. 32-3 Evaluating the reduced K-map specifying Y\ 
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Fig. 32-4 Evaluating the reduced K-map specifying Y 

The advantage of these representations is that they comply to those 
used when developing latch theory allowing us to use the theory without 
modifications. The dashed loops are responsible for a circuit being hazard- 
free. Omitting the dashed loops, and using (25.3), the disjunctive solutions 
are 

n^iFviy;, y&xyi, vxr, (32.1) 

while (25.4) allow us to calculate the conjunctive solutions 

yi & (x v F) a (x v y/), f^(Iv y 2 ) a(iv y'). (32.2) 

The above formulas are pictured in Fig. 32-5. 




Fig. 32-5 Hazard-prone T-flipflops 

The hazard-free solutions, on the other hand, incorporate the dashed loops 
of Figs. 32-3 and 32-4 which for the disjunctive forms lead to the formulas 

y x & IF v (x v F)y/, y & xYi v (x v y^y', (32.3) 

which are expressed in the circuit of Fig. 32-6. 




Fig. 32-6 A hazard-free T-flipflop complying with (32.3) 

Just this once, let us take a look at the difference in behaviour between the 
hazard-prone circuit of Fig. 32-5a and its hazard-free version of Fig. 32-6. 
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These two circuits are drawn next to each other in Fig. 32-7 for the input 
signal specified in the diagram of successive events of Fig. 32-1 d. 




Fig. 32-7 Signal flow in a hazard-prone and hazard-free circuit 



Please do take the time to follow and understand the propagation of the 
signals as shown in the figure (as before, the thick lines represent 1-signals). 
Note that the hazard-prone latches in the left-hand circuit do not develop 
a ‘closed’ feedback loop when they are set. This is emphasized by the two 
circles where the signals are interrupted. 



32.2 T-Flipflop — its Composition 

The value of the method for composing latches (Chapter 28) lies in its ap- 
plication to the composition of internal latches of sequential circuits. If we 
want to develop the T-flipflop using D-latches as hinge latches, we quickly 
realise that this is possible without any composition theory as explicated in 
Fig. 32-8. 
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Fig. 32 -8 Developing a T-flipflop in the basis of the D-latch 



The K-maps of Fig. 32-8 are those of Fig. 32-4 with a slight alteration for 
the K-map representing Yi (Fig. 32-8a) which has been drawn for inverted 
input variables X and Y. A comparison with Fig. 27-12 shows that the 
K-maps of Fig. 32-8 represent D-latches (Fig. 32-8b,d). Connecting equally 
labelled inputs and outputs of the D-latches leads to the circuit of Fig. 32-8e. 

Before considering the following composition of a T-flipflop, you might 
want to reread Chapter 28 on the Composition of Latches. To see how to 
proceed with our example, first take a look at the result, i.e., at the circuit 
shown in Fig. 32-9. For each internal latch, you can choose a hinge latch on 
the basis of which the internal latch may be composed. In our example the 
cross-coupled NOR-latch was chosen for both internal latches. We choose to 
label the inputs of the hinge latch for YI as Si and I?i, and those of Y as S' 
and R. The logic expressions for these input variables — Si, iZi, and S, R 
— are what we want to determine by the composition method. The process 
by which to do this is explicated in Fig. 32-9. 

In the following, the composition procedure is explained for the internal 
latch Yi . For this latch you first choose a hinge latch, in our case the cross- 
coupled NOR-latch, and draw its K-map (Fig. 32-9a). As we decide to 
prohibit the input event Si , R\ — so that the outputs of the cross-coupled 
NORs are inverted — we can read the hinge sets 34 ) = {(0, 1)} 9 iVi = {(1, 0)}, 
y q = {(0,0)} from the K-map of Fig. 32-9a. Note that the first value of an 
ordered pair of a hinge set stands for Si , the second value for R\ . The next 
step, shown in Fig. 32-9b, is to draw the reduced K-map obtained from the 
synthesis procedure for Yi (Fig. 32-2f). To apply the composition method 
of Chapter 28 the reduced K-map must be redrawn to a standard form for 
latches in which only the time-delayed output variables are retained as map- 
entered variables (Fig. 32-9c). To calculate the pre- logic, each resetting cell 
(one containing a 0) is replaced by an element of 34) — in our case by (0, 1). 
In a like manner, the 1-cell of Fig. 32-9c is replaced by (1,0), while the 
Q-cells are replaced by (0, 0) (Fig. 32-9d). This K-map contains the values 
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for the input variables S\ and R\ which are read separately from the K-map 
as Si X Y and R\ <=> XY . 



Choosing cross-coupled NOR-latches as hinge latches 




y 0 = Mo, i)j 
y, = Mi, oh 
y q = Mo, o)l 




Latches to be composed 







The process described above is carried out for each internal latch. In our 
example the only other internal latch is F, its input being referred to as S and 
R. Following the K-maps on the right side of Fig. 32-9 we finally obtain the 
prelogoc S XY\ and R <=> XY \ . As in the previous example, connecting 
equally labelled inputs and outputs of the pre-logic and the latches leads to 
the circuit of Fig. 32-9. 




32.3 JK-Flipflop — its Feedback Design 



355 



32.3 JK-Flipflop — its Feedback Design 



A toggle circuit for two inputs can symbolically be specified by a K-map for 
two inputs, each of its four cells having one of the symbols 0, 1, q,q inscribed 
(when using numeric variables), or 1,0, Q, Q (in the case of logic variables). 
One of the possible permutations of these symbols over the cells of the K-map 
has been singled out by convention and called the JK-flipflop (Fig. 32-10). 
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Fig. 32-10 Visualising the behaviour of the JK-flipflop 



To a certain degree its behaviour resembles that of a SR-latch whose 
setting input we call J Xj = 1, and whose resetting input is called K 
Xk = 1. That is, JK is the setting input-event, JK is the resetting input- 
event, and J K is the memorising input event. The effect the input event 
JK has is to invert the output value caused by one of the previous but 
distinct input events JK, JK, or J K, and then to memorise and output 
this inverted value — as before, this is expressed symbolically by entering the 
inverted output variable y in cell JK. 

For the chosen sequence of input events e used in the diagram of succes- 
sive events (DSE), Fig. 32-10b, the output values for y were read from the 
symbolic representation of the JK-flipflop of Fig. 32-10a. Please do take the 
time to duplicate this process of obtaining the DSE. 
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Fig. 32-11 Primitive flow table and derived word-recognition tables 
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To obtain a circuit for the JK-flipflop we need to develop its primitive 
flow table, see Fig. 32-1 la. Note that its output originally only consists 
of the Y-column. Please do take the time to develop this primitive flow 
table on the basis of the information contained in Fig. 32-10. The output 
column Y of the primitive flow table FT-y, Fig. 32-1 la, leads to the word- 
recognition table WRT-y of Fig. 32-1 lb. The only non- determinate output 
variable is Y 3 (please make sure you could argue this) so that the Y 3 -column 
of Fig. 32-1 lb is taken as next output column of the primitive flow table 
as shown in Fig. 32-1 la. Using this column with the body of the primitive 
flow table, together they comprise the child flow-table FT-y 3 , we obtain the 
word-recognition table WRT-y 3 of Fig. 32-1 lc. All output variables Y 3 , x of 
this table are determinate. As there are no more non- determinate output 
variables to account for, the process of developing word-recognition tables 
terminates. 




The word-recognition table WRT-y of Fig. 32-1 lb can be expressed as 
the elementary sub-tree Y of Fig. 32-1 2a. The non-determinate output vari- 
able Y 3 is the root of the elementary sub-tree Y 3 obtained from the word- 
recognition table WRT-y 3 of Fig. 32-1 lc. The elementary sub-trees can be 
expressed as reduced K-maps, as shown in Fig. 32-1 2b c. The correspondence 
between the logic variables J and A", and the numeric variables xj and Xk is 
J Xj = 1 and K & Xk = 1. 

To evaluate reduced K-maps that specify latches it is best to expand 
the K-maps to their standard form, i.e., extracting all map-entered variables 
except the delayed output variable. For our example, this leads to the right- 
hand K-maps of Fig. 32-13. 

The standard K-maps of Fig. 32-13bd may be evaluated using the dis- 
junctive evaluation formulas (25.3) for which we determine the inclusions 
Ui(x) and U q]1 (x), 



Y 3 ^ J(K V Y) V KYI, 
Y & J(KVY 3 )VKY'. 



(32.4a) 

(32.46) 
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Fig. 32-13 Transition to the standard K-maps of a latch 

Alternatively, the K-maps of Fig. 32-13bd may be evaluated using the con- 
junctive evaluation formulas (25.4) for which we determine the exclusions 
Vo(x) and Vg ;0 (x), 

Ys [K V JK)(J V r 3 '), (32.5a) 

Y&(KV JY 3 )(J V Y'). (32.5 b) 

The disjunctive formulas (32.4) are expressed graphically in Fig. 32-14 which 
represents a hazard-free version to a feedback circuit for the JK-fiipflop. You 
are invited to draw the circuit for (32.5). 




32.4 JK-Flipflop — its Composition 

If you want to use latches of your choice to realise the internal latches of 
the JK-flipflop, you must first determine the internal latches. You can either 
do this by using Huffman’s method (discussed in later chapters), or you 
can follow the procedure of the previous section until you have obtained 
the standard K-maps for the internal latches shown in Fig. 32-1 3bd. Then 
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choosing, say, the D-latch as hinge latches (Fig. 32-15ad), you read from their 
K-map the hinge sets (Fo = {(1, 0)}, = {(1,1)}, y q = {(0,0), (0,1)}. All 

Os in the cells of the K-naaps of F 3 and Y (Fig. 32-15be) axe replaced by the 
(only) element, ( 1 , 0 ), of y o- Similarly, all Is in the cells of the K-maps of Y 3 
and Y are replaced by the (1,1) € 3^. Any of tha symbols Q in the K-maps 
of Fig. 32-15be can be replaced by any element, either (0,0) or (0,1), of 
y q . As the K-maps of Fig. 32-15cf show, my (arbitrary) choice fell on ( 0 , 1 ). 
Evaluating these K-maps leads, via the formulas written below them, to the 
circuit of Fig. 32-15. 

If you don’t mind running through some simple algebra, we can easily 
verify the circuit obtained. Let us do this for the K-maps on the right side 
of Fig. 32-15 used to calculate the output latch Y. 

Choosing D-latches as hinge latches 




y 0 = l(i, o)l 
y, =i(i. i)l 
y q = i(o.o). (0.1) I 
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Fig. 32-15 The JK-flipflop on the basis of D-latches 
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Y <£> CD V CY* V DY' read from Fig. 32-1 5d 
CD V (C V D)Y I 

C&JVK, C&JK 
D&KVJYz 

^(JV K)(K V JY 3 ) V QKyKVJY 3 )Y 1 

K 

&JKV KKVJYs V JKY 3 V(fv JY 3 )Y f 
o 

^ j(k v r 3 v ky 3 ) v(fv jr 3 )r 
y 3 

Y&J(KV y 3 ) V (F V JF 3 )r . 

This formula, although not identical with (32.4b), is of course a valid 
description of the latch specified in Fig. 32-13d (or Fig. 32-15e) as discussed 
in Section 26.3 (immediately following Fig. 26-3). A like calculation to the 
one carried out above validates the solution for 1 3 . 

A word is in place on the use of the initial formula Y & CDV CY ' V DY f 
used above, and which implies a specific design of a feedback latch. The 
D-latches employed need not be designed as a feedback circuit. But, as 
discussed in Section 24.4, the c advantage of the feedback model’ is that it 
allows us to study the stationary behaviour of a latch without having to 
know its physical design. 
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Triggering and Synchronising 



Neither triggering nor synchronisation are formal concepts. To develop these 
concepts, we shall try to express the desired behaviour in diagrams of suc- 
cessive events (DSE) these showing intuitively and vividly what we wish to 
achieve. Then, to design circuits that have the desired behaviour we shall 
consider a method of developing a flow table directly from the dia- 
gram of successive events. It is this transition from a DSE to a flow table 
I wish to draw your attention to — not so much to the circuits developed. 



33.1 Triggering 



A triggering circuit has one input and one output. The shape of the output 
signal is always a pulse. If the pulse is initiated by the input signal rising from 
0 to 1 (and only then) it is referred to as a positive trigger, see output y of 
Fig. 33-la. If, on the other hand, the pulse is initiated by the input signal 
falling from 1 to 0 (and only then) it is referred to as a negative trigger, 
see output z of Fig. 33-la. Specifying the desired duration At of the pulse is 
problematic. Frequently, a trigger is used to set or reset a latch. With such 
a usage in mind, we would want the pulse to last as long as needed, but no 
longer than necessary. 
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Fig. 33-1 Specifying and designing a trigger circuit 

The simplest way to produce a trigger is to employ the input X together 
with its delayed version X ' as shown in Fig. 33-la. To check whether the 
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circuit for the positive trigger y is a combinational or a sequential circuit, it 
can be advantageous to start with a word-recognition tree. To transfer the 
output y of the DSE of Fig. 33-la you first draw a word-recognition tree 
(Fig. 33-lb without the output values). To find the output value to assign 
to yo, you turn to the DSE and check the output values caused by the input 
event 0. These all being 0 (i.e., yo =0), you substitute y 0 by 0 in the word- 
recognition tree. You proceed in a like manner for the other input events. 
As each occurrence of a given input event in the DSE is always assigned the 
same value, the DSE describes a combinational circuit. 

Transferring the word-recognition tree of Fig. 33-lb to the K-map of 
Fig. 33-ld allows us to calculate the formula Y which leads to 

the circuit of Fig. 33~2a as a possible realisation of a trigger circuit. The 
IEC symbol for a circuit the output of which is a positive trigger is shown 
in Fig. 33-2b. Inverting the input provides us with a circuit for a negative 
trigger. 




Fig. 33-2 Possible realisation and symbol for a trigger circuit 



A disadvantage of the above realisation, Fig. 33-2a, is that the duration 
of the emitted pulse is constant As it is not adaptive, it will always have 
to last longer than may be necessary. An intuitive attempt to develop an 
adaptive circuit could employ a feedback as shown in Fig. 33-3a, but, one 
immediately realises that this circuit oscillates and thus is useless. Never- 
theless, the oscillating circuit can lead to a new idea as expressed in the DSE 
of Fig. 33— 3b: We shall try to design a circuit in which the output fed back 
maintains its inhibiting effect as long as the circuit’s independent input, X, 
remains 1. 
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Fig. 33-3 Specifying an adaptive trigger circuit 



The DSE of Fig. 33-3b is next used to develop a tree representation 
of the circuit, Fig. 33-3c. First, drawing only the sub-tree with the output 
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Y as its root, we read from the DSE that Yq 0 and Y 3 0, while YI 
(not occurring) can be chosen freely, and Y 2 is non- determinate. To further 
analyse Y 2 , we draw a sub- tree with Y 2 as its root, again Fig. 33-3c. Node 
(0,2) is assigned the output value Yq ^ which is caused by those occurrences 
of the input event 2 that are preceded by the input event O 1 ^. The first 
occurrence of the input event 2 in the DSE is preceded by the input event 
0 enabling us to read the value for Yo,2 as Yo ,2 1. The second occurrence 
of the input event 2 is preceded by the input 3, allowing us to determine 
^ 3,2 <=> 0. Yi } 2 doesn’t occur and can be chosen, while ^ 2,2 is chosen as Y 2 
instead of Y 2 ' to reduce the possibility of oscillations. 

The K-maps of Fig. 33-3d, developed from the word- recognition tree of 
Fig. 33-3c, enable us to calculate Y and Y 2 as 



y 2 «y(iv y 2 ), 


(33.1 a) 


Y^XY'Y-i (z & lFT(Ivr 2 ) 




Y 7 

& XY 7 (X V Y 2 ) & XY 2 . 


(33.16) 



-v- 

y 2 



The circuit equivalent to the above formulas (33.1) is shown in Fig. 33-4a. 
Its output Y would oscillate if X and the output of the IMPLICATION were 
simultaneously 1. To ensure against oscillation the time delay At must be 
(noteably) greater than any time delay within the internal memory. 




Fig. 33-4 An adaptive trigger circuit 

Please follow me in trying to develop this circuit into an adaptive circuit. 
Extracting the NEGATION from the INHIBITION of the internal latch of 

^ You might like to reread Section 29.3 and especially the definitions of the 
filtered output variables y w (e), he., °f V, Vx , V x ( l ) x*( 2 )? e * c - 
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Fig. 33-4a, allows us to draw this circuit as shown in Fig. 33-4b. The framed 
circuit is the circuit we called a priority- AND in Fig. 1-8, and discussed 
quite extensively in Section 1.7. Let us now intuitively employ the circuit 
of Fig. 33-4b as shown in Fig. 33-4c to trigger the set-input of a SR-latch. 
Then the trigger’s duration is adaptive in the following sense. Although the 
pulse will have a minimal duration of A t (what I would not call adaptive), 
the pulse terminates At seconds after the latch is set, i.e., the duration of 
the pulse adapts to the time necessary for the latch to set. 



33.2 Sampling 



The sampling circuit has two inputs and one output. Its prime input, 
the data input xjd, is sampled, i.e., its value is passed on to the output, 
2/, during usually brief time intervals defined by the second input xc, the 
clock or control signal, being 1; between sampling, i.e., while xc is 0, the 
output y retains the last sampled value. This behaviour is demonstrated in 
the diagram of successive events (DSE) of Fig. 33-5a. 

The sampling circuit is a latch as you can readyly see when describing 
the sampling circuit’s behaviour as follows: Y is set by XcXd , and reset by 
XcX o, while Xc retains the output value unchanged. This is the verbal 
description of the D-Latch of Fig. 27-12. But, let us see if we can show 
more systematically that the sampling circuit is a D-latch. 

As it is not possible to develop a circuit systematically directly from 
a DSE, we first need to develop a flow table from the DSE. This we can 
do systematically although not algorithmically. Let us use the example of 
Fig. 33-5 to see how a flow table can be obtained from a given DSE. We 
first determine a lower bound for the number of stable states in each 
column of the flow table: (a) If, for a given input event x in the DSE, all 
occurrences of y(x) are constant (all are either 0, or all are either 1) then we 
enter (at least as a first assumption) a single stable state in column #, and 
assign to this stable state the output value y{x). (b) On the other hand, if 
at least one occurrence of a given input event £ in a DSE invokes a response 
y(x) of 0 while another invokes an output y(x) of 1, then column x of the flow 
table must contain (at least) two stable states, one, to which the output 
value 0 is assigned, the other to which the output value 1 is assigned. 

The flow table we wish to develop must have two stable states in column 
0, for, y 0 is 0 in interval 1 = 1, while y 0 is 1 in interval I = 5. Likewise, 
column 1 must contain two stable states: yi is 0 during interval I — 2, and 
2 /i is 1 at I — 4. All occurrences of the input event 3 cause the output, 2 / 3 , to 
be 1, so that column 3 has only a single stable state, and to this we assign 
the output value 1. Likewise, column 2 has only a single stable state. 

In the present state of development, all cells, except the ones with encir- 
cled entries, are empty. For each of these cells we have to decide on a GOTO 




364 



Chapter 33 Triggering and Synchronising 




I ... 3 4 5 

(a) Specifying the behaviour of the sampling circuit in a DSE 
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(b) Developing the flow table from the DSE 



Fig. 33-5 DSE and flow table of the sampling circuit 

command, and this decision must be based on information contained in the 
DSE. I shall only discuss the GOTO commands for column 1, i.e., for cells 
(n, 1), (6, 1), (e,l), (/, 1), and would encourage you to ponder the GOTO 
commands for the remaining cells on the basis of the information entered 
into them. 

Cell (e, 1): All transitions in the DSE from an input event 3 to an 
input event 1 — they occur at the intervals (3,4), (8,9), and (15, 16) — are 
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associated with output values (y 3 ,yi) = (1, 1). In the flow table, the output 
transition (y 3 ,yi) = (1,1) is associated with the transition from stable e to 
stable d; to achieve this transition we must enter a GOTO-d command in cell 
(e,l). 

Cells (a, 1) and (6, 1): The transitions in the DSE from an input event 
0 to an input event 1 do not produce uniform output transitions (yo,yi). 
During the intervals (1,2), (12,13), (19,20), (21,22) the associated output 
transition is (y 0 ,yi) = (0,0), but in the intervals (5,6) the output transition 
is (yo,yi) = (1, 1). The output transition (yo,yi) = (0,0) — in which y 0 = 0 
— is associated with cell ( a , 1) necessitating a GOTO-c command in cell 
(a, 1) — as opposed to a GOTO-d command — to ensure an output value 
of 0 for y\. On the other hand, the output transitions (yo,yi) = (1,1) in 
which yo = 1 necessitate us to enter the GOTO command into cell (6, 1), 
while yi = 1 requires the GOTO command to be GOTO-d (as opposed to 
GOTO-c). 

Cell (/, 1): This cell describes the reaction of the sampling circuit when 
the input event 2 changes to input event 1. No intervals (/, I + 1) in the 
DSE depict the input transition (2, 1). Therefore the DSE in no way defines 
the output transition (y 2 ,yi). The DSE thus gives no hint on what GOTO 
command (either GOTO-c or GOTO-d) to enter into cell (/, 1) — it is this 
we express when entering a dash into (/, 1). 

If the DSE were the exclusive specification of the circuit, we would have 
two options open to us to enter a GOTO command into (/, 1). Firstly, you 
can choose one of the possible GOTO commands, GOTO-c or GOTO-d, 
arbitrarily. Secondly, and this is the more rational and common thing to do, 
you choose the GOTO command so as to obtain a minimal number of rows 
when merging. 

In our example, we are in the lucky situation to have a parallel spec- 
ification. In the word specification (given at the beginning of the Section) 
we state that ‘between sampling , i.e while xc is 0, the output y retains the 
last sampled value’. If the last sampled value was 0 in the stable /, it must 
remain 0 when xc turns 0 which requires us to enter GOTO-c into cell (/, 1) 
as indicated in Fig. 33-6a. 
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Fig. 33-6 Merging the flow table, of the sampling circuit 
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Before continuing with the text it might be a good idea to consider the 
remaining cells of the flow table not discussed above. The final result, in 
which all GOTO commands are entered, is pictured in Fig. 33-6a. This flow 
table is merged to obtain the flow table of Fig. 33-6c. 
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Fig. 33-7 Determining the K-map of the sampling circuit 

The merged flow table is used to obtain the word-recognition table, 
Fig. 33-7b, and from it the word-recognition tree, Fig. 33-7c, and the re- 
duced K-map, Fig. 33-7d. As the reduced K-map of the sampling circuit is 
identical with the reduced K-map of the D-latch, the sampling circuit is a 
D-latch. 



33.3 Synchronising 

Computer circuits are commonly designed as so-called synchronous se- 
quential circuits, these being circuits whose input signals are only allowed 
to change their values the moment a clock or control signal switches on. An 
external input signal is usually referred to as being asynchronous, i.e., it can 
change its value independently of any control signal. External input signals 
are fed into synchronous sequential circuits via synchronising circuits. 

X-.. 01310103102010313201013232023230 
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I ... i 4 5 

Fig. 33-8 Comparing sampling, yoL , with synchronising, y^F 

A synchronising circuit has two inputs, the (external) data signal xd 
and the clock or control signal xc , and a single output ijdf 1 ^ • Do note the 
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The index DF of the output yDF refers to the name usually given the syn- 
chronising circuit — D-flipflop. 
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Fig. 33-9 Deriving the flow table, (b), for the synchronising circuit 
from its DSE, (a) 
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difference between the output yoL 1 ^ of the sampling circuit , and the output 
yoF of a synchronising circuit , Fig. 33-8. 

The behaviour of the synchronised output yp>F can be explained as 
follows: The value of the output yoF equals the value xp had prior to when 
xc became or last became 1. Preferably, you might like to use the following 
equivalent definition: The value of the output yp)F equals the last value xq 
had the last time xc was 0. Please do take the time to check that, and how, 
both definitions explain the output behaviour of yjjp shown in Fig. 33-8. 

In all the remaining figures of this section I refer to the output of the 
synchronising circuit as y (instead of yoF) so as to avoid double indices such 
as ynF 3 or 2 /DF 3 , 2 ‘ Following the same procedure as in the previous section, 
you should be able to develop the flow table of Fig. 33-9b from the DSE of 
Fig. 33-9a. As before, it is good practice to first determine a lower bound 
for the number of stable states — it is easy to see that we need at least two 
stable states per column. As with the sampling circuit, the GOTO command 
of every specifiable cell of the flow table (Fig. 33-9b) can be specified by 
a direct transition from one input event to another. This is certainly not 
always the case, as the introductory example in Section 29.2 demonstrates. 
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Fig. 33-10 Developing the word-recognition tables 

The cells (c, 2), (d, 2), (#,1), (/i, 1), and (/, 0) cannot be specified from 
the DSE. In these cases we can and must fall back on the verbal specification. 
For example, when switching from stable c or stable d in column 1, do we 
enter GOTO-# or GOTO -h in either of the cells (c, 2) and (d, 2)? In fact, for 
both transitions, as the output must be 1, we must enter GOTO-/i: When 
inputs (xc^xd) switch (simultaneously) from the prior values (0,1) to the 

^ The index DL used here for the output #dl of the sampling circuit refers to 
the name usually given the sampling circuit — D-latch. 
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present values (1,0), the present output y must be 1, this being the prior 
value of X£> (the value xp had the last time xc was 0). 

The complete flow table is shown in Fig. 33-1 0a from which we develop 
the word-recognition tables of Fig. 33-10bc. 

To calculate the synchronising circuit, we first draw the word-recognition 
tree of Fig. 33-1 la, this tree already showing the basic structure of the cir- 
cuit. 



(b) X c (e) Xc 




Fig. 33-11 Calculating the synchronising circuit 

Sub-tree Ys leads to the K-map for F 3 , Fig. 33-1 lb. This is the K-map 
of a D-latch the control input of which is inverted as Fig. 33-1 lc allows us to 
deduce. In this example it proves practical to further reduce the dimension 
the K-map of Fig. 33-1 lc by using X& as a map-entered variable which 
leads to the K-map of Fig. 33-1 Id. Now, consider the K-map, Fig. 33-1 le, 
associated with the sub-tree for Y : Clearly, X\ o has no influence on Y so that 
the K-map of Fig. 33-1 le can be drawn as shown in Fig. 33-1 If. Comparing 
this K-map with the K-map of Fig. 33-1 Id, it becomes clear that the K-map 
of Fig. 33-1 If represents a D-latch the data input of which is I3 — and this 
is also the output of the D-latch specified by the K-map of Fig. 33-1 Id. 




Fig. 33-12 The synchronising circuit is a D-flipflop 

Thus, the K-maps of Fig. 33-1 Id and Fig. 33-1 If lead to the circuit of 
Fig. 33-12a. This circuit is called a D-flipflop. Its IEC 117-15 symbol is 
shown in Fig. 33-12b. 




Chapter 34 
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How can, and why should we verify a logic design of a sequential circuit? 
First to the ‘why’ question. Even if we have developed a sequential circuit 
by some formal means (such as those set forth in Chapters 29 and 30), we 
could have erred. But, more importantly, a faultlessly developed sequential 
circuit can come up with unpleasant surprises when realised with real-world 
switching- devices so that verifying actual technical solutions is prudent, even 
necessary. Answering the ‘how’ question is the subject of this Chapter. The 
aim is to design a verification-DSE: Given a flow table (FT) that defines the 
logic behaviour of a sequential circuit, we want to develop a minimal-length 
diagram of sequential events (DSE) that consists of all sub-sequences of input 
events (with their implied outputs) necessary and sufficient to design the flow 
table. I know of no algorithmic solution to the problem, but the following 
examples (each developed in its own Section) should be able to illustrate the 
general procedure. 

34.1 A Verification-DSE for the D-Latch 



Latches being the simplest sequential circuits, we start our study with one 
of the 28 — the D-latch. Assume we have developed its circuit, shown in 
Fig. 34-lc, as a realisation of its specification repeated in Fig. 34-la. Then, 
to test or verify the circuit, we want to develop a sequence of successive 
input events together with their corresponding output values (i.e., a diagram 
of successive events, a DSE) so that when applying these input events to the 
circuit, we can observe whether the circuit’s output values are identical with 
the ones required by the DSE. Of course you will want the DSE to be no 
longer than necessary, but to be long enough to contain all the information 
needed to develop the flow table of the D-latch. Only if this latter point is 
ensured can we be certain that all the sub-sequences of input events necessary 
to define the circuit will have been tested with the circuit. If you are satisfied 
with testing the logic of the circuit (instead of its actual hardware realisation) 
you can have this done by a computer using a logic simulation program. One 
of the possible verification- DSEs you can use is shown in Fig. 34-ld — it is 
a far cry from the highly redundant DSE used in Fig. 33-5a. 
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Fig. 34-1 The D-latch (c) and a possible verification-DSE (d) 



This section is devoted to showing in detail how the verification-DSE of 
Fig. 34-1 d was developed. The first step is to develop the primary WRT 
(Fig. 34-2b) from the flow table (Fig. 34-2a) originally used to specify and 
design the circuit (you can read up on this in Section 30.1). This step is 
identical with the corresponding step of the synthesis process. 
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Fig. 34-2 Developing the primary WRT 

In the second step we develop all word-recognition tables, WRT-yo and 
WRT-yi of Fig. 34-3bc, for those variables, yo and yi , of the primary word- 
recognition table WRT-y that are non-determinate. But do note an impor- 
tant difference to those word- recognition tables used for synthesis purposes. 
When verifying, we want to make sure that successive input-events are 
adjacent. In the last paragraph of Section 29.2 I argued that, for synthesis 
purposes , specifying the output values for non- adjacent input-events was a ne- 
cessity however unlikely the occurrence of such input events was. Our present 
consideration, on the other hand, is for analysis , and here we are responsible 
for presenting the circuit with a sequence of input events. As non- adjacent 
input-events are hard to impossible to produce reliably, it is only prudent to 
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avoid them. In fact, we shall agree that no verification sequence may 
contain non-adjacent input-events, i.e., two or more input variables may 
not change their values simultaneously. Furthermore, when verifying, it is 
not possible to have an input event be followed by an identical one 
— this situation would simply refer to an input event remaining constant. By 
the above restrictions the outputs yo,o, 2 / 3 , 0 , yi,i, and y 2 ,i are not considered 
when verifying which we document by entering dashes into the appropriate 
columns (see Figs. 34-3bc). 
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Fig. 34-3 Developing all secondary word-recognition tables 



In step three we start developing the actual verification procedure by 
beginning to draw what I choose to call the verification tree (Fig. 34-4a) and 
the verification table (Fig. 34-4b). The verification tree of Fig. 34-4a is 
drawn according to the primary word-recognition table WRT-y of Fig. 34-2b 
and the word-recognition tables WRT-yo and WRT-yi of Fig. 34-3bc. The 
verification tree differs from the word- recognition tree in that successive edges 
of the verification tree always represent adjacent input events. 

The organisation of the verification table of Fig. 34-4b is identical 
to that of the original primitive flow table that specifies the circuit, in our 
example with FT-y of Fig. 34-2a. The differences in detail are, firstly, that 
cells which can only be reached if multiple simultaneous changes of values of 
input variables are allowed contain a dash to indicate that such transitions 
will not be considered. Secondly, the cells are drawn large enough for us to 
enter input words that determine the leaves (or end-nodes) of the verification 
tree. Without much ado let me mention that each unstable condition in 
column 2 of Fig. 34-4b — i.e., each cell (a, 2), (6, 2), and (e, 2) — represents 
end-node (2) of Fig. 34-4a, so that we enter the single input event (2) into 
these cells. Similarly, in all cells of column 3 we enter (3). The end-node 
(2, 0) of Fig. 34-4a is entered into cell (/, 0) because this is the only cell 
which describes the transition from the input event 2 to the input event 0. 
Likewise, the end-node (3, 1) of Fig. 34-4a is entered into cell (e, 1), and 
only into this cell. 
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Fig. 34-4 Beginning the development of the verification tree (a) and 
the verification flow table (b) 



In step four we continue the development of all word-recognition tables 
of the next level, see Fig. 34-5. 
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Fig. 34-5 Developing all ternary word-recognition tables 

The word-recognition tables of Fig. 34-5bc enable us, in the next or fifth 
step, to extend the word-recognition tree of Fig. 34-4a to that of Fig. 34-6a. 
Both new leaves of this tree, (3,1,0) and (2,0,1), are double transitions. 
As in Section 29.2 (when describing Fig. 29-3b), we use brackets, [...], to 
mark a direct transition within a multiple transition. Because each cell of 
a (verification) flow table can only represent a direct transition, we need 
to split the double transition (3,1,0) into two successive direct transitions, 
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([3, 1],0) and (3, [1,0]). In the flow table of Fig. 34-6b the direct transition 
([3, 1],0) is represented by cell (e, 1), while the successor transition (3, [1,0]) 
is represented by (d, 0). Similarly, the double transition (2, 0, 1) stands for the 
successive direct transitions ([2, 0] , 1) and (2, [0, 1]), these being represented 
by the cells (/, 0) and (a, 1). 
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Fig. 34-6 Further development of the verification tree (a) and the 
verification flow table (b) 



The question arises, when to terminate the further development of the 
verification tree? Further development of the verification tree is ter- 
minated as soon as the leaves of the tree account for all cells in the 
verification table. In Fig. 34-6b the cells (6, 1) and (c, 0) are not accounted 
for making it necessary to develop yet another level of the verification tree, 
see Fig. 34-7a. 

The next word-recognition tables you need to develop would be named 
WRT-t/0,1,0 and WRT-yi ( o,i. They are not shown here because the bodies of 
the tables are identical with those of Fig. 34-3 (but I would encourage you to 
verify this by developing these tables yourself). The word-recognition tables 
WRT-yo,i,o and WRT-?/i ? o,i allow us to add a further level to the verification 
tree of Fig. 34-6a thus obtaining the verification tree of Fig. 34-7a. 

The triple transition of the new leaf (2,0, 1,0) of the verification tree 
of Fig. 34-7a incorporates the direct transitions ([2, 0], 1, 0), (2, [0, 1], 0), and 
(2,0, [1,0]) these being represented by the cells (/, 0), (a, 1), and the cell 
(e, 0) previously unaccounted for. Similarly, direct transition (3,1, [0,1]) of 
the new leaf (3, 1,0, 1) represents the cell (6, 1) previously unaccounted for. 
We can now terminate the development of the verification tree at level 4 
having accounted for all cells of the verification flow- table. 
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Fig. 34-7 The final step in developing the verification tree (a) and 
the verification flow table (b) 



The last step is to develop the verification DSE from the final 
verification table, or verification tree. For the present example this is atypi- 
cally simple. As the two quadruple-input sequences (2, 0, 1, 0) and (3, 1, 0, 1), 
together with their sub-sequences, account for all cells of the flow table, it 
suffices to consider these quadruple sequences together with the output values 
they and their sub-sequences produce. The output value caused each time a 
new input event of a multiple-input sequence is entered can best be read from 
the (verification) flow table (although with a bit of practice the verification 
tree allows you to obtain the same information). Allow me, this once, to 
expound. Interpreting Fig. 34-7b, the input sequence (2, 0,1,0) corresponds 
to the sequence (/, a,c, a ) of stable states, and these to the output sequence 
(0, 0, 0, 0). Now let us read the same information from the verification tree 
Fig. 34-7a. The multiple-input sequence (2, 0,1,0) requires us to first look 
at the single-event sequence (2), then the dual-event sequence (2,0), then 
the triple-event sequence (2,0,1), and finally the quadruple-event sequence 
(2, 0, 1, 0) providing us with the same sequence of output values as the veri- 
fication table, i.e., with (0,0, 0,0). The same reasoning shows that the input 
sequence (3, 1, 0, 1) causes an output sequence of (1, 1, 1, 1). 

The input sequence of the verification DSE must, in principle, consist of 
the catenation of the input sequences (2, 0, 1, 0) and (3, 1, 0, 1), i.e., of either 
of the sequences 



or 



(2,0, 1,0), (3, 1, 0, 1) = (2,0, 1, 0, 3, 1,0, 1), 
(3, 1,0,1), (2, 0,1,0) = (3,1, 0,1, 2, 0,1,0). 
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But, in the first case, 0 and 3 are not adjacent input events, while in the 
second case 1 and 2 are not adjacent. Thus, we augment the catenated 
sequences of input and output events to be 

( 2, 0, 1, 0, 2, 3, 1, 0, 1 \ i / 3, 1, 0,1,3, 2, 0, 1, 0 \ 

^0,0, 0,0, 0,1, 1,1,1/ ’ anQ VM,!,!, 1 , 0,0, 0,0/ ’ 

writing the output sequence below the input sequence. In the first case the 
inserted input event 2 is adjacent to the input events 0 and 3. In the second 
case the input event 3 is adjacent to the input events 1 and 2. The first of 
these cases is pictured in Fig. 34-ld. 

Allow two last comments without going into details, (a) With practice, 
you can develop the verification tree of Fig. 34-7a directly from the word- 
recognition tree of Fig. 34- lb without referring to the development of the 
various word-recognition tables, (b) The branches of the verification tree 
can be ‘pruned’ independently of a verification table (see Fig. 34-7a) as 
soon as a ‘period consisting of sub-trees’ has been repeated — note that 
a period is established as a period by its repetition. In effect, this pruning 
criterion makes the verification table superfluous. 



34.2 A Verification-DSE for a given Example 



In this Section we develop a verification-DSE for the example specified ver- 
bally in Section 29.2 as: 

Example The single output, y, of a sequential circuit with two 
inputs, x\ and X 2 , is 0 when x\ is 0, and \yhen x\ is 1 takes on the 
value X 2 had the last time x\ was 1. 

This example was examined thoroughly in Chapters 29 to 31. The primitive 
unmerged flow table is shown in Fig. 29-4b, its non-primitive (merged) form 
is shown in Fig. 30-la, but it was only developed later, in Fig. 31-4. The 
word-recognition tree is pictured in Fig. 29-6a, but was developed in the 
successive word-recognition tables of Section 30.2. 

In this Section I omit presenting the word-recognition tables that led to 
the verification tree of Fig. 34-8a. That is, the space consuming development 
of the previous Section, documented in the Figs. 34-2 to 34-7, is not laid out 
before you. On the contrary, I would like to encourage and ask you to do this 
work yourself along the lines demonstrated in the previous Section. Let me 
mention that the paper work is reduced if you use the non-primitive (merged) 
flow table of Fig. 30-la instead of its primitive unmerged form of Fig. 29-4b. 
Whichever you use, the result will be the verification tree of Fig. 34-8a. 
When co- developing the verification flow table (Fig. 34-8b) together with 
the verification tree, it is imperative to use the primitive flow table. Why? 
A question I leave you with. 
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Fig. 34-8 Final verification tree (a) and verification flow table (b) 



Of special importance are those input words — (2, 0, 1, 0, 2), (3, 1, 0, 1, 3), 
(2, 0, 1, 3), (3, 1, 0, 2), and (2, 3), (3, 2) — that are unique in at least one cell. 
For instance, (2, 0, 1, 3) is the only input sequence contained in cell (e, 3), the 
meaning of this cell for our example is thus solely determined by the input 
word (2,0, 1,3). This input word must therefore be contained as part of a 
verification-DSE as it is an essential input- word. 

On the other hand, if an input word such as (2,0,2) always occurs in 
a cell together with a certain other and longer input word — in our case, 
with (2, 0,1, 0,2) — then (2,0,2) is redundant. Redundant input words 
can nevertheless be put to good use as 4 glue’ between other input words 
of a verification-DSE. For instance, the redundant input word (2,0,2) can 
be used to combine an input word whose last input event is 2 with another 
input word whose first input event is also 2. The verification flow-table of 
Fig. 34-8b has two redundant input words: (2,0,2) and (3, 1,3). 

A verification-DSE consists of the sub-sequences contained in the veri- 
fication flow table. It is good practice to list all sub-sequences as shown in 
(34.1) to (34.4). 
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(34.1a, b) 
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' 2, 0,2 ^ 3, 1,3 ' 

0 C ,0,0 , 0 a ,0,l . (34.2a, 6) 

, Id) 0,0 J 1 6 > 0 , 1 J 

’ 2, 0,1,3 ^ f 3, 1,0,2 ' 

0 C , 0,0,0 , 0 o , 0,0,1 . (34.3a, 6) 

, Id, 0,0,0 J l 1&, 0,0,1, 



' 2, 0,1, 0,2 1 3, 1,0, 1,3 ' 

0c, 0,0, 0,0 , 0., 0,0, 0,1 . (34.4a, 6) 

, l d ,0, 0,0,0 J l 1 6 , 0,0, 0,1, 

The first or top row of such a sub-sequence notation contains the in- 
put sequences, while each further row contains a possible sequence of implied 
output values with the starting stable-state being used as index. For instance, 
the sub-sequence notation (34.1a) states that the input sub-sequence (2,3) 
causes the output sequence (0, 0) when the starting stable-state is c — we 
then write the output sequence as (0 C , 0) — , but causes the output sequence 
(1,0) when the starting stable-state is d — we denote this output sequence 
as (1*0). 

A verification-DSE must contain all output sequences of all the non- 
redundant sub-sequences. A proposal for a verification-DSE is put forth in 
Fig. 34-9. It was obtained by exploration of possibilities to combine the sub- 
sequences of (34.1) to (34.4) rather than by following set rules — i.e., it was 
developed heuristically (simply because I know of no other way). 





Fig. 34-9 A verification-DSE for the example 
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34.3 Grafting a Verification Tree 



As shown in the examples of the previous two sections we need to co-develop 
the examples’ respective verification trees and verification flow tables to be 
able to deduce verification-DSEs. In this section our first goal is to develop 
the verification tree directly from the word-recognition tree without 
developing and referring to word- recognition tables. With practice, this can 
reduce the work load considerably as the example of the D-flipflop, discussed 
here, will hopefully show. 

We start with the slightly modified word-recognition tree of the D-flipflop 
shown in Fig. 34-10a, its original version presented in Fig. 33-1 la. The prime 
difference is that the time-delayed variables Y' and Y% have been replaced 
by their non-delayed versions Y and Y 3 which is always permissible as the 
concept of a time-delay is not contained in the definition of a sequential 
circuit stated in (31. 4) 1 ). As minor as this difference seems, it points to 
the possibility, even necessity, of using an elementary sub-tree, or a whole 
sub-tree, whose root is Y w ^) as a scion grafting it onto those preliminary 
end-nodes also marked Y w ^y 
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Fig. 34-10 From word-recognition tree (a) to verification tree (b) 

We always graft a complete sub-tree, but once it has been grafted we (a) 
prune those edges non- adjacent to the input edge of the node to which we 
have grafted, and (b) prune the (single) edge whose input event is identical 
with that of the input edge to the node to which we have grafted. This is 
equivalent to the ‘second step’ in Section 34.1. As a first illustration of the 
grafting process, consider developing the tree of Fig. 34-1 0a from the word- 
recognition tree of Fig. 33-1 la. The preliminary end-node (2) in Fig. 33-1 la 
is marked by Y 3 , which is at the same time the sub-tree growing from node 
(3): This sub-tree is grafted onto node (2) providing us with the tree pictured 
in Fig. 34-1 0a. In each version of the sub-tree Y$ we then prune those edges 
whose input events are written in parentheses. 



^ The question of time delays not occurring in a sequential circuit was discussed 
thoroughly when developing the model of Fig. 31-3 
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For the further development of the verification tree it is advisable to 
arrange the edges stellately as in Fig. 34-1 Ob. In this figure, an appropriate 
sub-tree is grafted to every preliminary end-node of Fig. 34-1 Oa — to Y of 
edges (0) and (1), and to Y$ of the input sequences (3, 2) and (2, 3) — omitting 
all pruneable edges. The next stage of grafting is indicated for Y of input 
sequence (0, 1) by the emphasized sub-tree. Please do take the time to ponder 
the transition and expansion of the tree of Fig. 34-10a to the verification tree 
shown in Fig. 34-1 Ob. Further expansion of this tree by grafting leads to the 
verification tree for the D-flipflop of Fig. 34-11. Again, please take the time 
to understand this expansion, and to visualise before your mind’s eye how 
this tree would continue growing (if this growth were necessary). But, as 
we shall see and discuss next, further growth of the verification tree is not 
required. 
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Fig. 34-11 The verification tree for the D-flipflop 



For more elaborate problems than the ones discussed in Sections 34.1 
and 34.2 the verification flow table (see for instance Fig. 34-8b) becomes a 
cumbersome instrument due to the many direct transitions 

(x^\. . . , [x^~ x \ a?^], . . . , x^) 

of input sub-sequences (x^\ x^ 2 \ . . . , x^) of various length £ entered into 
one and the same cell. You will find it much easier to develop and work 
with a table of verification sub-sequences as shown in Fig. 34-13. The 
table is developed from a flow table (in our case from that of Fig. 34-12 
which represents the flow table of the D-flipflop, and is taken from Fig. 33-9) 
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for the end-nodes . . . , x^) of the verification tree (in our exam- 

ple, for the verification tree of Fig. 34-11). The rows of a table of veri- 
fication sub-sequences contain all cells of the flow table in which unstable 
states are inscribed. The columns mark the end-nodes — the sub-sequences 
(a^ 1 ), . . . , x^) — of the verification tree grouped according to their levels t 
(the length of the sub-sequences). 
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Fig. 34-12 Successive versions of a verification flow table for the D-flipflop 



Each direct transition (a^ 1 ), . . . , a:^], . . . , x^) of a sub-sequence 

(a^ 1 ), x^ 2 \ . . . , x^) marks a cell in the verification flow table. For instance, 
the sub-sequence (0,2, 3,1) is a succession of direct transitions ([0,2], 3,1), 
(0, [2,3], 1), (0,2, [3, 1]). As can be seen from Fig. 34-12b, the direct transi- 
tion ([0,2], 3, 1) characterises either of the cells (a, 2) or (6, 2), depending on 
the initial state a or b. Because both cells (a, 2) or (6, 2) have a GOTO-# 
command inscribed, the direct transition ([0,2], 3, 1) leads to cell (#, 2). The 
following direct transition (0, [2, 3], 1) accounts for cell (#, 3) while its suc- 
cessor transition (0,2, [3,1]) accounts for cell (e, 1). Summarising, the sub- 
sequence (0, 2, 3, 1) accounts for the cells (a, 2), (6, 2), (#, 3), and (e, 1) as was 
deduced by following the GOTO-commands in the flow table or verification 
table of Fig. 34-12. All the cells thus accounted for — the cells (a, 2), (6,2), 
(#, 3), and (e, 1) — are marked by asterisks (*) in the column (0,2,3, 1) of 
the table of verification sub-sequences Fig. 34-13. As tedious as it is (when 
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not using a computer), you fill in the asterisks for one column after another 
of the table of verification sub-sequences according to the GOTO-commands 
of the flow table. 

























S' 


S' 


"S' 


S' 


S' 


s 


s 


s 












S 


o N 


S 




Ch' 


S' 


CO 


Cl 






CO 






' 1 








S 


S 


co 






CO 


Q> 




CO 


CO 




'"'i 


CO 


CO 


C 


C 




CO 


c 


co 




CO 


CO 


o 


co 


CO 




CO 


CO 


CO 


C) 


CO 


CO 


CO 






CO 


CV 


CO 


CO 


cv 


CO 


CO 


CO 


CO 


CO 


CO 


CO 


CO 


CO 


CO 


CO 


Co 


CO 








'Cl 


Cl 








Cl 


Cl 


Cl 






sC 




Cl 


Cl 


Cl 


Cl 


(a.l) 




* 










* 










* 


* 


* 










(a, 2) 


* 


* 






* 


* 


* 








* 


* 


* 


* 










(b.l) 



















* 


* 














* 


* 


(b,2) 


* 


* 






* 


* 


* 








* 


* 


* 


* 










(c.O) 












* 


* 












* 


* 










(c.3) 






* 


* 








* 


* 


* 










* 


* 


* 


* 


(d,0) 








* 




\ 








* 












* 


* 


* 


(d,3) 






* 


* 








* 


* 


* 










* 


* 


* 


* 


(e,l) 


* 










* 










* 




* 






! 




! 


(e,2) 










* 












* 


* 














(f,D 








* 








* 




* 












* 




* 


(f.2) 






* 










* 


* 












* 


* 


* 




(e.o) 




i 

* 






* 




* 










* 




* 










(g,3) 


* 








* 


* 










* 


* 


* 












(h,0) 






* 












* 












* 




* 




(h, 3) 
















* 














* 


* 







Fig. 34-13 Table of verification sub-sequences for the D-flipflop 



With the help of the table of verification sub-sequences, Fig. 34-13, 
we are able to find sets of sub-sequences that can account for the unsta- 
ble GOTO-commands of the flow table. Let us start with sub-sequences of 
length 4. Even taken together, the sub-sequences of length 4 cannot account 
for the cells (fc, 1), (c, 0), (e, 2), or (/a, 3) none of these rows containing an as- 
terisk for a length-4 input sub-sequence. Next, considering sub-sequences of 
length 5, you will notice that every row of Fig. 34-13 contains at least one 
asterisk. But, do we need all sub-sequences of length 5 to account for all of 
fche rows? Yes, because in any given length-5 column you will find one row 
accounted for only by that column making the input word an essential one. 

Not shown in Fig. 34-13 are columns of length 2 and 3. Those would lead 
to the following input sub-sequences (given in their sub-sequence notation ): 
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'0,21 1, 3 1 0, 2,3 ^ 1,3,2 1 0,2, O'] 1,3,1' 

0 a ,0 0 C , 1 0 o , 0,0 0 C , 1, 1 0 a , 0,0 0 C , 1, 1 

. l&,0j lld,lj 1 6 ,0,0 J lli.l.lj 1 6 ,0,0 J Id, 1, 1 , 

possible glue 

In this example it is advisable not to use sub- sequences (whatever their 
length) that end with an input event 2 of 3 because you cannot glue them to 
any other sub-sequences as no other sub-sequences start with an input event 
2 or 3. By this token, we ignore the ‘2-branch’ and the ‘3-branch’ of the 
verification tree of Fig. 34-11. 

A more detailed analysis shows that some length- 5 sub-sequences can be 
replaced by length-4 sub- sequences. That is, you can realise a verification- 
DSE using the six input sub-sequences 

(0,2, 3,1), (0,2, 3, 2,0), (0,2, 0,1,0), 

(1,3, 2,0), (1,3, 2, 3,1), (1,3, 1,0,1). 





Fig. 34-14 A verification-DSE for the D-flipflop 
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You will be able to realise markedly shorter verification- DSEs if you can 
find a smaller number of necessary sub- sequences. After careful visual inspec- 
tion of the table of verification sub-sequences you will find that both following 
sets of four sub-sequences (written here in their sub-sequence notation, i.e., 
together with the outputs they invoke) 
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will suffice. The latter is the basis for the verification-DSE of Fig. 34-14. Con- 
trary to the possible impression given in Section 33.3, Fig. 33-8, the D-latch 
and the D-flipflop differ fundamentally in their input-output behaviour as a 
comparison of Fig. 34-1 d and Fig. 34-14 shows. 




Chapter 35 



Discussing Huffman’s Theory 



In his doctor’s thesis Huffman [1954] developed and presented almost all 
ideas basic to the analysis and synthesis of sequential circuits. Not only did 
he found this field of research, but his approach was to dominate all further 
work on sequential circuits and even strongly influence automata theory. To 
emphasize Huffman’s achievement, let me point out that he invented the flow 
table, its merging, the binary encoding of states, he postulated the ne- 
cessity to avoid critical races, further postulated that every binary state 
variable is associated with a feedback loop (i.e., a latch), introduced 
delays into feedback loops, and, finally, pointed to the existence of hazards 
and how to avoid them. 

Huffman’s theory is based on experience — experience he gathered when 
analysing sequential circuits. I have attempted to summarise this experience 
in Section 1 in what I have called ‘ Huffman’s conjectures’. In effect, these 
conjectures pose the basic hypotheses of Huffman’s theory. Drawing on Pop- 
per [1972], a scientific theory can never be verified. The converse is 
postulated: A scientific theory can only be falsified. The logic principle 
used when falsifying is modus tollens, (35.1): Let P be the conjunction of 
basic hypotheses and/or already derived conclusions from which a new con- 
clusion Q is drawn — then if the new conclusion Q can be shown to be false 
the conjunction P is false, 

(P — ¥ Q) A ->Q => ->P. (35.1) 

Whether you discard the theory totally or only partially or introduce ad hoc 
remedies after a certain conclusion has been shown to be false is another 
matter. 

Huffman’s theory poses a number of problems that I would like to sum- 
marise in the following two points, (a) Its basic hypotheses or postulates 
have never been formulated so stringently that they or conclusions drawn 
from them could be falsified (in effect making the theory unchallengeable). 
Formulating Huffman’s conjectures (Section 1) is at least an attempt at stat- 
ing the basic hypotheses, (b) Some of the conjectures contradict each other, 
and — most importantly — examples (the conclusions) can be given that 
contradict (falsify) each and every conjecture. Much of this is indicated in 
the body of this chapter. 
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35.1 Basics of Huffman’s Synthesis Procedure* 



Looking at the steps comprising Huffman’s synthesis procedure you will find 
that we are already acquainted with each single step. 

(35.1) Huffman’s synthesis procedure 

(a) Develop the primitive flow table of the problem. 

(b) Merge the primitive flow table. 

(c) Encode the internal states of the merged flow table binarily. 

(d) Write the logic equations for the sequential circuit. 

The flow table was introduced in Section 29.1 as a program governing 
the behaviour of an automaton . This admittedly differs from Huffman’s ap- 
proach (who developed the flow table as a means of analysing a sequential 
circuit), but the result is practically the same. The only difference is that 
Huffman imposed no restrictions on the design of the flow table (compare 
with (29.1) and (31.4)). Expressing a circuit’s specification in a flow table, as 
required in (35.1a) above, was discussed in Section 29.2 for a verbally stated 
problem. Here too, the approach differs from the conventional one by ex- 
plicitly employing input words of finite length to define the GOTO-command 
of each cell. Merging , as requested in (35.1b), has already been discussed 
in Section 31.4, the approach taken — using surrogate names for equivalent 
rows of the flow table — being merely a slight deviation from convention. 
Binary encoding (the third step in Huffman’s procedure) was no more than 
mentioned in connection with the composite word-recognition table, but is 
considered in more detail in this and the next chapter. As shown in Section 
31.6 the binary variables used to encode the rows are the output variables 
of internal latches — this is also one of Huffman’s basic assumptions. Some 
of the ramifications of this assumption are considered in this chapter (espe- 
cially in connection with delays and their placement in a feedback loop). The 
last step — writing the logic equations, (35. Id) — simply requires reading a 
K-map. 

When analysing sequential circuits Huffman formed a number of conclu- 
sions on how to specify, analyse, and synthesize sequential circuits. These 
conclusions were drawn on the basis of incomplete information — informa- 
tion taken from examples, and a finite number of them per se — and may 
thus be referred to as conjectures. Allow me to refer to them as Huffman’s 
conjectures although he in the main part did not formulate them explicitly. 

(35.2) Conjecture on the succession of states. The value 
of every next- state variable succeeds the value of its present- 
state q after a short delay, say, of At with At > 0. 

(35.3) Conjecture on fundamental mode. A present input 
event x must remain invariable while the circuit settles down to 
a stable state q. This is referred to as operating the circuit in 
fundamental mode. 
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(35.4) Conjecture on concurrent input values for g and 

h. Both functions, the transition function g : Q x £ Q and 
the output function h mr : Q {0,1} or h m i : Q x £ {0,1}, 

are supplied with simultaneously identical (i.e., concurrent) input 
values q and x, which we express algebraically as = g(q,x) and 
y = h mr (q ) or y — h mr (q, x), or technically as q+{t) = g(q(t),x(t)), 
and y(t) = h mr (q(t)) or y(t) - h mT (q(t),x(t)). 

(35.5) Conjecture on encoding only merged flow tables. 

A binary state assignment for a flow table is only chosen once the 
flow table has been completely merged. 

(35.6) Conjecture on arbitrary binary encoding of the 
present states. Each name of a row or present state q of a flow ta- 
ble is assigned an unique p-tuple ( 31 , 62 ,..., s p ) of binary values 1 ^ — 
uniqueness being the only requirement for the choice of the assign- 
ment. Each binary variable s* E {0, 1} of the p-tuple (si, S 2 , . . . , s p ) 
is called a binary state-variable. 

(35.7) Conjecture on the binary encoding of the next 
states. The unique binary code assigned to a row name is also given 
to all occurrences of that name within the body of the transition 
table. 

(35.8) Conjecture on avoiding ‘critical races’. Any binary 
encoding (i.e., state assignment) of the rows of a transition table 
must be chosen so as to avoid ‘critical races 

(35.9) Conjecture on the correspondence between state 
variables and latches. There is a 1-to-l correspondence between 
the binary state variables Si and the internal latches of a sequential 
circuit realising the transition table, i.e., the binary state variables 
S{ are the outputs of the internal latches. 

In the following sections we take a critical look at these conjectures. We shall 
see that some of them are mutually contradictory, and that none of them are 
generally valid — this latter aspect refers to the fact that it is sometimes 
advisable and sometimes necessary to violate them. 



35.2 Delay and Feedback 



Huffman’s model takes a completely different approach to feedback than the 
catenation model does. In the catenation model feedback is the formal result 
drawn from the postulate of stability, (31.4c), as discussed in the latter half of 
Section 31.2. Huffman’s reasoning is less formal. Prompted by the analysis of 
sequential circuits, he in effect postulated conjecture (35.2) on the succession 

^ Such a binary assignment of a row is said to be unique if no two rows are 
given the same assignment 
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(a) input events 





| x(t) 


present 

state 

^q(t) 

next 

state 

^ q(t + At) 




present c 
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jell 




* q(t + At) 












next cell 











q(t) 

(b) O— 



At 

-tm- 



q(t - At) 



substituting t by t + At: 



q(t + At) 

(o) O- 



A t 



yt(t) 
next state 



q(t + a t - a t) 

— — o 

==q(t) 

present state 



Fig. 35-1 Intended meaning of conjecture (35.2) 



of states: The value of every next-state variable q + succeeds the value of its 
present-state q after a short delay, say, of At. The intended interpretation of 
this conjecture is pictured in the transition table of Fig. 35-la. This picture 

is an attempt to persuade you that any output, q+(t) = q(t -f- At), generated 
by the transition function g must be used as the e next ’ input to the function. 
This usage of </’s output as its next input is not contained in either Moore’s 
or Mealy’s formulation of Huffman’s model, (31.1) and (31.2). The definition 
of the transition function g : Q x £ ► Q with g(q,x) = q+ given in these 

models merely states what output value to expect, namely q + , but not how 
to use it (i.e., as the next input value). As explicated in Figs. 35-lbc, using 
the next-state variable q+(t) as input to a delay element allows us to describe 
its output as q(t) which is the present-state variable. 




Fig. 35-2 Developing the structure of a sequential circuit 

Now let us see how the above considerations influence the structure 
of a sequential circuit. The input-output behaviour of the ‘black box’ 
of Fig. 35-2a — whose output q+(t) is an abbreviation for q{t + At) — is 
explained as realising the transition table of Fig. 35-la. We can realise the 
requirements of conjecture (35.2) after placing a delay element at the 
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output of g , see Fig. 35-2b, thereby delaying q + {t) to q(t). The output of 
the delay being identical with the input q(t) of the transition function g allows 
us to connect this input to the delay’s output thereby creating a feedback, 
see Fig. 35-2c. This feedback realises the requirement of conjecture (35.2). 
It ensures that the value of the next state succeeds that of the present 

state q(t) after a delay time of A t. 

The final step is to employ conjecture (35.4) on concurrent input values 
to the functions g and h to allow us to append a ‘black box’ for the output 
function h hereby obtaining the circuit structure of Figs. 35-2de. 





multiple state -transitions 



(c) input events 

I 




Fig. 35-3 The three basic modes of transition in a transition table 

A noteworthy aspect of Huffman’s theory is the way the transition table 
is used: No restriction is placed on the GOTO-command entered into the 
‘next cell’, see Fig. 35-la. The three basic possibilities to choose a next 
GOTO-command are pictured in Fig. 35-3. They can lead to a stable con- 
dition as in Fig. 35-3a, to a permanent oscillation as in Fig. 35-3b, or to 
multiple state-transitions as in Fig. 35-3c. These three patterns may and 
do occur intertwined. 



35.3 State Encoding and Circuit Realisation 

The s rows of a flow table are always referred to by name, say, by the elements 
of Q = {#i, . . . ,g 5 }. These names (as the rows they stand for) are called the 
present states of the flow table. Each present state q E Q together with an 
input event x E £ determines the next state E Q as pictured in Fig. 35-4a. 
Encoding the states of a flow table refers to assigning an unique binary 
code or number, say (si, . . . , s p ) where any S{ E {0, 1}, to each present state 
or row of a flow table as indicated in Fig. 35-4b. But, how many binary digits 
do we need when encoding s states? Any number p larger than or equal to 



Prrnn — f 1°S2 ^ 



(35.10) 
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allows us to encode s states 1 ^. Design engineers have traditionally wanted to 
use the smallest viable number p of binary variables (si, . . . , s p ), as each bi- 
nary variable (according to conjecture (35.9)) represents a latch. This entails 
working with merged flow tables as formulated in conjecture (35.5). 

input events input events 




(a) non-encoded transition table (b) binarily encoded transition table 



Fig. 35-4 Binary state encoding 

The simplest way to introduce Huffman’s synthesis procedure is by ex- 
ample. To this end, let us reconsider the T-flipflop (already discussed in 
Section 32.1). The first step of the procedure, (35.1a), is to specify the prim- 
itive flow table. This is done in Fig. 35-5a, and is a repetition of Fig. 32-lc. 
The second step, (35.1b), on merging the primitive flow table, requires no 
specific action in our case as the flow table of Fig. 35-5a is already in its 
merged form (which you are invited to argue). 



x input events x x 




(a) defining (b) encoding avoiding (c) encoding containing 

flow table critical races critical races (see *) 

Fig. 35-5 Two typical binary state encodings for a given flow table 

The heart of Huffman’s synthesis procedure is the unique binary encod- 
ing of the present states — i.e., the row names — of the flow table as required 
in (35.1c). In an ideal system we can choose any encoding as long as it is 
unique (as expressed in conjecture (35.6)). Two such encodings are shown 
in the left-most columns of Figs. 35-5bc 2 \ Each next-state name a, 6, c, 
or d contained in the body of the flow table is given the binary encoding of 

For any real number x the ‘ceiling of x\ written [x, is the smallest integer 
greater than or equal to x. 

2 ) Of course it would be easy to claim that the encodings shown in Figs. 35-5bc 
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that name’s present state (as conjecture (35.7) requires). Thus we obtain the 
completely encoded flow tables Figs. 35-5bc. 
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see Fg. 35-5b 



(c) (d) 
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see Fig. 35-5c 



Fig. 35-6 Evaluating the flow tables of Figs. 35-5bc 

To evaluate the flow tables of Figs. 35-5bc it is good practice to write 
them as K-maps. This only requires us to rearrange (if necessary) their rows 
and columns according to a Gray code (see Section 6.3). For Fig. 35-5c 
rearranging its rows leads to Fig. 35-6d, a table that actually represents 3 
different K-maps: One for each of the variables sf , sj, and y. These three 
K-maps are shown separately in Figs. 35-6abc for the flow table of Fig. 35-5b. 
Evaluating the K-maps of Figs. 35-6abc leads to 

St & XS 2 V XSi V SiS* ^ XS 2 V (X V S 2 )S U (35.11 a) 
St XSi V XS 2 V S X S* XSi V (X V 5i)S 2 , (35.116) 

Y<*Sl (35.11c) 

These formulas can be expressed by the circuit of Fig. 35-7a. As Huffman’s 
model implies no structure, the internal states S\ and S 2 of the equations 
(35.1 lab) are taken to be of like standing. This is often expressed by drawing 
the circuits they imply in parallel and with cross-coupled feedbacks as shown 
in Fig. 35-7a. But in principle (that is, considering only the logic, but not 
the placement of the delays) the circuits of Figs. 35-7a and 32-6 are identical. 

Splitting the flow table of Fig.35-6d into three K-maps for St, St , and 
Y which conform to those of Figs. 35-6abc allow us to obtain the formulas 

St & XS x S 2 V XS 1 V 5^2, (35.12a) 

S+ &X, (35.126) 

Y ^>S 1 S 2 V5i5 2 . (35.12c) 

With practice you can read these formulas directly from the flow table 
of Fig. 35-6d. These formulas are in obvious contrast to conjecture (35.9): 



are arbitrary. But, actually, each was chosen to represent a specific property with 
respect to so-called critical races. We discuss these properties and critical races in 
the next section. 
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Fig. 35-7 Two solutions for the T-flipflop of Fig. 35-5a 



5+ cannot be interpreted as the output of a latch, meaning, we have lost one 
latch . The circuit obtained — see Fig. 35-7b — is hardly a viable solution. 
Clearly this is a result so disturbing that it warrants further investigation — 
an investigation undertaken in the next section. 



35.4 Problems with Arbitrary Binary Encodings 



The first thing to note about the circuit of Fig. 35-7b is that it has only 
one internal latch when it should have two according to the conjecture on 
the correspondence between state variables and latches , (35.9). To remedy 
the situation, we might consider discarding the conjecture on the correspon- 
dence between state variables and latches , (35.9), or possibly the conjecture 
on arbitrary binary encoding of the present states , (35.6) — the latter anyway 
contradicting the conjecture on avoiding critical races , (36. 8) 1 ). 

Interestingly, few seem to take offence when the calculation of a circuit 
described by a flow table of s states produces less latches than the minimum 
number prmn = [log 2 (35.10), of binary state variable, i.e., that conjecture 
(35.9) is violated. But if we do discard (35.9), we must answer the question 

^ The actual problem, though, is not which conjecture to retain or discard. 
The problem is that in Huffman’s theory there are no tangible prerequisites, i.e., 
postulates or axioms, from which to develop theorems and on which to base proofs. 
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* What then is the smallest number of latches needed to encode a given tran- 
sition table? \ or ‘Is a latch (nothing else than) a delay? \ or possibly ‘ What 
is a latch in the context of the Huffman theory ?\ 

The second thing to note about the circuit of Fig. 35-7b is that its 
correct functioning depends on the relative magnitudes of the delays. The 
output value you get can be anything from a correct output value, a wrong 
output value, or an oscillating output 1 ). There seems to be general consent 2 ) 
that this deficiency is due to the phenomenon of races. Because Huffman’s 
model of a binarily encoded system describes the system in transition, not in 
its stable states, this can lead to races between states before a stable state is 
reached. Let us look into this in detail with the help of Fig. 35-8. 

Consider switching from a stable state (si , . . . , s p ) in column (x \ , . . . , x n ) 
of a transition table to the next state ($*, . . . , s*) in column (z*, . . . , a:* ). As- 
sume that the binary p-tuples of the present state (s i, . . . ,s p ) and the next 
state (s*, . . . , 5*) differ in two or more values. If those state variables re- 
quired to change their values when the present state (si, . . . , s p ) changes to 
the next state (s*, . . . , s*) do so simultaneously, then you correctly GOTO 
row ($*, . . . , s*). But due to various and sometimes varying delay times in 
gates, latches and leads, variables changing their values will do so at different 
moments. With the first next-state variable that changes, a new present state 
is created, the GOTO- command in its row sending us to an unwanted desti- 
nation. This process continues anew every time another next-state variable 
changes its value. The phenomenon is called a race because the sequence 
of cells in column (#*, . . . , z* ) passed through depends on which next-state 
variables change their values quickest. 



present input event next input event 







(Xt , • • • , xj 








present state 

\ 




stable state 
/ 




next state 
/ 










^ ^ 


4 ) 

















Fig. 35-8 Discussing the prerequisite for a race 

Races can have very negative effects as Fig. 35-3 can help us see. We 
can be sent to a wrong stable state, into an oscillation loop, or we can be 
forced through multiple transition changes (before coming to rest in a stable 
state, or entering an oscillation loop). If all possible state transitions lead to 
the originally specified next state (s*, . . . , s*), the race is called non-critical, 
otherwise critical. 

x ) A circuit of this kind is analysed in great detail by Dietmeyer [1971] in Section 
5.3, Figures 5.11 and 5.12. 

2 ) You can interpret this to mean that I, for one, do not agree. 
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One possible cause for the misbehaviour of a circuit follows from so- 
called race analysis, analysis always undertaken on the transition table 
from which the internal states were developed. The possible misbehaviour of 
the circuit of Fig. 35-7b can be deduced from the flow table, Fig. 35-6d, from 
which the circuit was developed. The transition table contained in that flow 
table is repeated in Fig. 35-9. Assume we begin in cell ( 51 , 52 ; x) = (0, 1; 1) 
marked ‘start’ in Fig. 35-9a. Changing the input from 1 to 0 we switch from 
(0, 1; 1) to (0, 1; 0), this cell containing the GOTO-command ( 51 , 52 ) = (1,0) 
requiring both state variables Si and S 2 to change their values. The three 
possible outcomes of the incurring race are represented by the arrows a, 6, 
and c of Fig. 35-9a. 






(c) 



Fig. 35-9 Race analysis in the flow table that led to circuit Fig. 35-7b 



Had we started in cell (1, 1; 1), as shown in Fig. 35-9b, and changed the 
input from 1 to 0, each of the arrows d, e, and f would picture a possible 
outcome of an incurring race. The race conditions pictured in Figs. 35-9ab 
are depicted together in a single column in the abbreviated form shown in 
the column for x = 0 of Fig. 35-9c. This figure also shows that no races occur 
when switching from x = 0 or x = 1. The arrows a and d mark the intended 
direct transitions (to a stable state). Following arrows b and e shows that an 
oscillation can occur. Arrows c and / mark the outcomes of critical races — 
in both cases we end up in a stable state, but in the wrong one. The arrow e 
followed by arrow c documents a non- critical race (as does b followed by /). 



35.5 Race Analysis in the Catenation Model* 



In Section 29.4 we developed the circuit repeated in Fig. 35-10. This circuit 
was calculated from the word-recognition tree of Fig. 29-6 on the basis of 
the catenation model introduced in Section 31.2. The circuit differs from a 
Huffman solution — which is the basis for race analysis — in that the only 
time-delayed input-variable to an internal latch is the latch’s own output 
variable. To carry out race analysis, we need to work with a transition table 
as the one shown in Fig. 35-4b the rows of which are marked by the present 
state- variables, in our case by Y 03 , ^ 2 , F 3 , and whose cells contain the next 
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state- variables Yjj£, Y 2 + , Y^~ — its columns are labelled by the input events. 
As discussed in connection with Figs. 35-lbc we can equally well refer to the 
row labels as the previous states Y Q [ 3 , F 2 , Y 3 ', and subsequently to the contents 
of the cells as the present states Y 0 3, Y 2 , Y 3 . As we shall see, this convention 
is better adapted to circuits developed according to the catenation model, 
and is thus used here. 




We start the development of the circuit’s transition table by reading the 
formulas for the internal latches Y03, Y2, Y3 from the circuit of Fig. 35-10. For 
subsequent use of Yq 3 we also express this variable in its canonical conjunctive 
form of (35.13b). You might like to compare the formulas of (35.13) with 
those of (29.6). 



*08 ^ G 03 (X 1 , X 2 ; r 0 ' 3 ) V X x Yl A V X 2 y 0 ' 3, (35.13a) 

r 0 3 ^ g 03 (x 1 ,x 2 -X 3 ) (Xi v x 2 )(x x v f 0 ' 3 )(x 2 v y 0 ' 3 ), (35.136) 

Y 2 G 2 (X 1 , X 2 ; Fo's, *2) ^ y 03 v X x Y^ (35.13c) 

*3 ^ G 3 (Xi,X 2 ;r 0 ' 3 ,y 3 ') ^ Fos^VF'). (35.13d) 



These formulas must be transformed so that all their independant state 
variables are delayed in which case they describe a transition table whose 
rows are delayed state variables as required for Huffman’s race analysis. This 
is achieved by substituting Yo3 of (35.13a) in 

Y 2 (3 !4 c) YojVXiY! _ 

4=4- X\X 2 V X 2 Y 0 ' t3 V XiF 0 ' 3 V XjK,'. (35.14a) 

Next, substitute Y03 of (35.13d) by Y03 of (35.13b) 

r 3 ( “ <) f„ iS (I i vi?) 

^=4 (x x V x 2 )(Xi V y 0 ' )3 )(x 2 V y 0 ' 3 )(x 1 v r s '). 



(35.146) 
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The easiest way to obtain the circuit’s transition table is to first develop 
the K-maps for each of the formulas (35.13a) and (35.14), see Fig. 35-11. 
Each loop in the K-map of Fig. 35-1 la corresponds to a conjunctive term in 
(35.13a). Each loop in the K-map of Fig. 35-1 lb corresponds to a conjunctive 
term in (35.14a), and each loop in the K-map of Fig. 35-1 lc corresponds to 
a disjunctive term in (35.14b). 




Fig. 35-11 The K-maps of the formulas (35.13a) and (35.14) 

You can now combine the two K-maps of Figs. 35-1 lab to obtain the 
dual-output K-map of Fig. 35-12a. This K-map can be interpreted as a 
transition table for Y<i and Yo,3 (this is a partial transition table as in it only 
two internal states (Y2 and Yo^) of all three (Y3, I2, and Yo 5 3) are considered) 
— allowing us to gauge any races between these internal latches. As even a 
cursory inspection shows, no critical races occur between ¥2 and Yo, 3 . 

Combining the K-maps for Y 3 and Yo, 3 , Figs. 35-1 lac, we obtain the 
partial transition table Fig. 35-12b which allows us to recognise possible 
races between Y 3 and Yo, 3 - Again, as you can see, no critical races occur. 
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Fig. 35-12 Partial transition tables for (Y2Y03) and (Y3Y03) 
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Please forgive me for not discussing in detail those rows of Fig. 35-12 
marked by an asterisk (*). Ideally, the input events (Y^Yq 3 ) <=$ ( 0 , 1 ) and 
(Y^Yq 3 ) ( 1 , 0 ) will not occur. But if they do occur briefly (due to races) 

the entries in these marked rows (none of which represent stable states) ensure 
non- critical races. 
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Single overall transition table in which the partial transi- 
tion tables of Figs. 35-12 are combined 



Although it is not any more necessary (as no further insight is to be 
expected), we can combine the partial transition tables of Figs. 35-12 to 
obtain the single overall transition table shown in Fig. 35-13. The rows 
marked by an asterisk (*) coincide with the equivalent rows of Figs. 35-12. 
The rows labelled a, b , c, d coincide with the equally labelled rows of the 
transition table of Fig. 31— 15a. This closes the circle to the composite word- 
recognition tables of the catenation models. 

Two cells in Fig. 35-13 — (c; 1, 1) and (6; 1,0) — indicate the existence 
of races. But, as one can see almost at a glance, none of the races that might 
occur are critical — as was to be expected. 




Chapter 36 



State Encoding Techniques 



Huffman’s method for synthesizing a sequential circuit consists of only three 
steps before you can calculate the circuit’s formulas: (a) formulating the 
flow table, (b) merging the flow table, and (c) encoding its transition table 
binarily. Merging is often viewed as desirable to reduce the number of rows 
of a transition table and thereby the number of binary variables needed to 
encode them. Alas, it is often necessary to append rows to a flow table (all 
the more so if the flow table was merged) only to ensure that no critical races 
occur. And precisely this is the point — to avoid switching to an incorrect 
stable state due to races, it is categorically required that ( any binary encoding 
of the rows of a transition table , is chosen so as to avoid critical races \ We 
thus choose to abide by the conjecture on avoiding critical races , (35.8), 
tacitly dropping (35.6) which would allow us to use any unique encoding of 
rows. 

In the first two sections we discuss two trial and error state-encoding 
techniques. Sections 4, 5, and 6 present methodical techniques developed by 
Huffman [1955] and extensively discussed by Caldwell [1958] whose repre- 
sentation of the subject served as the basis for this chapter. The methodical 
techniques are relatively easy to apply. Happily, the number of states they 
require must be viewed as an upper bound. This means, using trial and error 
techniques may sometimes still allow a reduction of the number of states — 
an eldorado for the creative designer. 

The methodical state- assignment methods lead to a large number of state 
variables. This means you have to work with very large, expanded transition 
tables. When creating these expanded transition tables the contents of most 
of their cells remain undefined meaning that you can, in fact must, enter 
GOTO-commands at your discretion. The number of options open to you is 
legend. Each option will lead to a different circuit. But to obtain a circuit, 
you must first evaluate its large expanded transition table which, due to its 
size, can in itself be quite a feat. If you want to find an optimal circuit 
there is nothing to it but to calculate and draw the circuits for all possible 
encodings, and to choose a circuit you think optimal 

The workload required by these methods can be formidable. Further- 
more, they do not lend themselves well to computerisation. In this situation, 
you might want to take another look at the catenation method discussed in 
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Chapters 29 to 31. It copes well with large flow tables, is to a large extent 
open to computerisation, and gives good to reasonable results. 



36.1 Introducing Multiple State- Transitions 



Suppose we want to design the internal latches of a sequential circuit whose 
transition table is given as that of Fig, 36-la. To do this, we need to encode 
the rows of the transition table so that no critical races will occur. The 
transition diagram , Fig. 36-lb, is a useful tool to see if the given number of 
rows can be encoded in a race-free manner. A transition diagram has one 
node for each row of the transition table. Any unstable GOTO-command, 
say q s , in a row q r lets us draw a directed edge (an arrow) from node q r 
to q s . For instance, row a holds the unstable GOTO-commands b and d. 
In the transition diagram these unstable GOTO-commands are represented 
by arrows from node a to nodes b and d. With hardly more than a glance 
needed, you can verify the transition diagram of Fig. 36-lb. 
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Fig. 36-1 Example on the introduction of multiple state-transitions 



Let us attempt to assign to each node of the transition diagram a two 
element binary code so that all connected nodes have adjacent code words, 
i.e., differ in value in only one position. It is easy to see that no such code 
can be assigned to either of the triangles (a, 6, d) or (a, c,d). For instance, 
choosing (0, 0) for a, it is of course possible to give b and d adjacent code 
words: (0,1) and (1,0). But b and d, also being connected by an edge, 
must be assigned code words that are adjacent — which (0, 1) and (1,0) are 
not. Considering transition tables of more than 4, 8, 16, etc., rows, we can 
encounter transition diagrams which incorporate odd-sided polygons. No 
odd-sided polygon can be encoded so that each of its nodes carries a code 
word that is adjacent to one of those of its two neighbouring nodes. 

The so-called encoding problem occurs when the transition diagram 
of a transition table contains one or more odd-sided polygons. The solution 
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of the encoding problem inevitably consists in altering the transition 
table so that its associated transition diagram does not any more contain an 
odd-sided polygon. The changes to the transition table must be so that the 
stable input-output behaviour for the original and changed transition table 
are identical for any given sequence of input words. 

Sometimes it is possible to break open an odd-sided polygon by introduc- 
ing multiple state-transitions. In our example of Fig. 36-1 we shall attempt 
to break the connections from b to d, and from c to a. The transition dia- 
gram, Fig. 36-lb, indicates that it might be possible, instead of going from 
b to d directly, to reach d via a. The arrow from b to d corresponds to the 
GOTO-d command entered in cell (6, 2) of Fig. 36-la. Changing this entry 
to a GOTO-a command, see cell (6, 2) of Fig. 36-lc, allows us to switch from 
b to d via a as desired. Interrupting the connection from c to a, Fig. 36-lb, 
is achieved by changing the GOTO-command of cell (c, 3), Fig. 36-la, to a 
GOTO-command, Fig. 36-lc. 
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Fig. 36-2 Listing all adjacent encodings for the given transition diagram 



It is good practice to develop a new transition diagram, see Fig. 36-2a, 
from the changed transition table, Fig. 36-lc, to make sure that no odd-sided 
polygons have been overlooked. The question still remains, which binary code 
word, ( 31 , 62 ) with si,S 2 € {0,1}, to assign to each of the nodes of the new 
transition diagram of Fig. 36-2a. To ensure race- free encodings, connected 
nodes must have adjacent code words — a code with this property is called 
an adjacent encoding. All possible adjacent encodings for the transition 
diagram of Fig. 36-2a are listed (and numbered) in the table of Fig.36-2b. 
The circuits calculated from these codes are mutually distinct. Which circuit 
is the ‘best’ (according to some personal criterion you may wish to choose) 
you will know after calculating and comparing them. Admittedly, this is not 
very satisfactory. 

The encoding method discussed above is characterised by not adding new 
rows to the transition table. This restriction is not often realisable, which 
means, you will not often be able to use the method as shown here. In a 
more general approach, you will add surplus rows to the original transition 
table as we start discussing in the following section. 
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36.2 Adding Unstable States Intuitively 



The transition table of Fig. 36-3a has (intentionally) been constructed so as 
not to be able to apply the encoding method of the previous section. As the 
transition diagram of Fig. 36-3b shows, it is not possible to impress on it 
an adjacent encoding. On the way to such an encoding, suppose we want to 
break open the connection from node b to node c. 
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Fig. 36-3 A specially constructed example 

Of course we can alter the GOTO-c command of cell (6,2), Fig. 36-3a, 
to a GOTO-a command, as shown in Fig. 36-3c, but the incurred multiple 
state-transition does not suffice to break the connection from node b to node 
c due to the GOTO-c command in cell (6, 0). To finally break the connection, 
we must erase the GOTO-c command in cell (6, 0) as indicated in Fig. 36-3c. 
If we next introduce a new row, state E in Fig. 36-4a, with a GOTO-c 
command in cell (E, 0), we can enter a GOTO - E command into cell (6, 0) to 
go from b to c via E. Similarly, after breaking the connection from d to a, 
Figs. 36-3bc, we can introduce a second row, state F in Fig. 36-4a, so as to 
go from d to a via F. 

(x u x 2 ) 



0 13 2 




Fig. 36-4 Multiple state transitions in an expanded transition table 
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It is strongly recommended to draw the transition diagram, Fig. 36-4b, 
for the expanded transition table of Fig. 36-4a to verify that no odd-sided 
polygons occur. To assign appropriate codes to the transition diagram, you 
can enter each node name into a K-map that I refer to as a state- adjacency 
map, Fig. 36-4c. The variables assigned to the perimeter of the map are the 
state variables si, s 2 , S 3 in any permutation (hence writing them as 3 ;, 3 j, Sk). 
The only requirement for the placement of the node names is that their 
adjacency relationship in the map is the same as in the transition diagram. 
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Another seemingly obvious way to eliminate triangles in the transition 
diagram of Fig. 36-3b is to break open the diagonal between nodes a and 
c . This too can be achieved by adding two further rows to the transition 
table, and altering its entries as shown Fig. 36-5a. The result seems slightly 
simpler and more symmetric than our first attempt shown in Fig. 36-4a. 
To verify that we did not inadvertently create new odd-sided polygons, we 
draw the associated transition diagram, Fig. 36-5b, noting that every poly- 
gon contained is four-sided. But, unhappily, this transition diagram cannot 
be encoded adjacently using only 3 state variables — we would need four. 
This is usually considered unwarranted which is why the transition table of 
Fig. 36-5a is rejected. 



36.3 On the Number of Adjacent Encodings 



An adjacent encoding is a binary encoding of a transition diagram such 
that the codes of any connected nodes differ in only one position, i.e., have 
a hamming distance of 1 (hd = 1). The possible adjacent encodings for 
the transition diagram of Fig. 36-2a are listed in Fig. 36-2b. To find the 
possible adjacent encodings for the three binary variables s \ , 32 , 33 needed 
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to encode the nodes of the transition diagram of Fig. 36-4b, it is advisable to 
transform the transition diagram into state- adjacency map , Fig. 36-4c. The 
state-adjacency map is a K-map whose input variables (on the perimeter 
of the map) are the state variables written in any order, i.e., {si,Sj,Sk} = 
{si, 52,33}. The state names — in our example, the symbols a, 6, c, d, E , 
F — are entered into the cells so that the adjacency conditions satisfy the 
transition diagram. By choosing any assignment (31,32,53) for (si,Sj,Sk) 
you can read a valid adjacent encoding from the state- adjacency map. For 
instance, if (5j,5j,3fc) = (31,32,53), then a is assigned (0,0,0), b is encoded 
as (0,1,0), E as (1,1,0), etc. 

How many adjacent encodings can be developed for the three binary 
state variables 3i, 52, 5 3 ? First of all, the elements that comprise the range 
of a variable can be written in any permutation or order. The number of 
permutations for a binary variable is 2! =2. The number of the combined 
permutations of all three binary state variables is the product of the indi- 
vidual permutations, i.e., (2!) x (2!) x (2!) = 2 x 2 x 2 = 2 3 . Finally, the 
ordering of the 3 state variables around the perimeter of the state- adjacency 
map is arbitrary. The number of these orderings or permutations of the 3 
state variables is 1 x 2 x 3 = 3!. The total number of adjacent encodings is 
thus 2 3 x 3! = 8 x 6 = 48. 

Generally, the number of adjacent binary encodings of a transition dia- 
gram of s nodes is 

2 p x (p!) (36.1) 

where p = [log 2 s is the (smallest) number of binary state- variables 3 i , . . . , s p 
needed. 



36.4 One-Hot Code 

The encoding techniques of Sections 36.1 and 36.2 are neither systematic nor 
can they be systematised. But they are useful in demonstrating the basic 
properties of all encoding techniques — altering unstable states and/or ap- 
pending surplus states to the transition table. More often than not, the result 
is a transition table in which the number of transitions differ considerably 
when switching from one stable state to another. As each state transition 
takes a certain unit of time, the speed with which the circuit reacts to each 
new input event depends on the number of state transitions needed to reach 
the next stable state. 

A one-hot encoding ensures that two, but only two, state transitions 
are needed to go from one stable state to another so that the reaction time 
of the circuit is uniformly ‘ two units of time 9 whenever a new input event 
is applied. You could call this encoding a dual transition time (DTT) 
encoding in contrast to the single transition time (STT) to be touched on 
later. Most importantly, the one-hot DTT-encoding needs no ingenuity, it 
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is systematic, and can thus be programmed. One disadvantage is the large 
number of internal latches needed — one for each row of the transition table 
(hence making it important to use a completely merged transition table). 
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Fig. 36-6 A one-hot DTT-encoding for a given transition table 

We prepare the encoding of our example transition-table, Fig. 36-6a, by 
repeating its s (in our case 4) rows without the unstable GOTO- commands, 
and adding an unique one-hot code- word of length s to each row (a one-hot 
code- word is comprised of Os and a single 1 — the ‘hot’ digit). The next step 
is to append ( 2 ) rows to the transition table to accommodate all possible 
two- hot codes — see Fig. 36-6b. 

Let us now see how to fill in the transition table as it was prepared in 
the paragraph above. We first concentrate our attention on cell (a, 0) which 
contains an unstable b in the original transition table, Fig. 36-6a, but is 
still empty in the newly prepared table. Going from stable a, cell (a, 3), to 
the stable b of (6, 0) in the newly prepared table is achieved by entering the 
name of the row that contains the scalar disjunction (see Section 19.4) 
or the scalar addition , if you prefer, of the one-hot codes of rows a and b 
— (1,0,0, 0) V (0, 1,0,0) = (1,1,0, 0). This code you will find in row e of 
Fig. 36-6b — so e is entered into the cell of (a, 0) while b is entered into cell 
(e,0). This explanation should enable you complete the remaining unstable 
GOTO-commands to obtain Fig. 36-6b. 

36.5 Safe but Slow Standardised Encodings 

The endcoding discussed here employs the smallest possible number of state 
variables needed to guarantee that no critical races occur. But, most im- 
portantly, it allows us to encode any transition table of a given size quite 
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irrespective of the placement of the GO TO- commands. That is, you can ap- 
ply one and the same encoding scheme to any transition table for whose 
size the scheme was developed — in this sense it is a standardised encoding 
scheme. But as you can no doubt imagine, this considerable advantage comes 
at a price. 

To introduce the method, consider encoding the fully merged transition 
table of Fig. 36-7a. We can encode any transition table of four rows so that 
no critical races occur by using three state variables. Instead of encoding 
the state variables intuitively (as in Section 36.2), it is possible to do this 
systematically. You first duplicate the states of the original transition table 
taking duplicate rows to be equivalent 1 ) — the duplicate rows are renamed, 
in our example (Fig. 36-7b) from lower-case to like upper-case. 
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Fig. 36-7 Example employing Huffman’s encoding scheme 



The second step is to introduce the adjacency of equivalent rows by 
encoding them according to a special scheme developed by Huffman [1955]. 
For our example this encoding scheme is shown in the K-map of Fig. 36-7c. 
Each cell of the K-map is characterised by a triple (s,-, sj, Sk ) of binary state 
variables. A row name entered into cell (s;,sj,sjfc) is assigned (s*, Sj, s*) as 
state encoding. For instance, in Fig. 36-7c cell (s,-,Sj,Sfc) = (0,0,0) contains 
row name a, therefore, state a in Fig. 36-7b (as well as in Fig. 36-7c) would 
be assigned the code (0, 0, 0) — this numeric encoding I leave to you. State 
A, equivalent to state a, is placed in cell (0,1,0) (of Fig. 36-7c) adjacent to 
the cell for a. 



In this context let us understand states to be equivalent if they cause identical 
outputs for any sequence of input events. 
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We make use of the adjacent encoding of states pictured in Fig. 36-Tc in 
the third step by ensuring that all transitions occur between adjacent states. 
Consider, for instance, the GOTO-c command in row a of Fig. 36-7b. Row c, 
to which we are required to go, is not adjacent to row a (see the state-encoding 
scheme of Fig. 36-7c), but row A (equivalent, and thus indistinguishable in 
its behaviour from row a) is adjacent to row c. Thus, the GOTO-c command 
of cell (a, 2) is replaced by the GOTO- A command — as shown in Fig. 36-7d. 
Following the GOTO- A command in cell (a, 2), we are sent to cell (A, 2) in 
which we encounter a GOTO-C command — a command we accept to be 
indistinguishable to a GOTO-c. 
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Fig. 36-8 Huffman’s standardised encoding- schemes 



The encoding scheme used in the above example is repeated in the K-map 
in Fig. 36-8a in a way that emphasizes the adjacency of equivalent states. 
This makes it easier to generalise the scheme for the five state variables 
needed to encode a transition table of up to 8 rows in a standardised way 
free of critical races shown in Fig. 36-8b. Let us briefly ponder what this 
encoding scheme implies and how it works. Given an original transition 
table of 8 rows, you may have to duplicate the table up to 3 times obtaining 
4 identical sub-tables with an overall number of 32 rows. According to the 
encoding scheme of Fig. 36-8b, think of the rows of the first sub-table being 
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named cq to Ai, those of the second sub-table as a<i to A 2 , with to A 3 , and 
<24 to A 4 for the third and fourth sub-tables. We must realise that all rows 
marked with the same letter (irrespective of its index) are equivalent, i.e., no 
experiment would enable us to say in which of the equivalent states we are. 
For instance, saying we are in state c would mean that we are in one of the 
rows ci, C 2 , C3, or C4. 

In a general encoding scheme (and that of Fig. 36-8b is such a scheme) 
we would want to go from a given state to any other adjacent state, i.e., by 
changing the value of only a single state variable. For instance, going from 
state c to state a is achieved if we can go from any of the rows ci, C 2 , C 3 , 
C 4 to any of the rows Gq, < 22 , ^ 3 , a 4 hy changing the value of only a single 
state variable. In the encoding scheme of Fig. 36-8b this is possible for the 
transition from C 3 to <24 (see the appropriate arrow in the figure). The arrows 
in Fig. 36-8b show most possible adjacent transitions from state c to some 
other state. 

The general rule to apply the encoding scheme of Fig. 36-8b is: In 
any current row of an extended transition table (consisting of identical Sub- 
tables) you change any unstable GOTO-command to a re-indexed version of 
the current row’s name that (according to the encoding scheme) is adjacent 
to the GOTO-command to be changed. 
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(b) Encoding transition tables of 12 or less rows 



Fig. 36-9 Huffman’s standardised j2 Prnin -encoding-schemes 



The price we pay for keeping the upper bounds for the number of state 
variables as small as possible is a circuit that may react excessively slowly in 
reaching a new stable state. To emphasize this aspect, consider the encoding 
scheme of Fig. 36-8c in which a worst case scenario is depicted. If we were 
in the row of one of the eight sub- tables of the extended transition table, 
characterised by the encircled 12 of Fig. 36-8c, and had to G0T0-4, we 
would have to pass from one 12 -entry to an adjacent one until we came 
to the 12-entry adjacent to a 4-entry. In the example shown, 8 successive 
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changes of the value of some secondary variables must occur before we reach 
the stable state desired (a row number 4). In cases like this, the reaction of 
the circuit may be undesireably or unacceptably slow. 

Clearly any reduction in the number of state variables needed is welcome. 
Again it was Huffman [1955] who pointed out when such a reduction was 
possible while still retaining a standardised encoding scheme. To encode an 
original transition table of 4 rows in a standardised manner so that no critical 
races occur, 3 state variables are needed, while to achieve such an encoding 
for an original transition table of 8 rows 5 state variables are needed. Huffman 
found that for an original transition table with a maximum number of rows 
exactly between a 4-row and an 8-row table — that is, a transition table 
with 5 or 6 rows — a standard scheme employing only 4 state variables 
suffices. An original transition table with 6 rows has | the number of rows 
you can encode (not necessarily free of critical races) with 3 state variables 
(6 = |2 3 ). This is used to characterise this standard encoding scheme as a 
|2 Pmin -scheme. Using this scheme, an original transition table that has 9, 10, 
11, or 12 rows will never need more than 6 state variables to be encoded free 
of critical races. 



36.6 Safe and Fast Standardised Encodings 



The advantages and drawbacks of the standardised encoding schemes dis- 
cussed in this section both come in extremes. On the one hand, this encod- 
ing scheme enables the design of the fastest circuits possible: Every GOTO- 
command in a transition table leads directly to a stable state, only a single 
state variable changing only one of its binary values. These encodings are 
thus called STT or single transition time encodings. 
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Fig. 36-10 An example for a STT-encoding 
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On the other hand, the formidable drawback is a truly exponential 
growth of the number of state variables. 

Huffman’s [1955] encoding scheme for an original transition table of 3 
or 4 rows is shown in Fig. 36-1 Ob. Note that any given state (say, state a) is 
either adjacent to any other state (in our examples, to states b and c) or to 
an equivalent of another state (in the example shown, to state D — which 
is equivalent to state d). The application of the STT-encoding scheme is the 
same as discussed in the previous section. 
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Fig. 36-11 STT-encoding for an original transition table of 8 or less rows 



The numbers p (from 0 to 7) entered into the cells abide by the following 
remarkable property. 



Pi — Si 0 S2 © 33 0 54, 
p 2 = si © s 2 ® s 5 ® 5 6 , 

P 3 = Si © 5 3 © S 5 0 S 7 , 
p = 2 2 x pi + 2 1 x p 2 + 2° x p 3 . 

STT-encodings for small transition tables (of 3 or 4 rows) are easy and 
economical to achieve. But, as soon as you want to encode a transition 
table of 5 to 8 rows, you need to employ 7 (in words: seven) state variables. 
The encoding scheme you need to follow is shown in Fig. 36-11. Note that 
this K-map has 128 cells corresponding to an expanded transition table of 
128 rows. Working with K-maps of this size is not a happy prospect. It 
was Tracey [1966] who analysed the possibility of obtaining STT-encodings 
when allowing non-critical races hereby enabling a certain reduction in the 
number of state variables needed. The three methods he developed are basic 
if you want to follow up on STT-encoding. 
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36.7 Number of Required State Variables 



Let p denote the number of binary state variables used to encode the s states 
of a transition table. The smallest number of binary variables, , needed 
to encode s states must abide by s < 2 Pmin so that 

(35.10) Prrrin — [* h)§2 

The other codes (as are: one-hot, safe-but-slow, and safe-and-fast) need more 
or even considerably more state variables as shown in Fig. 36-12. 
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Fig. 36-12 Number of state variables needed per code 



For instance, if you want to encode a transition table of 8 rows (i.e., 
states), you will need at least 3 state variables according to the pmm -column 
of Fig. 36-12. The one-hot code requires 8 state variables which means you 
would be working with a prohibitively large expanded transition table of 
2 8 = 256 rows. A safe-but-slow code would require 5 state variables leading 
to an expanded transition table of 2 5 = 32 rows. The safe-and-fast code (the 
STT-code) would employ 7 variables and a still excessively large expanded 
transition table of 128 rows. These considerations speak strongly for the 
catenation method of Chapters 29 and 30. 
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... within a sequential circuit, 338-340, 388-389 
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filtered output variable 319, 320 
flipflop 

D-flipflop, 369 
JK-flipflop, 355-359 
T-flipflop, 349-354 
flow table (FT), 311 

definition, (29.1) 

Mealy flow table, 340-342 
Mealy type flow table, 341 
Moore flow table, 340 
organisation of a flow table, Fig. 29-1 
primitive flow table, 314 
see Huffman’s use of the flow table 
formal systems, 89 
formation rules, 79 
see logic expressions 
Frege, 129 
FT, see flow table 
function 

... in predicate logic, 122, 123 
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general function, 31-33, 32 

hinge function, 231, 236 
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mapping of a function, 32 

output function, 336-341 

partial function, 235 

see generic function 
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transition function, 336-341 
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... with an inverted output, 9 
... with multiple inputs, 42 
basic gates, 40 
behaviour of gates, Fig. 1-6 
connecting gates, 9 
derived gates, 43 
dyadic gates, 40, Fig. 4-5 
monadic gates, 40, Fig. 4-4 
generalisation, 125 
generic function, 231 
see prelogic 
generic latch, 271 
glue, 377 
grafting, 379 
Gray code, 63 
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Hamming 

... distance, 35 
... weight, 35, (19.2) 

Harrison, 336 
hazard, 242 

0- hazard, 243 

1- hazard, 243 
single-input hazard, 243 
static hazard, 242 
stationary hazard, 242 

hazard-detecting formulas, (23.7) 
hazard-equivalent formulas, (23.8) 

Hilbert, 78 

hinge latch, 300 
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Huffman, 310, 311, 318, 335 

Huffman’s conjectures, (35.2)-(35.9) 

Huffman’s structure of a sequential circuit 
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next input event, 312, 313 
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empty word, 319 
essential input word, 377 
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K-map, see Karnaugh map 
K-set, see Karnaugh set 
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see reduced Karnaugh maps 
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circuit specification, 66 
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maxterm function, 49 
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memorisation and stationarity, (24.2) 
memorising 

... by feedback, 258 
... without feedback, 263, 275 
memory function, 255 
merger diagram, 342 
merging, 342-344 
metatheorem, 88 
minimisation 

... by Karnaugh map, (18.8) 

... by the iterative consensus algorithm, (19.9) 
... when considering don’t cares, 204-206 
aspects of minimisation, 182-183 
Quine’s methods, (18.9), (18.12) 
minterm function, 47 

generalised definition, (17.6) 
minterm, 46-48, 

... formula, (5.4) 
definition, (5.2) 
general minterm formula, (17.8) 
module, 167 
modus ponens, (8.16) 
modus tollens, (35.1) 
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Moore, 335 

... model, see sequential circuit 
multiplexer, 142, 162 

N 

NC, see relay (normally closed) 
n-cube, 34 
necessary, 86, 160, 370 
see conclusion 
negation, rule of, 107 
NO, see relay (normally open) 
node, 319 

end node, 319 
internal node, 319 
root, 319 
normal forms 

canonical normal forms, (14.1), (14.2), 181 
conjunctive normal forms, 53, (14.2) 
disjunctive normal forms, 51, (14.1) 
expansion to normal forms, 191 
Shegalkin normal forms, (15.1), (15.2) 
NOT-AND 

designing multilevel NOT-AND circuits, (21.19) 
designing two-level NOT-AND circuits, (21.14) 
NOT-OR 

designing multilevel NOT-OR circuits, 228 
designing two-level NOT-OR circuits, (21.15) 

O 

one-hot code, 403 
ordered 

... n-tuple, 28 
... pair, 28 
oscillation, 389 
output event, 5 
output vectors, see column vectors 

P 

partition, 176 
Petrick, 193 
Popper, 385 
predicate logic, 121 

... with identity, 123 

axioms of predicate logic, 130 

rules of deduction for predicate logic, 130-132 
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predicate, 121, 124 

degree of a predicate, 121 
dyadic predicate, 121 
identity predicate, 123 
monadic predicate, 121 
prelogic, 271, 301 
premise, 86 

see argument, conclusion, sufficient 
prime implicant, 177 
prime set, (17.20) 

essential prime set, (18.1) 
redundant prime set, (18.2) 
see table of prime sets 
proposition, 6 

atomic proposition, 122 
compound proposition, 122 
false proposition, 12 
true proposition, 12 
propositional form, 6 
see logic variable 
propositional logic 

axiomatic approach to propositional logic, 89-91 
axioms of propositional logic, 90 
pulse, 243 

Q 

quantification, 126 

... theorems, (13.44)-(13.68) 
quantifier, 124-125 

existential quantifier, 125 

scope of a quantifier, 127 

universal quantifier, 125 
Quine, 190-192 

R 

race, 393 

... analysis, 394 
critical race, 393 
non-critical race, 393 
range of a function, 32 
reduced Karnaugh maps, 207-218 
... for specifying latches, 269 
evaluation, (20.9)-(20.12) 
relation, 32 
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relay, 18 

normally closed (NC) relay, 19 
normally open (NO) relay, 19 
replacement, rule of 85 
replication, 126 
root, see node 
runt pulse, 243 

S 

salient, 243 

sampling circuit, 363-366 
scalar disjunction, 202, 404 
Seger, 245 

sequential circuit, 3, 6 

asynchronous sequential circuits, 310 
catenation model of a sequential circuit, (31.4), 340, 
Fig. 31-3 

Mealy model of a sequential circuit, (31.2) 

Medvedev model of a sequential circuit, (31.3) 
Moore model of a sequential circuit, (31.1) 

Moore model versus catenation model, 342 
synchronous sequential circuits, 310 
set, 27 

... of unassigned input events, 185 

complement of a set, (6.5) 

element of a set, 57, (6.1) 

identity of sets, (6.4) 

intersection of sets, (6.6) 

null set, 59 

power set, 59 

prime set, see prime set 

subset of a set, (6.3) 

union of sets, (6.7), (11.20) 

universal set, 58 

Shannon’s expansion theorems, (14.17), (14,18) 

Shegalkin polynomial, (15.1) 

dual Shegalkin polynomial, (15.8) 
signal, 14 

binary signal, 4, 14 
input signal, 4 
output signal, 4 
see runt pulse 
skew signal, 243 

single transition time (STT) encoding, 408 
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specifying a circuit 

... by diagram of successive events, 4-5 
... by flow table, 313-317 
... by K-map, 66, 269, Fig. 29-6 
... by table of asserted events, 5-7 
... by word-recognition tree, Fig. 29-6 
... in plain prose, 3-4 
specifying a latch, 269 
stability, (31.4c) 

and feedback, 338-340 
state 

... encoding, 347, 398-410 
... minimisation, see merging 
... variable, 260, 311 
internal state, 260, 268, 311 
next state, 312 
present state, 312 
stable state, 314 
STT, see single transition time 
subject, 121 

sub-sequence notation, 378 
substitution, 12 

rule of substitution, 85 
see replacement 
sufficient, 86, 160, 370 
see premise 

switching algebra, 124 
switching circuit 

drawing a switching circuit, 9 
well behaved switching circuit, 5, 255 
symbolic latches, 291-293 

... with a common event, Fig. 27-10, Fig. 27-11 
... with complementary outputs, Fig. 27-8, Fig. 27-9 
standard symbols, 297-299 
synchronising circuit, 366-369 
synthesis, 3, 153, 159 

T 

table of asserted events (TAE), 3, 5 
brief form of a TAE, 6 
explicit form of a TAE, 6 
table of output vectors (TOV), 330 
table of possible covers, 202 
table of prime sets, 201 
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table of verification sub-sequences, 380 
TAE, see table of asserted events 
tautology, (8.1) 

proving a tautology by Karnaugh map, 84 
proving a tautology by truth table, 83 
term, 123 
theorems, 89 
thyristor as latch, 275 
TOV, see table of output vectors 
Tracey, 409 
transition diagram, 399 
transition table, 338 

partial transition table, 395 
see (transition) function 
transistor, 23 
CMOS, 23 
IG-FET, 23 
transmission, 19 
triggering circuit, 360 

adaptive triggering circuit, 361 
trough, 243 
true, 6 

truth table, 81-82 
truth, 10, 89 

U 

universe of subjects, 122 

V 

valve 

active valve, 16 
normally closed (NC) valve, 15 
normally open (NO) valve, 15 
passive valve, 17 

shuttle valve, 18 

spool valve as latch, 264 
spool- and-sleeve valve, 15 
variable 

bound variable, 127 
free variable, 126 
numeric variable, 14 
see logic variable 
Veitch, 57 

Venn diagram, 58, Fig. 6-1 
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verification-DSE, 370 

... for a D-latch, 370-376, Fig. 34-ld 
pruning a verification-DSE, 376 
verifying a scientific theory, 385 
Vingron, 310 

W 

Well behaved circuit, see switching circuit 
well formed strings, see logic expressions 
word-recognition table (WRT), 325 

composite word-recognition table, 345-348 
primary word-recognition table, 326, 338 
word-recognition tree, 3, 11, 318 
WRT, see word-recognition table 

Y 

Yoeli, 248, 249 




